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PREFACE 


This book is intended to be used as a text for students in physics 
and mathematics. It contains essentially the subject matter as 
presented in a three-hour course, extending throughout the year, 
to a class of junior and senior students in the University of 
California. The material which is included has been selected 
because, in the opinion of the author, it is peculiarly fitted to 
serve the purpose of an introduction to the study of mechanics, 
A thorough knowledge of calculus and at least one elementary 
course in college physics have been prerequisites. 

The range of topics has been limited to those which are 
considered to bo fundamental and which best servo the purpose 
of illustrating the methods and procedure vital in an introductory 
course. Vector methods have been used freely and parallel, 
in many oases, the analytical treatment. It is thought that 
such a method of presentation not only may make the subject 
more interesting but will enable the student to gain a more secure 
understanding of mechanics and at the same time prepare the 
way for advanced work in which vector methods are commonly 
used. 

The author has tried to teach the student to regard mathe- 
matical expressions as representations of physical relations 
rather than as aggregations of symbols which are to be manipu- 
lated according to prescribed rules. Each term of an equation 
should be examined so that the physical quantity represented is 
clearly recognized. In several types of expressions, such as 
those associated with simple harmonic motion, geometrical 
relations are used to give reality to the quantities represented. 
This viewpoint is essential to a mastery of the subject. 

The study of such a subject as mechanics has for one of its 
objectives the presentation of certain concepts and principles. 
The knowledge of such subject matter is in itself sufficiently 
valuable to justify its acquisition. The student should be sure 
that his understanding of any process or principle is secure. 

V 
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It is particularly important to recognize the limitations or 
restricting conditions which have been prescribed in the deriva- 
tions of a particular principle and to realize that a fundamental 
equation may bo applied to the whole or to only a part of some 
configuration. Consistency in the application of a principle is 
absolutely necessary. The author would like to suggest that 
facility in the use of applying tlie principles comes from keeping 
a knowledge of them in a state of suspension. 

The goal for every student should be to learn to think analyti- 
cally. Information is useful and necessary but the methods 
and means by which new information may be obtained are 
potent tools which make progress not only certain but rapid. 
The natural method of thinking, if there be such a thing, is an 
empirical one. Such a process is essentially a "cut and try" 
process. It is practiced extensively but seldom makes progress. 
To learn to think analytically requires real intelligent persistence. 

There are, fortunately, devices which are helpful. Practical 
suggestions and concrete illustrations of procedure are given 
in this text for the purpose of helping the student to achieve this 
objective. 

Progress toward this purpose may be obtained by a proper 
attitude of mind in the problem solving. After all it is not so 
much the answer to a pnrfcioular problem that is important, but 
rather the knowledge of how to attain that answer. It is always 
an excellent procedure to look at the problem first from a more 
genoral point of view in order to lay out a plan and then to 
approach the details only when the proposed plan seems possible. 
This idea may be extended witli advantage. Frequently the 
time element prevents one from covering as much ground as he 
would like. In such cases it is recommended that the details 
of calculation or of integration may be omitted, if the student 
feels sufficiently sure of his ability to warrant such a procedure. 


liiRAM W. Edwards 
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ANALYTIC AND VECTOR 
MECHANICS 


CHAPTER I 
VELOCITY 

1-1. The Reference System. — In describing the position or 
motion of a body it is necessary to select a definite reference 
system. Without a reference system it is impossible to specify 
just where that body is or how it may be moving. Positions and 
motions are relative matters. Whether a body is to be regarded^ 
as at rest or in motion depends entirely upon how the particular 
reference system is selected. Is there any body which is actually 
at rest? We may say that a person sitting in a street car is at 
rest. He is at rest with respect to the street car even though it 
may be in motion. While the car is in motion, the man is not at 
rest with respect to the ground. But even if the car had stopped, 
our statement of the condition of rest of the man must again be 
qualified if we are to include a consideration of the earth's 
motion. Certainly ho is not at rest with respect to the sun, for 
the earth is moving through space, relatively to the sun, with a 
speed of about eighteen miles per second. We may, therefore, 
say that a particle is “at rest" if its coordinates with respect to a 
chosen reference system are not changing. 

To describe the motions of a body and the path along which the 
body moves, we are at liberty to select any frame of reference, but 
wo must be careful to specify the exact location of this selected 
reference system. If we are concerned only with what happens 
in the street ear and are at liberty to disregard external influences, 
then a frame of reference which is attached to the street car will 
best serve our purpose. If, however, we wish to describe this 
motion with reference to the surface of the earth, then our 
reference system must bo fixed to that surface. It is inherent in 
the reference system that it is fixed to something which, as far as 

1 
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we are concerned, is not moving, or at least whose motion is not 
a part of, or does not influence, the phenomena under consider- 
ation, Later we shall have occasion to use moving coordinate 
systems. Even though the moving coordinate system and the 
stationary reference systems are mechanically similar, in so far 
as each system may be represented by a set of three mutually 
perpendicular lines and both use coordinates which are expressed 
by similar letters of the alphabet, there is the described essential 
difference which has warranted this terminology, 

1-2. The Standard Reference System. — The standard ref- 
erence system may utilize any system of space representation 
which is commonly employed. Use will be made here of rec- 
tangular, spherical, and polar systems 
of coordinates. The rectangular sys- 
tem is most commonly used. Fre- 
quently the polar system of coordinates 
will be found convenient. It will be of 

X value to the student to have some drill 

in the use of the various systems of 
coordinates and in transforming expres- 
sions from one system to another. 
Work of this kind is given below. Fre- 
quently an aspect of a phenomenon is made prominent in one 
system where its expression in another leads to obscurity. 

The convention of signs which is to be used as standard in this 
work is partially expressed in the accompanying figure (Fig. 1). 
The axes, mutually perpendicular to each other, are OX^. OY, 
and OZ, with origin at 0. Positive distances are measured 
outward from 0 along or parallel to an axis. Rotation of a lino 
about the X-axis is positive if the line moves in or parallel to the 
YZ plane from OY toward OZ, as shown by the arrow R in the 
figure. Positive rotations about the 7-axis would move points 
in the ZX plane from OZ toward OX. This may be expressed 
in another manner. Suppose that a standard right-handed 
thread be cut upon the X-axis and a nut be placed upon it. A 
positive rotation of the nut would make it advance in a positive 
linear direction along OX. 

1-3. Motion of a Point along a Line, — Consider a particle P 
which is moving along a definite path AB (Fig. 2). Suppose that 
the distance of P from A is measured by the coordinate s, Let 
the direction from A toward B bo considered positive. At each 


Fig. 1. 
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instant of time, P occupies the position Si at the time i\ and Sa 
at the time then the ratio (sa ” Si)/(/2 “ i\) represents the 
average speed for either the time or space interval indicated. 

The ratio of distance to time which gives a value for th(^ 
average speed in any particular case supplies only a limited 
amount of information. It may be necessary to know moro 
about the behavior of the particle than could bo learned from a 
knowledge of its average speed during a selected time interval. 

The speed of a particle may be varying continuously. This 
fact could be ascertained by determining the average speeds in a 
large number of consecutive and very small time intervals. T 1 h 5 
smaller the time interval selected, the more complete would the 
description of the motion of the particle be. This idea leads us 
to a conception of insianianeous speedy which may be defined in 
the following manner. Suppose in a particular interval of time 
the particle passes over a distance A.?, The ratio As/Ai will 

A 6 P fl| Oa B 

* ti 

Fiq. 2. 

approach a limiting value in any particular case if we lot Ai 
approach zero as a limit. In the language of calculus, if wo write 

ds As 

-jT - inn 77 

ds/dl becomes the limiting value of the average speed over an 
extremely small time interval. We may therefore call ds/dt the 
instantaneous speed for the particular position, defined by tlio 
value of the coordinate or time instant. 

In a given case it may be possible to express the coordinate « 
as some definite function of the time. By diHerontiating this 
function with respect to the time, an equation is thereby obtained 
which expresses the instantaneous speed as a function of the time. 
By eliminating the time factor from the coordinate-time and 
speed-time relations, an equation may be obtained which 
expresses the instantaneous speed as a function of the coordinate. 
From these two relations, instantaneous speed expre.ssed in torniH 
of the time and in terms of the coordinate, a more completo 
description of the motion of the particle is obtained. 

The algebraic sign of ds/di depends upon the sign of ds, for 
dt is always positive. If ds designates an increase of distance in 
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the positive direction of the path, the sign of ds is then positive. 
If ds represents a displacement along the path in the opposite 
direction, then the sign of ds is negative. The sign of the speed 
ds/di is therefore positive when P moves in the direction assigned 
as positive. The selection of the point to be origin in no way 
affects the value of the speed, provided only that the point (the 
origin) be fixed. The speed may be constant or variable. If 
tlie speed is constant, then the magnitude and the sign of ds/dt 
must remain unchanged during the interval under consideration. 
The speed may bo constant even though the direction of motion 
be changing. 

Tho units in which tho speed is to be measured are given by 
the choice of units used in expressing tho distance and time 
factors. The distance is usually expressed in centimeters, feet, 
or miles, with tho time in seconds or hours. 

l-4^ Determination of the Speed. — It is usually possible to 
express in terms of the time the distance a body or a particle 
moves along some assigned path, For example, in the case of a 
body falling from rest in a vacuum, the simple relation s == 
is valid for short distances, where s represents the distance, a is a 
constant (acceleration), and t expresses the time. The general 
expression for tho speed may be found by differentiating this 
equation with respect to the time, which gives ds/dt — at. If the 
constant a is known, values of the speed, V = ds/dt, may be 
found for any particular instant by substituting the corresponding 
values of the time for t in this equation. Since the speed F is a 
function of the time, V is constantly changing and hence the 
values of V are instantaneous values, 

In other oases it may not be possible to express the speed in 
terms of the time by any simple relation. The instantaneous 
values of the speed may be determined graphically, however, if 
the distance-time relation for the motion of the body is known so 
that' a plot may be made of these values. In such cases the slope 
of the tangent to the curve at the point for which the speed is 
desired may be measured from the plot. The value of the slope 
of the tangent gives the desired speed. 

Suppose that Pi and P 2 are two points on the curve in Fig. 3 
and that they correspond to the two distances si and S 2 and the 
instants U and tz, respectively. Suppose also that these two 
points are very close together so that we may write As for 
Sa — Si and At for — h. It is evident that the speed As/Ai is 
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given by the tangent of the angle which the line P1P2 makes with 
the time axis. The magnitude of the tangent of this angle is 
given by As/Ai. If Pg is made to approach Pj, then the line 
P1P2 becomes the tangent to the curve at the point Pi in the 
limiting position. The speed of the moving body or particle at 
any given time i is therefore found by the slope of the tangent 
drawn to the distance-time curve at the point on the curve 
corresponding to the given time t. If the direction of the speed 
is desired, it is only necessary to observe whether the coordinate 
s is increasing or decreasing at the time point selected. As shown 
in the figure, s is increasing at the time h] hence the speed is 


Distance 



positive. At some other point on the curve, such as P3, the 
speed is negative. 

Problems.- — 1. Plot the curves s » ini* for some selected value of a and 
dotormino the corresponding speod-timo curve graphically and analytically. 

2. If tl»o displacement of a body bo expressed in terms of a sine function 
of the time, what would bo tho corresponding speed curve? 

1 - 6 . Velocity — a Vector. — ^Tho term velocity includes all that 
is implied by the term speed, with an additional element, vw., a 
direction, associated with it. Velocity is a directed quantity 
or, in other words, is a quantity that has both magnitude and 
direction. Such a quantity is a typical vector. Any quantity 
which requires both a direction and magnitude for its complete 
description is a vector. Force, momentum, acceleration, and 
force moment are vectors. Such quantities permit of a unique 
form of expression known as graphical representation, and for 
convenience in studying them a certain form of analysis has been 
devised which is called vector analysis. This system of expres- 
sion and manipulation is the same for any vector, but the physical 
interpretation of the results obtained depends upon the particular 
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physical vector emplo yed^ Some of the commoner processes used 
in vector analysis will be illustrated by the use of the velocity 
vector. 

When, a particle is moving along a straight line, its velocity 
may be represented by a. vector drawn parallel to that line. The 
convention for this representation may best be shown by means of 
a concrete example, Suppose that a certain particle has a speed 
of 60 cm. per second in a horizontal line and is moving due east. 
The magnitude of the speed is represented by the length of the 
vector. To do this, a suitable scale of representation must first 
be selected. We may, in this case, let 1 cm. of length along the 
vector represent a speed of Ifi cm. per second ; hence the vector AB 
(Fig. 4) is drawn 4 cm. long in order to represent the given speed 
^ g of 60 cm. per second. The direction of 

' ^ the vector A 5 is parallel to the direction 

of the velocity (following the usual con- 
vention in representing geographical directions). 

If the particle is moving in a curved path, the vector repre- 
senting the velocity of the particle is parallel to the tangent 
drawn through that point of the path at which the velocity is to 
bo represented. 

A velocity is constant only when both of its elements are 
constant. This implies that, when the velocity is constant, the 
motion Is of constant speed in a direction which is not changing. 
A particle moving with a constant speed of 20 m.p.h. along a 
straight line has a constant velocity, The velocity of a particle 
moving along the oircumference of a circle is not constant, even 
though its speed may be constant. 

1-6, Angular Velocity, — There are, in general, two kinds of 
motion! translation and rotation, In pure translational motion, 
any line fixed in the body will remain parallel to its original 
position during the course of the motion. In pure rotational 
motion, all points of the body, except those on the axis of rotation, 
describe paths which are oiroumferences of circles. Displace- 
ments and velocities In translation are analogous to angular 
displacements and angular velocities in rotation. The angle in 
rotation corresponds to the linear coordinate in translation. 
The position of a point on a line is given by its linear distance 
from some reference point in that line. Similiarly in rotation the 
position of a lino is given by the angle through which the line has 
rotated from the reference position. 
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While angles are commonly measured in degrees, it has been 
found more convenient in the study of rotating bodies to use 
another unit, which has been called the radian. The radian is 
the angle subtended by an arc the length of which is equal to the 
radius of that arc. The value of the angle y (Fig. 6 ) is given in 
radians by the simple relation y ~ s/r, where s is the length of 
the arc included between the sides of the angle y and r is the radius 
of the arc. Hence, if s = r, the value of the angle 7 is 1 radian. 
If the above relation is put in the form 

s = ry ( 1 - 1 ) 

we obtain an expression for the length 
of the arc which is useful for transform- 
ing linear displacements in circular 
paths into the corresponding angular 
displacements or vice versa. 

The time derivative of the angle which 
specifies the position of a line gives the 
angular speed of that line. When a 
direction is associated with angular speed, the resulting quantity 
becomes an angular velocity. It is customary to represent the 
angular velocity by a vector drawn along the axis of rotation. 
The length of the vector represents, to some selected scale, the 
angular speed, The sense of the vector indicates the direction 
of rotation in accord with the convention described in Sec. 1-2 
above. 

If we differentiate Eq. (1-1) with respect to the time, assuming 
r to bo constant, wo obtain the expression 

ds dy 
dt ^ dt 

usually written 

V « rw (1-2) 

in which the symbol V is used for ds/dt and w for the angular 
speed dy/dt, This equation is useful for expressing the linear 
speed of a particle on the circumference of a circle of radius r 
in terms of the angular speed. 

1-7. Vector Additions. — The process of addition as applied 
to vectors is an extension of the idea from simple oases of arith- 
metical and algebraic processes to the case where the addition 
deals with quantities having directions as well as plus and 
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minus magnitudes. To illustrate this process, let us consider the 
case of a man rowing a boat directly across a river. The man 
can row with a definite velocity in still water. In a case of this 
sort, however, we are concerned with how the man actually 
moves— the path and the speed, both with respect to a reference 

system fixed to the ground. His 
velocity in the fixed reference system 
is made up of a combination (vector 
sum) of two velocities. The process 
of the vector addition of these two 
velocities gives the desired velocity. 

If AB (Fig. 6) represents the man’s velocity with respect to 
the water, a moving system, and AD the velocity of the stream 
with respect to the reference system fixed to the ground, then 
AC represents the velocity of the man with respect to the fixed 
reference system. A definite scale of representation is to be used ; 
1 cm. might represent 1 m.p.h. The diagonal AC of the parallelo- 
gram drawn on AB and AD as sides gives the desired velocity. 

The process of adding two or more vectors may be regarded as 
that of drawing a broken line, each segment of which represents 

B 


0 


Fio. 7 

(to some selected scale) one of the vectors. The sum of these 
vectors is represented by the line which converts the broken line 
into a closed polygon, the direction of the closing line to bo 
away from the starting point. In Fig. 7 such a sum is given in 
which A, 5, C, and D are the vectors to be added and S is the 
vector representing their sum. In symbols this is written as 
follows; iSis=sA + 5-f-C-|-D. Notice the direction assigned 
to S in the diagram. The order in which the vectors are arranged 
is immaterial to the final result. If this fact is not obvious, the 
student should add the same vectors but take them in a different 
order. 

1-8. The Components of a Vector. — Any two or more vectors 
whose sum is equal to a given vector may be regarded as cowr 





Fig. 6. 



1 - 8 ] 


VELOCITY 


9 


fonenis of tho given vector. For example, in Fig. 7, the vector S 
represents the sum of the vectors A, B, C, and D; hence A, B, C, 
and D are components of S, In Fig. 6, and AB are compo- 
nents of ilC. 

The process of finding certain desired components of a given 
vector is spoken of as decomposing, or resolving, the vector into 
its components. 

The number of components into which a given vector is to be 
resolved is entirely an arbitrary matter. An inspection of the geo- 
metrical arrangement of the particular situation under considera- 
tion will usually be sufficient to indicate how many components 
will be needed and, what is more important, will show the direc- 
tions along which the components are to be taken. In those prob- 
lems in which all of the vectors are co planar, it may be found that 
each vector should be resolved into two components which are 
respectively parallel to some selected reference axes. In prob- 
lems involving three dimensions, 
it is often desirable to resolve each 
vector into three mutually perpen- 
dicular components, each being 
parallel to one of the reference 
axes. 

For a given vector, the mag- 
nitude of a component in any 
selected direction is definite and is 
determined by the magnitude of the given vector, together with 
the angle between direction of the vector and that of the 
component. 

The graphical method for determining the magnitudes of a pair 
of components, which are to bo taken along two given lines, con- 
sists in finding tho intercepts formed on these lines by drawing 
two pairs of constructional linos; the linos of each pair are parallel 
to each other and to one of tho given lines and pass through the 
ends of the given vector. Tho intercepts formed on the given 
lines are the desired components. Tho directions of the com- 
ponents are taken so that their vector sum gives the original 
vector. For example, it is desired to find tho two components 
of a given vector AB (Fig. 8) and to have these components 
parallel to tho lines OC and OZ), respectively. The constructional 
lines AB and BF are drawn through tho end points of tho given 
vector as shown and are parallel to OB, Tho intercept on OC, 
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mz., EF, is the desired component parallel to OC. The direction 
to be assigned to EF is shown by the arrow. The component 
parallel to OD, viz., MN, m found in a similar manner. 

The trigonometric expressions which give the magnitudes of the 

components of a given vector 
along two lines not perpendicular 
to each other may be readily written 
by the use of the law of sines. 
Given the vector C (Fig, 9) and the 
lines OM and ON along which the 
components are to be found. If a 
and /3 are the angles between the 
vector C and the lines ON and OM, 
respectively, then the magnitude of A, the component along OM, 
is given by the equation 



Fio. 9. 


C sin OC 
sin (a + j8) 


(1-3) 


and, since the sin [tt — (a + |3)] = sin (a + /3), similarly the 
magnitude of B, the component in the line ON, is 


B = 


C sin |9 
sin (a + j3) 


(1-4) 


Ordinarily a pair of mutually perpendicular components 
(orthogonal components) is found more convenient to use than a 
pair of oblique components. In 
many cases the nature of the prob- 
lem is such that only the com- 
ponent in some particular direction 
is needed. Unless specified to the 
contrary, that component is to be 
considered as one of a pair of 
orthogonal components, 

For example, we may be consider- 
ing the motion of a body which is sliding down an inclined piano 
and for this purpose need to know only that component of the 
weight of the body which is parallel to the inclined plane. Suppose 
PL (Fig. 10) is the inclined plane and AB represents the weight of 
the body. The component of ^45 parallel to the plane PL is found 
by drawing a line through A parallel to PL and then dropping a 
perpendicular from B to this line, thus locating the point C. The 
segment AC gives the desired component, If a is the angle of 
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inclination of the plane, then the magnitude of AC may also bo 
found by the equation 

AC - AB sin a 

The other component in this particular case is, of course, per- 
pendicular to AC and its magnitude can be readily found. The 
fact that it is not needed in the particular problem should not 
lead one to assume its nonexistence. 

The advantage of studying the components of a vector, instead 
of the vector itself, may be illustrated by examining the com- 
ponents of the force used on a lawn mower. The push exerted 
upon the handle of the lawn mower does two things. In the first 
place, it is responsible for motion along the ground and it also 
pushes the mower down on the ground, thereby increasing the 
friction and lessening the chance of the wheels slipping. The 
two components hero are perpendicular to each other: one is 
parallel to the ground and the other 
is perpendicular to the ground. By 
the process of resolving the applied 
force into the two components, we are 
able to assign to each component one 
of the functions of the applied force. Fig. ii. 

Because of this analysis, the effect of 

each component may bo expressed in terms of the applied 
force. The magnitude of each component is found by multiply- 
ing the magnitude of the applied force by the cosine of the angle 
between the direction of the applied force and the direction of 
the desired component. In Fig. 11, P stands for the applied 
force and H and V are the horizontal and vertical components, 
respectively. Wo may therefore write 

II ^ P cos a and 7 = P cos ^ = P sin a (1-6) 

1“9. Component Velocities. — 'Given any velocity V, It is 
required to express this vector in terms of its components along 
the coordinate axes in each of three systems of cooi’dinates and to 
write the analytical relations for determining the speed and the 
direction of the velocity in terms of the various components. 
The systems of coordinates to be used are the rectangular, 
spherical, and the polar systems. 

a. The Rectangular System.~~li V makes the angles a, /3, and 7 
with the X-f 7-, and 21-axes, respectively (Fig. 12), then 

Vu>- V cos a, 7v = F cos fi, V cos 7 (1“6) 
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where F*, Vy^ and F« are the components of V parallel to the 
X-f F-, and -^-axes, respectively. 

To express the magnitude of V in terms of its components, wo 
may square and add Eqs. (1-6), which gives the following desired 
equation: 

q. f,2 + 7^2 (1.7) 

Tlie direction of V may be found by Eqs. (1-6) or by any two 
of the following equations: 


tan a = 




tan /3 = 


V7,‘ + 7 .“ 


= (1-8) 


In case V lies in the XV plane, then 7 == 90°, V» ~ 0, and 


72 « -H 7/ tan a = 

r X 

In the foregoing equations we are dealing with orthogonal 
projection. It should be understood that orthogonal projection 
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is meant when the unqualified expression “projection" or 
component is used. 

It is important at this point to derive some general relations 
between the time derivatives of the coordinates and the velocity 
components. Lot S (Fig. 13) be a line which makes an angle S 
with Vf the velocity of a particle at Q. Then the component of 
V in the lino of S, viz., Fa, is expressed by the relation 

Fa = F cos 5 

We may also express F, in terms of F*, Vy, and F*. This 
expression is obtained by equating Fa to the sum of the projec- 
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tions of the components Vs, Vy, and F« into the line of /S. The 
validity of this equation will be left to the student to substantiate. 
In symbols, then, we may write 

Va “ 7* COS a' + Vy cos )3' + V a COS 7 ' (1-9) 

where a’, /S', and 7 ' are the direction angles of the line 8, 

Let P be the projection of Q upon the line S. (The process 
of projecting a point upon a given lino is one of drawing a line 
through the given point so that the consti'uctional line intersects 
the given line perpendicularly. The point of intersection of the 
two lines is the desired projection of the given point.) Let s 
{UP in the diagram) be the distance of P from any other point 
R (.ro, 2 / 0 , another point in 8. Designate the coordinates of 
P as X, y, and z. We may then express the distance s in terms of 
the coordinates of R and P and the direction angles of 8 as 
follows: 

s — (.r — a’o) cos a' + (^ — yo) cos -V {z ~ Zo) cos 7 ' ( 1 - 10 ) 

The time derivative of s is cU/dt, The value of this derivative 
may be found by differentiating the right-hand member of 
Eq. (1-10), If ds/di is to be equal to Va as given by Eq. (1-9), 
the time derivatives of xo, t/o, Za, cos a', cos /3', and cos 7 ' must all 
be equal to zero. In order that all of these six derivatives may be 
equal to zero, both the point U and the line 8 must be stationary 
in the X Y Z system. If the point R were moving along 8 or the 
line 8 wore changing its position in the reference system, then 
either of such motions would, in effect, introduce a moving 
coordinate system. Wo should not expect, therefore, that 
ds/dl, which gives the velocity of P 
with respect to R in the line 8, 
would be equal to Va, the com- 
ponent of V in 8, unless the 8 sys- 
tem were fixed in the X Y Z 
system. 

h. Sphencal Coordinates . — I n 
the spherical system of coordi- 
nates we make use of three 
coordinates: a radius and two 
angles. The coordinates are designated by the symbols r, <p, and 
0 and are measured from a fixed reference point, a reference line, 
and a reference plane, respectively. In order to describe the rela- 
tive positions of the reference point, lino, and plane, it is convenient 
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to locate them in a standard rectangular coordinate system. 
Let X Y ZhQ the rectangular system with origin at O (Fig. 14). 
Let P be any point whose coordinates are x, y, and z in the rec- 
tangular system and r, (pj and 0 in the spherical system. 

The origin of the spherical system is taken nt 0, which is the 
center of a sphere with radius r. The point P is therefore on the 
eurfaco of the sphere. The linear coordinate of P in the spherical 
system is the distance of P from the reference point 0. The 
second coordinate <p is to bo measured from a fixed reference 
line, which is to be a radius of the sphere (and, since its selection 
is arbitrary, we shall let it coincide with OF), to the radius ?\ 
The third coordinate d will measure the angle between the refer- 
ence plane, which we let coincide with the YZ plane, and the 
plane containing OF and r. 

The relations between the two sets of coordinates of P may 
be written as follows: 


« =« }* sin <f> sin 0 r® = + 2** 

y ==> r cos ^ ( 1 - 11 ) cos (p = y(x^ + y'^ z^)~^ ( 1 - 12 ) 

2 " r sin </> cos 0 sin (? - x(x^ + 2 *)~i 

Expressions for the component velocities in the X Y Z system 
Vx, Vyj and F* in terms of variables in the spherical system may 
be found by differentiating Eqs. (1-11) with respect to the time. 
If wo write <p for d<p/(U and d for dO/dt, we obtain the following 
equations: 


dr . 


dt 

dr 


sin ^ sin 0 -|- cos <>!> sin -f- rd sin <p cos d 


Fy “ ^ cos <p — r(p sin <p 
F, = ^ sin ^ cos 0 + r(p cos <p cos 9 — rO sin <p sin 0 


The right-hand member of each of these equations is a sum of 
the projections of the three spherical components of the resultant 
velocity on to the X-, F-, or Z-axis. I^et us examine the first of 
these equations in order that we may identify both the magni- 
tudes and the directions of the spherical components. We must 
expect to find a velocity component in each term multiplied by 
the proper factor which projects it into that reference axis along 
which the orthogonal velocity component is being expressed. 

In the first term, dr/dt occurs. This quantity is the velocity 
component in the line of r, because, in the equation for F®, 



1-9] 


VELOCITY 


16 


dr/dt occurs with the factors sin (p sin 6 which collectively aro 
equivalent to the cosine of the angle between r and X. The 
second term contains the spherical component rep. This com- 
ponent may be regarded as being due to the angular velocity ^ 
which, together with the factor r, gives a linear velocity in the 
YOP plane and perpendicular to r. The factors cos <p and sin 0 
project it into the line of X. 

The third component is r() sin ep. This component is duo to 
the angular velocity d. Since 6 is always measured in the ZX 
plane, the T-axis is the axis of rotation for Since r sin <p is 
the perpendicular distance of P from the F-axis, this component 
of the velocity is perpendicular to the YOP plane. 

The three spherical components of the velocity are mutually 
perpendicular to each other. The resultant velocity of P may 
therefore be expressed by the following relation : 

= feY + + (ri 8in (1-13) 

If the three components are known, then the magnitude of V 
may be obtained from the preceding relation. The direction 
of V may be determined from the 
relative magnitudes of the three 
components. 

c. The Polar-coordinate System . — 

To find the relations between the 
velocity V and its components in a 
plane polar- coordinate system, it 
will be convenient to use a rectan- 
gular system as an auxiliary. Let 
this latter system bo XOY with 
origin at 0 (Fig. 15). Let OX bo the reference line for the polar 
system, with the radius vector r drawn to any point Q, and making 
the angle 7 with OX. 

Let V be the velocity of the particle at Q with coord in a tow 
(K and y in the rectangular system at the instant under considera- 
tion and let a bo the angle which V makes with r. From geo- 
metrical relations, 

j>2 = -f- y^ 

tan 7 - 

X 



(1-14) 

(1-16) 



16 Al^ALYTIC AND VECTOR MECHANICS (1-10 


The component of the velocity parallel to r is Vr and is equal 
to y cos a. Vr may be expressed by the equation 

Yr = cos 7 + sin 7 


where and Yy are the components of Y parallel to OX and OF, 
respectively. This equation might have been derived by 
differentiating Eq. (1-14) with respect to the time, since the 
component of the velocity parallel to t is dr/di. 

The velocity component perpendicular to r is called Vy. Its 
value is F sin «. It may also be expressed in terms of Fj, and F„ 
by differentiating Eq. (1“15) with respect to the time. 


^ ~ y 

dt r® 




= Vy cos 7 — F^ sin 7 


(1-16) 


This equation gives the velocity perpendicular to r even though 
r is moving, provided Q is contained on r. 

Since dy/d^ is the time rate of change of an angle, it is called 
an angular velocity and is designated by the letter co. The 
angular velocity w describes the rate of change of position of r and 
is expressed in terms of radians per second. 

It is instructive to observe also that 


F 2 == 7,2 + 7^2 tan a = ^ 

V» - Fr COS 7 “ Fy sin 7 (l-17a) 

Vy = Fr sin 7 + Fy cos 7 (1-176) 

In this section we have used two pairs of components of the 
velocity vector F, Either pair may be used, in studying the 
velocity, with equally valid results, but sometimes discrimi- 
nation in selection is to the students’ advantage. 

1-10. Change of Origin for Velocities in Translation. — Fre- 
quently the velocity of a particle may advantageoiusly bo described 
in terms of a geometric combination of its velocity in a moving 
coordinate system and the velocity of the moving system referred 
to some fixed reference system. A general principle for this 
purpose will be developed. 

Let the fixed reference system be XYZ and the moving system 
be XiYiZi (Fig. 16). The only limitation on the movement of 
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the moving system is that its axes shall always be parallel to 
those of the reference system. 

The coordinates of any point Q in the fixed reference system 
will be xyz and in the moving system X\yiZi, The coordinates 
of Oi in the fixed reference system will be called XoyoZd. The 
relations between these coordinates are expressed by the equations 

X = Xa-h y = Z/d + 1/1, and z = Zq Zi 

If Q and Oi are both moving, then 


dx _ dx^ I 
dt dl dt ’ 


dy __ dya , dyi dz _ dzo dzi , . 

dt dt ^ dt' dt dt dt 


If we take the vector sum of dx/dt, dy/dt, and dz/dt, we obtain 
a vector which is Q’s velocity in the 
reference system. We shall desig- 
nate this velocity by the symbol 
Vq{0). The vector sum of the com- 
ponents dxo/dtf dijo/dtf and dzo/di 
gives a vector expressing the velocity 
of Oi in the reference system. We 
shall call this velocity Vo^{0). 

Similarly the vector sum of the last 
terms in Eq. (1-18) gives the velocity of Q in the moving system. 
We shall designate this velocity by the symbol Vq(Pi), Com- 
bining these rc.sults into one equation gives 

Eg(0) - 7o(00 -h VoP) (1-19) 

which expresses the velocity of Q ^vith respect to the reference 
system as equal to the velocity of Q in the moving system, plus 
the velocity of the moving system with respect to the reference 
.system. 

This important equation is particularly convenient if we 
wish to determine any one of the three velocities when the two 
others are known. The tcchniq\io of the graphical solution is not 
so obvious in those cases whore one of the terms of the right-hand 
member is the unknown. Suppose that 7 q(Oi) is to bo deter- 
mined and that the two other vectors of Eq. (1-19) are known. 
Writing the equation so that it is explicit for Vq{Oi) gives 

Kg(O0 = 7g(0) -i-[_Eo,(0)l 

The ordinary rules of vector addition may be applied to this 
equation but we must reverse the direction of Eo,(0) because it 
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appears with the minus sign. The vector addition is shown in 
Fig. 17. 

In a limited number of special cases it might be convenient 
to have two or more moving systems serve in expressing the 

velocity of a point. In such cases the 
restriction should again bo made that 
the axes of the moving systems remain 
parallel to the axes of the reference 
system. The velocities of the origins 
of the moving systems are not other- 
wise limited. To each would be assigned the value which the 
nature of the particular problem indicated. The general 
equation is 

Vq{0) = Ko(Oi) -f + 7 o,( 03) -h • • • VoSO) 

The polygon method of velocity addition would be applicable 
here. It must be obvious that a solution is always possible if 
all but one of the velocities are known. It will bo shown in the 
section below that a solution may be obtained if not more than 
two quantities, a magnitude and a direction or two directions, 
are unknown. The same device which is shown above would 
serve here if the sign of one or more of the vectors is minus. The 
result obtained is independent of the order in which the elements 
are taken, 

1-11. How to Solve Problems. — The method which the student 
uses in solving problems is important. Ho should bo distinctly 
conscious of tho way ho proceeds, so that the solution is obtained 
as a logical step-by-step process rather than a haphazard one. 
The first stop in any solution is to identify tho known and tho 
unknown quantities and to express tho given quantities in a 
single set of consistent units, Next he should select tho principle 
or principles which are pertinent to the problem. These should 
be written down together with a diagram and the data of the 
problem. In general, there will bo required as many algebraic 
equations as there are unknown quantities. If, howovor, tho 
solution of the problem is to be found by the use of vector 
equations, as in the illustrative problems given below, only one 
equation will be required for two unknowns, t.e., two magnitudes, 
a magnitude and a direction, or two directions. The solution 
of a vector equation is usually obtained by a vector diagram. 
Each vector equation may, however, be transformed into two 
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or three algebraic equations. The graphical or vector method 
of solution is more concise than the algebraic and is usually the 
easier method. 

The solution of a vector equation involves simply the geo- 
metrical construction of a triangle, where only three vectors 
are involved, or a polygon, if more than three vectors are involved. 
The details of the vector method of solving a problem are shown 
by two selected illustrations below; the first involves three 
vectors and the second requires four vectors. The student is 
urged to pay particular attention to the method shown in these 
two illustrations and then to use this method in the solutions 
of the other problems given in this section. 

Problems. — 1. A train is going due north with a speed of 
60 m.p.h, A bandit near the track shoots due east at an object 
in the train. If the speed of the bullet with respect to the bandit 
is 1,000 ft. per second, find the velocity of the bullet with respect 
to the train. 


Identification of 
quantities 

Symbol 

1 

1 

Given 

Jnits 

Consistent 

Known 

elements 

Velocity of train with 
respect to a ay stem 
fixed to the ground. 

Vt(E) 

00 mi. per hr, 1 

88 ft. per see. 

Magnitude 

direction 

Velocity of Imllot 
with respeetto fixed 
system. 

VniE) 

« 1 • 1 1 « 1 » « * 1 « 

1,000 ft. per sec. 

Magnitude 

direction 

Velocity of bullet 
with respect to the 
train. 

V«(T) 


? 

None 


General prinoiTlc applied to the particular problem ; 

VnCE) = Vn{T) -V Vr{E) 

Solution , — Since we have only two unknowns, the magnitude 
and the direction of VuiT), the one vector equation is sufficiont 
to obtain the desired quantities. Wo must then construct a 
triangle with the two known vectors as sides and the angle 
between them equal to 90 deg. Rearranging the equation to 
make it explicit for the unknown vector gives 

7i,(T) « Vn{E) - VAE) 
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VrCfe) 


In the diagram (Fig. 18) the vectors are not drawn to scale. 
Both magnitude and direction of Vb{T) would be correctly 
given if the diagram had been made to scale. The magnitude 
of Va{T) should be expressed in the selected consistent units, 

viz.f feet per second. 

2. Two automobiles, M and JV, are 
going in the same direction along 
parallel lines with speeds of 60 and 
30 m.p.h,, respectively. At the 
instant when a boy in N is directly 
opposite a man in M, the boy throws 
a ball (horizontally) at tho man and 
hits him. If the speed of the ball with respect to the boy is 100 ft, 
per second, what is the direction of the velocity of the ball with 
respect to the boy in. N? Find also the velocity of the ball with 
respect to the man in M and the velocity of the ball with respect 
to the ground. 
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Idontifiofttion of 

Symbol 

Units 

Known 

quantities 

Given 

Conaistont 

olomonts 

Velooity of M with 

Vm{G) 

60 mi. per hr. 

73.3 ft. por sec. 

Magnitude 

respoot to a Axed 
system on tho 
ground. 




direction 

Volooity of N with 

Vn(Q) 

30 mi. per hr. 

44 ft. por SCO. 

Magnitude 

respect to tho fixed 
system. 




direction 

Velocity of M with 





rfiapfiftt to JV 

VMiN) 



None 

Velocity of tho ball 
with respect to iV. . 


100 ft. per SCO. 

VbW 

Magnitudo 


Volooity of the ball 
with respect to il/. . 
Velocity of tho ball 



Direction 



with rospoot to fixed 
systoin 

Vn{G) 

None 




The general principle applied to this problem gives 

V,t{0) - Vm(N) H- V^{G) 

Vb{G) « V^iM) H- Kv(A) + VAG) 
VAm - VAM) -h Vm(N) 


(a) 

(&) 

(c) 
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Solution . — Using Eq. (a), we may find since the two 

other vectors in this equation arc known. In this case the vector 
solution degenerates into an algebraic equation because the two 
known vectors are parallel to each other. Tlie magnitude of 
is found to be equal to 29.3 ft. per second and the direction 
is parallel to that of Vm{G). 

We may now use Eq. (c) and find the direction of Vu{N) and the 
magnitude of VuiM), since in this equation these two quantities 
arc the only unknowns. There may be a doubt in the student’s 
mind that the direction of Vb{M) is known, but he must remember 
that the ball was thrown at the instant 


when the line drawn from the boy to the 
man was perpendicular to the velocities 
of the two automobiles. To the man, the 
ball would appear to be coming directly 
toward him; hence the direction of Vb{M) 
is perpendicular to Vm{G), The vector 
diagram (Fig. 19), then, consists of a 
triangle with the lengths of two sides and 
an angle opposite one of the given sides 
known. This solution gives the mag- 
nitude of Vn{M.) and the direction of 
Vn{N). 

The velocity of the ball with respect to 



Fiq. 19. 


the ground, may now bo found by using Eq. (6). All three 


velocities on the right-hand side of this equation are now known ; 


hence the unknown 7^(0) may be found. 


Problems. — 1, Au automobile is going at a speed of 40 ft. per second. A 
man in the automobile throws a Inill with a specjd of 100 ft. per second witii 
respect to liimself along a horiKontal linti at right angles to the velocity of 
the automobile. Find tho velocity of tlio ball with rospeot to the ground. 

2. A person on the ground throws a ball (80 ft. per second) at an auto- 
mobile which lias a speed of 60 ft. per second. Tho horizontal direction of 
the ball makes an angle of 46 deg. with the velocity of the automobile. 
Find tho velocity of tho ball with respect to the automobile. 

3. An automoliilo is going at a speed of 76 ft. per second in a rain. Tho 
wind is blowing the rain in a direction parallel to tho car’s motion. Tlio 
rain drops fall at an angle of 30 dog. with the vertical and at a rate of 26 
ft. per second. Find tho velocity of tlio rain drops with respect to tho 
automobile. 

4. A train is going duo north at a speed of 80 ft. per second. Tho smoko 
from tho train trails off in a lino toward the southeast. What is tho speed 
of tho wind if its diveotion is toward the oust? 
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0 . An airplane has tin air speed of 100 m.p.h. In what direction must the 
fuselage point if the piano is to go due south in a wind blowing 30 m.p.h. 
toAvard the west? 

6. A stream has a speed of 3 m.p.h. A man can row a boat 4 m.p.h. in 
still Avater. What direction must he point his boat if ho is to go straight 
across? What would bo his direction if ho wishes to go across in the shortest 
time? 

7. A person walking oast at a rato of 4 m.p.h. finds that tho wind appears 
to be from tho south. If ho increases his pace to 0 m.p.h., ho finds that tho 
wind appears to come from the southeast. Whnt is tlio velocity of tho wind ? 

8. Two airplanes,- A and /i, are fiying horizontally in straight lines per- 
pendicular to each other at the same elevation and at tho same .speed of 100 
m.p.h. A crosses /i’s lino of flight wlien tlioy are 600 ft. apart. Ji fires 
at A whon ho is 200 ft, from A's lino of flight. If tho speed of tho bullot is 
2,000 ft. per second, wliat must bo /i’s lino of sight if he is to hit A ? Neglect 
gravitational c fleets. Wlmt would be tho velocity of tho bullet rvith 
respect to A 7 


1-12. Change of Origin for Velocities — Rotation, — One occa- 
sionally * oncountors motions in which a rotating coordinato 

system is a bettor auxiliary system 
for describing or analyzing tho 
velocities than the system moving 
with translation. Although such 
oases are not numerous, tho few 
encountered are so adequately 
handled by this typo of moving 
system that it is worth while to 
develop tho general expression. 
Tho velocity of any moving particle 
is to be expressed in terms of its velocity in a rotating system and 
tho angular velocity of tho moving system. 

Lot tho reference system be XOY (Fig. 20) and tho moving 
system be X'OY' with its origin coincident with 0 of tho fixed 
system and co planar with XOY. Designate the angle XOX' 
by y, Tho coordinates of Q, any point at which the moving 
particle is situated, are xy and x'y' in tho fixed and moving 
systems, respectively, It follows from these assignments that 
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.'I! = COS y ~ v' sin y 
y x' sin y ^ y' cos y (1-20) 

If we differentiate both of these equations with respect to tho 
time, tho component velocities ai’o obtained directly. Writing 
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Vxi Vy, Vx', and Vy' for the derivatives dx/dt, dy/dif dx' /dt, and 
dy'/dt, respectively, and w for dy/dt gives 

Vx = Vx' cos 7 — x'o} sin y ~ Vy> sin y — y'o) cos y 

Vy ~ Vx' sin 7 + x'ia cos y + Vy' cos y — y'o) sin 7 (1-21) 

Substituting a; and y from Eq. (1-20) for the coefficients of co in 
Eq. (1-21) gives 

Vx — Vx' cos 7 — Vy> sin y — yoi 

Vy ~ V x' sin 7 H" Vy! cos 7 + (1-22) 

The two equations of Eq. (1-22) may be combined into a single 
equation which will be more useful. The vector sum of Vx and 
Vy is V, the resultant velocity of 
the particle at Q, referred to the 
reference system. We may call 
this velocity Vq{0) in harmony 
with the convention adopted 
above. The first two terms of 
the right-hand members may be 
similarly combined. The result- 
ant of these four terms gives the 
velocity of Q in the rotating sys- 
tem, which velocity may bo called Vq{0'). The last terms of 
the two equations may also bo combined. It will be observed 
(Fig. 21) that w.r and —co^/ are linear velocities and that they are 
perpendicular to OX and OY, respectively. If these velocities 
are added geometrically, a linear velocity is obtained which is 
equal to w r [Eq. (1-2)] where r is the line drawn from 0 to Q. 
The direction of w r is perpendicular to r. 

It will bo convenient to use the symbol ar, in this and tho 
two following sections, to designate the velocity of the terminal 
point of a line segment, such as OQ (or r, Fig. 21), which, is 
rotating about an axis through its initial point. In tho next 
chapter a more conventional method of describing such a velocity 
is given. 

Wo may now express the velocity of Q in terms of its compo- 
nents as follows: 

Vq(0) = Fg(O0 + (1-23) 

An interpretation of this equation leads us to seo that the 
resultant velocity of Q as expressed in the fixed system is made 
up of two parts: tho velocity of (3 in tho moving system and a 
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velocity which depends upon the angular velocity of the moving 
system and the distance of Q from the origin. Ordinarily, w 
refers to the angular velocity of the radius vector r. It is to be 
noticed that here w expresses the angular velocity of the axes 
of the rotating system about an axis drtiwn through 0 per- 
pendicular to the common plane of the two systems. The 
velocity vector which expresses the difference between the 
velocities of Q in the two systems is wr. 

An illustration of the use of the general formula will be given 
to show the type of problem to which it may be applied. It is 
required to determine the resultant velocity of a small particle 
at any instant as it moves with constant velocity outward along 
the radius of a wheel. The wheel is turning with a constant 

angular velocity about a fixed axis. 

^ Let XOY (Fig. 22) be the fixed refcr- 

uv / v(o) system with the center of the wheel 
a-t 0, to the angular velocity of the wheel 
/ r the distance from 0 to the moving 

j ) X particle at Q. Also let the rotating 

I I system be fixed to the wheel. The 

\ / velocity of Q in the rotating system 

^QiO') will be directed outward along r, 
shown in the diagram. The velocity 
expressed by tor is drawn perpendicular 
to T. The vector sum of these two velocities gives the desired 
velocity Vq{0), 

1-13. Uniplanar Motion. — A body is considered rigid if the 
line segments connecting any two pairs of points and the angles 
between these line segments remain constant when the body is 
under the influence of external forces. No body is perfectly 
rigid but tliere are many bodies in which the deformations which 
do occur are so small that they may be neglected. Bodies in 
which the deformations are large enough to bo taken into con- 
sideration are classified as clastic bodies. 

A rigid body may have two types of motion; translation and 
rotation. In translational motion, all points of the rigid body 
describe equal and parallel curves, If a rigid body has any two 
of its points fixed, any motion which it may have is a rotation 
about the line passing through the two fixed points. The line 
in this case is called the axis of rotation. All points of a rigid 
body, except those on the axis, describe circular paths, the centers 
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of which lie on the axis and whose planes are perpendicular to 
the axis. 

Many cases of motions of rigid bodies are neither pure trans- 
lation nor pure rotation but are combinations of the two motions. 
Such motions are called uniplanar motions if the velocities of 
all points of the body are continuoiusly parallel to a fixed plane, 
which is called the guide plane. The velocity of any point of a 
body, which is in uniplanar motion, may be expressed as a vector 
sum of two component velocities, one of which depends upon a 
rotation about an arbitrarily selected axis (perpendicular to the 
guide plane) and the other consists of the translational velocity 
of the selected axis with respect to the fixed reference system. 

Let Vp{0) represent the velocity of any point P of the body, 
CO the angular velocity of the body about the selected axis A, and 
AP the distance from P to A. The general expression for the 
velocity of P is 

Vp{0) = Vm + toiP (1-24) 

in which Va{0) is the velocity of A in the reference system, 

The velocity of any point may be expressed by an indefinite 
number of such combinations, since the position of the axis is not 
limited. The angular velocity of the motion is instantaneously 
the same for all points of the body regardless of which line may 
bo selected as the axis, but the translational element will, in 
general, be dependent upon the position of the axis in the body. 
This statement is true even though the axis is not strictly a lino 
of the body, for the axis may bo considered as being attached to 
the body by a massless frame. 

In order to illustrate just how the velocity of any point of a 
body in uniplanar motion may be described in terms of a trans- 
lational element together with a rotational element, and also 
to show that the selection of the position of the axis of rotation 
is immaterial to the process of description or to the final result, 
let us express the velocity of a selected point of a body in uni- 
planar motion by using axes in two different positions. 

Let P be the selected point (Fig. 23) on the rim of a wheel of 
radius r which is rolling with its rim in contact with a straight line 
OX, The wheel is to roll with its plane always parallel to the 
guide piano XOY, Let w bo the angular velocity of the wheel 
at the instant at which the velocity of P is to bo described. We 
shall select R and C as the two points in the XOY plane through 
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which the two axes are to pass. Also, for the sake of simplicity, 
let C be the center of the wheel and R be on the rim of the wheel 
and in the line SCR, where S is the instantaneous point of 
contact between the wheel and the line OX, 

We shall first determine the velocity of P with respect to 
XOY by using the axis through C. The velocity of C with 
respect to XOY, VciO), is parallel to OX and equal to wr. The 
velocity of P with respect to C is perpendicular to CP and is also 
equal to wr. The vector sum of these two velocities gives the 
desired velocity of P, l^/>(0), as shown in the diagram. 

In a similar manner we may find Vi-(O) by using the axis 
through R, The velocity of R with respect to 0, 7«(0), is 



parallel to OX and equal to 2wr, The velocity of P with respect 
to R, Vr{R), is perpendicular to the line RP and is equal to iuRP. 
The vector sum of those two velocities again gives V'r(O), as may 
bo verified by computation, 

l-U, The Fixed and Moving Centrodes. — The description of 
tho velocity of any point of a body which is in uniplanar motion 
may usually be simplified by a judicious selection of tho axis 
about which the rotational element is to be taken. It may bo, 
at tho instant at which tho velocities of various points of the 
body arc to be expressed, that there is a particular lino of tho 
body which is instantaneously at rest with respect to tho fixed 
rcforcnco system. If this lino is chosen to bo the axis of tho 
rotational element, then the translational term will bo zero. 
The velocities of all points of tho body could then bo regarded 
as due to a pure rotational motion about tho solocted axis for 
that instant, Because of its importance, such an axis is called 
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the imlanianeoxis axis of rotation. The instantaneous axis is 
always perpendicular to the guide plane. The point of its 
intersection with the guide plane is called the instantaneous 
center. 

The convenience of such a device for describing a uniplanar 
motion lies in the fact that the velocity of any point of the moving 
body may be expressed as the product of the angular velocity 
about the instantaneous axis and the distance of the point from 
that axis. The direction of the velocity is perpendicular to the 
radius vector drawn from the instantaneous center to the point 
whose velocity is to be expressed. 

To illustrate the use of the instantaneous axis in expressing 
the velocity of any point of the moving body, let us consider 
again the illustration given in the preceding section (Fig. 23). 
As the wheel is rolling along the line OX, the point S, on the rim 
of the wheel, is instantaneously at rest in the position shown. If 
then wo select S as the point in the XOY plane through which the 
instantaneous axis is to pass, i.e,, the instantaneous center, the 
magnitude of the velocity of any other point, say R, will be 
equal to the angular velocity w multiplied by the distance SR. 
The direction of this velocity is given by the vector 7/i(0). 
Similarly, the velocity of P is equal to «SP and is perpendicular 
to SP. 

It must bo borne in mind that the particular axis is only 
instantaneously at rest; hence the expressions for the velocities 
of the various points of the body are only true, in general, for 
that particular instant. For succeeding instants there will bo 
other points which in turn may bo regarded as the instantaneous 
centers of rotation. The aggregate of the series of instantaneous 
centers (points fixed in the reference system) is known as the 
fixed centrode. In the illustration used above (Fig. 23), OX is 
the fixed centrode. Corresponding to the fixed centrode, a locus 
fixed in the reference system, there is another locus of the 
instantaneous center. This latter locus is a curve fixed to the 
moving body and is called the moving centrode. In the rolling 
wheel of Fig. 23, the circumference of the wheel is the moving 
centrode. As the motion proceeds, the moving centrode rolls 
upon the fixed centrode in such a way that the particular point 
which is the instantaneous center for the given instant is the 
pair of points, one in each curve, which are instantaneously 
coincident. 
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If the velocities of any two points of the body are known, 
then the instantaneous axis may be located by drawing lines from 
the points respectively perpendicular to the velocities. The 
point of intersection of these two lines is the instantaneous 
center for that instant. The proof of this construction may be 
established in the following manner. Let P and R (Fig. 24) be 
any two points of the moving body whose velocities are known. 
Also let I bo the instantaneous center, located by the intersection 
of the lines PI and RI drawn perpendicular to the velocities of 

P and Ry respectively. Making 
use of Eq. (1-24), wo may write 

Vnil) - Vj>{I) + (oPi? (1-26) 

in which Vr{I) and Vp{I) arc the 
velocities of R and P, respectively, 
in the reference system XOF, 
This equation expresses the veloc- 
ity of R in terms of the velocity 
of P in the reference system and 
the velocity of R relative to P due to a rotation about an axis 
through P, Now to prove that 

VrU) - w/P and Vp{I) - «/P 

wo may use the triangle IPR, Each of the velocities given 
in Eq. (1-26) is perpendicular to one of the sides of the triangle 
JPRy so that, by rotating all three of the velocity vectors through 
an angle of H-90 deg., each velocity will then bo parallel to one 
of the sides of the triangle; Vr{I) will be parallel to IR, V’j^(i') 
will bo parallel to IP, and wPP to PR, with the directions as 
indicated in the diagram. Since the velocity mPR is proportional 
to PR, then V'/{(/) and Vp{I) must be equal to mIR and w/P, 
respootivoly, because of the vector relation expressed in Eq. (1-25), 
This development may bo extended to include any other point 
of the body and it may be shown that the velocity of the selected 
point will be equal to the product of the common instantaneous 
angular velocity by the distance of that point from the instan- 
taneous center. 

A special case is next to bo considered in which the above 
scheme for determining the instantaneous center fails. If the 
two known velocities are parallel to each other, there will, 
obviously, bo no point of intersection of the two lines drawn 
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through the points (whose velocities are given) perpendicular 
to the velocities. The instantaneous center may, however, be 
located by an algebraic solution. If both velocities are in the 
same sense, then (Fig. 25) 


Vji = w IR and = « {IR + RP) 

where Vn and Vp are the velocities of the points R and P and w is 
the instantaneous angular 
velocity. Hence Vp 

Vu ^ IR 

Vp IR + RP ^ ^ 

from which IR may be determined. V rTT 

li Vp ~ Vrj the motion is one of ^ ^ 

pure translation, If Vp and Vr are ^ 

in opposite sense, then 7 must lie 

between P and R. In this ease Vr/Vp = IR/IP, 

1-15, General Solution for the Equations of the Fixed and 
Moving Centro des. — We have seen that uniplanar motion of a 
body may be described in terms of two parts: a translational and 
a rotational part. It has also been shown that uniplanar motion 
may be described in terms of pure rotation about an instantaneous 

axis which is, in general, moving so 
that its point of intersection with 
the guide plane, the instantaneous 
center, describes a curve in space 
called the fixed centre do. An ex- 
pression is to bo found which gives 
the equation of the fixed centrodo 
(sometimes called the space cen- 
trode) and a similar equation for 
Pig, 20 . moving (or body) centrodo. 

Given a fixed reference system 
(Fig. 26) XOY and a system X'O'Y' which is attached to the mov- 
ing body, The coordinates of P, a point of the moving body, are 
xy and x'y' in the fixed and moving systems, respectively. The 
axis O' X' makes an angle 7 with OX. The coordinates of O' are 
.vaijo in the fixed system. 

The following equations express the relations among the 
coordinates: 


a: “ :ro + cos 7 — y' sin 7 
1 / =’ 1/0 + a:' sin 7 + y' cos 7 


( 1 - 26 ) 
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The velocity relations may now be found by differentiating these 
equations with respect to the time. We must remember that 
dx' /dt and dy' /dt are both equal to zero, for the moving system 
contains P as a point fixed in it. For brevity, w is written for 
dy/dt. Hence, 

dx dxQ f t ^ I / N 
"dl ^ ^ ^ y ~r y cos y) 

^ + <^{x' cos y - y' sin y) (1-27) 

Even though no limitation is imposed upon the motion of the 
moving system, it is to be noticed that the velocity of P may 
be expressed in terms of two parts: a translation of the moving 
system and a rotation about an axis through O' . 

We may write Eq. (1-27) in another form if we replace the 
quantities in the parentheses by their equivalents y — Va and 
X — a:o, respectively. This gives 

dx dro , . 

Vo) 

I = %” + - *“) 0-28) 

An inspection of the figure will show the validity of these 
equivalences. 

If we had selected another point of the body as origin for the 
moving system, say Q in place of O', the resulting expressions 
for dx/dt and dy/dt would have been similar to those written in 
Eq. (1-28) and would have contained the same value of <a. This 
means that the angular velocity of the body must be independent 
of the point through which the axis of rotation is supposed to pass, 
as indeed it should be, for the body is supposed to be rigid. 

If we put dx/di and dy/dt both equal to zero in Eq. (1-27), we 
imply that the point P, whose coordinates are x and y in the 
reference system, is stationary. By this evaluation we cannot 
make any point stationary but we can obtain relations from 
Eq. (1-27) which express the locus of those points which will bo 
stationary at some time in the motion of the body. The resulting 
expressions 

dxa 
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which contain x' and y', give us the coordinates {x'y*) of the 
instantaneous center of rotation referred to the moving system. 
For the purpose of distinguishing these coordinates of the 
instantaneous center in the moving system, let us write and ri' 
for x' and j/, respectively, and, if we make the equations explicit 
for these symbols, wo obtain 


1 / dxo . dya \ 
, 1 /dxo , dya . \ 


(1-30) 


These two equations may bo combined by an elimination of the 
angle 7 . Squaring both Eqs. (1-30), adding, and rearranging 
gives 

(f- = (!^J + (f)‘ 


or 


( 1 - 31 ) 

An interpretation of Eq. (1-31) affords an opportunity to check 
its validity. It will bo readily observed that the right-hand 
member represents the velocity of the origin of the moving 
system. In the left-hand member the coefficient of w is the 
radius vector drawn from the origin of the moving system to 
the point which is instantaneously at rest, because and ri' are 
the coordinates of this stationary point. The left-hand member 
therefore also expresses the velocity of the origin of the moving 
system. This analysis of Eq. (1-31) gives confidence, perhaps, 
in accepting the fact that the point whoso coordinates are ig' 
and 1 )' in the moving system is instantaneously at rest. 

Equation (1-31) is the general expression of the locus of the 
instantaneous center referred to the moving system. Such a 
locus, i.e,, the moving centrode, must be independent of the 
angular velocity (w) and the linear velocity (dxo/di and dyo/dt) of 
the origin of the moving system. When the general equation is 
applied to any particular case, the information obtained from a 
selection of the particular moving system, together with other 
pertinent data, will supply the necessary relations for an elimina- 
tion of these velocities, An illustration of the procedure is given 
in the following section. 
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In a similar manner we may find the equations for the fixed 
centrode by putting dx/di and dy/dt of Eqs. (1-28) equal to 
zero. The following expressions are then obtained: 


- !/.)« = 0 
+ (a: — .X‘o)w = 0 


In order to avoid confusion, we may write ^ and i? for x and 
y, respectively. Hence we have the following equations for tho 
coordinates of the instantaneous center expressed in the fixed 
reference system. 



As in the case of the moving centrode when data for a particular 
case are presented, other equations may be written which may bo 
used with Eq. (1-32) in obtaining an expression for the locus of 
the instantaneous center in space, i.e., the fixed centrode. 

In any given case we are at liberty to select the positiouB 
of the fixed and moving systems so that the resulting analytical 
expressions may bo simplified. The equations for the two 
centrodes are then obtained by expressing .x’o, ^o, and 7 and their 
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derivatives in terms of their valuea 
as determined by the character-' 
istics of the problem. In order to 
make the details of the process of 
obtaining the centrodes clear, tho 
following illustrations have been 
selected. 

1-16, The Centrodes of a Pall- 
ing Ladder. — To find the moving 
and fixed centrodes of a ladder um 


it falls, with its lower end sliding along the horizontal ground an< I 
its upper end in contact with a vertical wall. Lot BO' (Fig. 27 > 
be the ladder, XOY the fixed reference system with OY the verl.i- 
cal wall and OX the ground, and let the moving system X'O'V*^ 
be fixed to the ladder with O' the foot of the ladder, O'Y' akmfi; 
the ladder, and O'X' perpendicular to the ladder, as shown in tlio 
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diagram. Let 7 be the angle which O'X' makes with OX. We 
may let 0' (with coordinates ojo and ijq in the fixed system) move 
along OX so that 


dxo __ 
dt 


and ^ = 0 
dt 


where C is the speed of O' along OX. The positions of the cen- 
trodes, however, must be independent of the speed of falling; 
hence we should not expect the equations of the centrodes 
to contain C. The speed C does not appear in the linnl equations 
as will be observed. If L is the length of the ladder, then 


sin 7 


.To 

V 


cos 7 ~ 



and w 


C 

{L cos 7 ) 


(1-33) 


If we substitute these values in Eq. (1-30), the following equa- 
tions are obtained: 


= L sin 7 cos 7 1 ]' — L cos^ 7 

Eliminating 7 gives 

^'2 + = W (1-34) 

which is the equation of the moving centrodo referred to the 
moving axes. This centrode is obviously a circle constructed 
about the ladder as a diameter. 

By using Eq. (1-32) the fixed centrode may be determined. 
If we substitute in these equations the values of the quantities 
as indicated above [Eq. (1-33)], wo obtain the expressions for 
the coordinates of the instantaneous center referred to the fixed 
axes. 

^ = .To <= Z/ sin 7 rj ~ L cos 7 
Eliminating 7 gives 

e -I- = L2 (1-36) 

which is a circle of diameter 2 L constructed about the point 0 as 
center. This circle is the fixed centrode. It is interesting and 
instructive to observe how the moving centrode rolls upon the 
fixed centrode as the ladder falls. There is instantaneously 
only one point of contact between the two centrodes, viz., the 
point of tangoncy (7 in Fig. 27) which is the instantaneous center, 
It is instructive for the student to determine the centrodes for 
the falling ladder by a completely graphical method. 
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i-17. The Centro de of a Connecting Rod — Problem. — Lot 
the connecting rod PO' (Fig. 28) be of fixed length h. Lot 
the fixed reference system be XOY and the moving system bo 
X'O'Y'f as shown in the diagram. One end of the rod move’s 
about the circle, of radius r and center at 0, with angular velocity 
da felt. The other end O' of the rod moves along OX. The lino 
OP makes the angle a with OX, and O'X' makes the angl(5 y 
with OX. 

The details of the process of determining the two centrodea are 
left for the student to work out. The equations for the con- 
trodes are given below [Eqs. (1-36) and (1-37)], for the purpose 
of providing a check upon the results obtained. If desired, the 



two centrodes may be obtained by a purely graphical method. 
For the fixed centrode : 


vie rO = - r®)^]^ (1-36) 

For the moving centrode: 

M 


^2 _ j _ ^2 = 


Vr^ie + v’^) - LW 


4- 1 


(1-37) 


Problems.— 1. A wheel rolls with angular velocity w along a straight lino 
but the point of contact slips with a velocity V as tho wheel rolls, Tho 
velocity of slip is oppositely directed with respect to tho forward motion of 
the wheel. Find the instantaneous center. 

2. A circle of radius r rolls inside a larger circle of radius 2r. Provo that 
Pf any point of the circumference of the smaller circle, moves along a 
straight line. 

3. If a point P moves along a straight lino with a constant linear velocity, 
prove that its angular velocity about any fixed point Q which is not on tho 
line of P's motion varies inversely as (PQY, 

4. A rigid plane body containing the two points P and Q moves in such a 
manner that tlie two points P and Q are always guided by two intersecting 
straight lines, so that P is on one of the lines and Q is on tho other, Provo 
that the centrodes are circles, 
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6. A plane figure rotates with constant angular velocity, while It movos 
in such a manner that one of its points is guided around a fixed circle with 
constant speed. Find the centrodcs, 

6. The coordinates of a point in an orthogonal system aro 4 and --Ifi, 
Find its coordinates in a plane polar system. Also find its coordiuat(?H in 
an oblique system in which the angle botween the X- and F-nxea is 70 deg. 

7. A boy (A) is riding in a power boat (speed in still water is 20 m.p.h.) 
and is headed directly acro.ss a stream (speed 10 m.p.h.). He tluws n ball 
with a speed of 100 ft. per second at another boy {B) who is running along 
the shore with a speed of 8 ft. per second. The ball is thrown at the inHlunt 
when is in a direct line with the keel of the boat and at tliat instant A 
is 40 ft. from B. The ball arrives at the shore line 2 ft. behind B, Find Iho 
velocity of tho ball with respect to the shore, tlio water, and tlic boat. 

8. A wheel 4 ft. in diameter is rolling in a vertical piano along lovol 
ground with a speed of 3 r.p.s. A pebble is at tho highest point of tho wliocl. 
The velocity of tlie pebble is 10 ft. per second relative to tho wheel and its 
direction makes an angle of 46 deg. (forward) with tho radius drawn to the 
pebble. Find tho velocity of the pebble with respect to tho ground. 
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VECTORS 

2-1. Definitions. — In matheraatical physics we are Goncerned 
with two classes of quantities. The quantities of one class are 
characterized by the fact that they possess magnitude only. A 
number together with a selected dimensional unit is sufficient to 
completely specify the magnitude of a quantity of this class. 
Such quantities are called scalar quantities. Some of the scalar 
quantities which are frequently encountered are time, mass, 
energy, work, temperature, potential, and moment of inertia. 
Manipulation of scalar quantities is conducted according to the 
laws of ordinary algebraic analysis. 

The other class of quantities with which we deal in physics 
requires a direction as well as a magnitude to describe them 
completely. Such quantities are called vector quantities. The 
group of vector quantities includes displacement, velocity, force, 
acceleration, momentum, force moment, and angular velocity. 
Vector quantities are more complex than scalar quantities because 
they possess direction as an additional element. Except in a 
limited number of special cases, vector quantities are not subject 
to the rules of algebraic analysis but must be manipulated 
according to a different code of rules which is called vector analy- 
sis. Two of the processes of vector analysis, vector addition 
and projection of vectors, have been described in the preceding 
chapter. Because other processes of vector analysis are useful 
in the study of mechanics, descriptions and illustrations of 
them are introduced in this chapter. The principal advantage 
which vector descriptions have in comparison with algebraic 
descriptions is brevity. Two or more algebraic equations may 
be required to present a description which can be given by a 
single vector equation. 

Vector quantities are represented by vectors, A vector is 
a directed straight line segment. The length of the line segment 
is determined by the scale of representation selected, together 
with the magnitude of the quantity represented. The magnitude 

36 



2 - 2 ] VECTORS 37 

and direction of the vector correspond to the magnitude and 
direction of the vector quantity represented. 

There are, in general, two types of vectors: polar and axial 
vectors. 

Polar vectors are those having directions which are directly 
determined by the single direction of the quantity. Examples 
of the polar vectors are force, momentum, acceleration, and 
translational velocity. 

Axial vectors represent those vector quantities which are com- 
posite in nature, consisting of at least two elements, each of 
which requires a direction to determine its position. The direc- 
tion of the axial vector is conventional, but it is associated 
with a line or axis which is prominently connected with some 
physical aspect of the quantity, like the axis of rotation in the 
case of force moment. Examples of this type are force moment, 
angular velocity, and moment of momentum. 

The processes used in vector analysis may be applied alike to 
polar and axial vectors as long as the standard right-hand refer- 
ence system only is used. 

Because there is a direction associated with a magnitude in 
vector quantities, this group of physical quantities is con- 
veniently subject to graphical representation. Such a scheme 
of representation is exceedingly helpful to the student, for in the 
process of graphical representation a means of mentally visualiz- 
ing those quantities is at hand which is of valuable assistance 
in the better understanding of the physical relations that are 
fundamental to them. Because this is true and because of the 
brevity in expression, vectors and vector equations are too 
valuable as tools to neglect. In this work, therefore, use will 
be made of them, along with the more familiar analytical expres- 
sions. In the following pages vectors are expressed in bold- 
faced type in order to distinguish them from the scalar quantities 
which are printed in light-faced type. When writing vectors, 
the student should adopt some other scheme for distinguishing, 
vectors from scalars such as drawing a bar above the letter, 
i.e., A. 

2-2. The Unit Vector. — Since the vector consists of a magni- 
tude and a direction, we may express the vector in terms of these 
two parts. The direction may be expressed by a vector of unit 
length which has the same direction as the given vector. The 
directional part is spoken of as the unit vector. It will be written 
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by putting the subscript 1 after the letter standing for the vector. 
Thus, if the vector is V, its unit vector is Vu We may then 
represent the vector F by VV\ where V gives the magnitude and 
Vi the direction of the vector. 

2-3. The Rectangular Components of a Vector. — It is often 
convenient to express a vector in terms of its components, 
projected on the three axes of an XYZ reference system. The 
relation employed for this purpose utilizes the unit vectors 
1 , j, and k, which arc always associated with the X-, and 
2-axes, respectively. Given the vector A (Fig. 29) in the 

orthogonal system XYZ with a, (3, and 
7 the direction angles of A, The com- 
ponents of A upon the axes are A cos 
O', A cos /3, and A cos y. 

The components are more con- 
veniently expressed by using the unit 
vectors ijk. If A*, A* aro the 
magnitudes of the components upon 
the axes and are therefore the scalar 
factors, wo may write A*i> A*ftfor 
the vector components of A and hence 
the following vector equation is valid: 

A = AJ -h Ayj + AJi 

This equation represents a very important type of equation. It 
exhibits the link which connects vector algebra with the Cartesian 
relations. 

The vector sum of two (or more) vectors is expressed by the 
vector equation C = A + or one similar. If 

A = A*f -|- Ayj “h A*ft 
B - BJ -1- Byj + B,k 

we may add those equations and obtain the expressions 

C “ A -f J! ~ (Aj, “I- B»){ + {Ay By)j -h (A* 4* Bz)k 
“ Gs? -b d" C zh 

This is a vector equation which indicates that the components of 
the vector C, which represents the vector sum of the two vectors 
A and B, may bo found by adding algebraically the corresponding 
components of the given vectors. 
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Example , — Find the vector sum of the three vectors graphically 
and also by adding the components by the method indicated 
above. 

bi- $j 4- 472 
B = -2z 4- 4; + 3/2 ' 

C = 3/ -- 2j 

2-4. The Multiplication of Vectors, — In the preceding section 
it was shown that a vector may bo expressed in terms of the unit 
vectors which are associated with some assigned rectangular 
system of coordinates. We wish next to show the development 
of the two kinds of products of vectors, viz,, the scalar and vector 
products of two vectors. This is to bo done by first multiplying 
algebraically the three rectangular components of the two 
vectors together in the usual algebraic manner and then inter- 
preting the nine resulting terms. Given the two vectors A 
and B, expressed in terras of their components in some roference 
system. Let 

A ~ ail -j~ a2j “H agk 

B = hii 4" 4" hsh 

where the coefficients of the unit vectors are the ordinary com- 
ponents of the given vectors on the reference axes. Multiplying 
these two equations together in the ordinary algebraic manner 
gives 

AB aihiii 4- a2hiji + ua&iftz 
aibnij ~\- a^lhjj 4 * a^h^kj 
ai6gz72 “b a^h^jh 4" a^bzhh (2-1) 

In writing the terms of the right-hand member, the order of the 
factors in each term has been carefully preserved. In this 
expression there are three kinds of terms: those with similar unit 
vectors (ii, jj, kk), those with unit vectors which occur in the 
cyclic order {ij, jk, ki), and those with the inverse cyollo order 
Uh kj, ik). 

In order to interpret the right-hand member of Eq. (2-1), let 
us first consider collectively those terms having similar unit 
vectors and then later the remaining six terms. The first group 
may bo put into another form which is useful for our purpose if wo 
designate by /impii and the direction cosines of the vectors 
A and B, respectively, 
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It ifi readily scon that 

Ah ~ ai Ami — az Am - m 

HU — bi Bim = 1)2 Bn2 -- 63 

If now w(5 put the products it, jj, and kk each equal to unity, an 
aHHViiuption wlii(!li is not hiconsistont with the results developed 
l)olow, w(i may then write 

(hhiii + (hlhjj d- dahskk => AB (hU + miWz + 

= A/i cos oi (2-2) 

wluu'o a is tlu; angle between A and B, 

Wo luiv(5 then reduced tlie three terms containing similar unit 
v(U5iorH to a siinple expression which involves the magnitudes 
of tli(5 ve,(itorH A and B and the cosine of the angle between tlicm. 
It is (uistomary to use this result as a means for defining the 
Ho-call(Hl milar product of two vectors. 

Th(i scalar prodvuvt of any two vectors A and B is then defined 
by the following equation: 

A'B == ABcoh a (2-3) 

in whi(}h the dot, written between the two vectors as shown, 
signifies that tlui product of A and B is to bo a scalar product, 
Ihusausti (jf tile use of the dot in this connection, this product is 
sometimes called tlie dot product. This expression is taken to 
1)0 a scalar (luantity because of the fact that in moclianics there 
are occasions wlien the product of two vector quantities yields 
a scalar (piantity whose magnitude is given by the result obtained 
above. Tor example, in the case of the work done by a force 
F acting up«m a body which has a displacement S even though S 
is not parallel to F, wo may write in vector notation 

F • S ^ F S COB a 

wliero (K is the angle between F and S. In this expression wo have 
a general ecpiation for the work done. Since work is a scalar 
(piantity, the left-hand member of the equation must also be a 
scalar (piantity, for it would bo incorrect to equate n scalar 
(piantity to a vector quantity. 

Oonsistont with this definition, the scalar product of two 
similar unit vectors, such as i • 1 , is equal to unity. The loft- 
liand member of I'lq. (2-2) is therefore a scalar quantity. A fur- 
ther description of the meaning and use of the scalar product 
will 1)0 reserved for a section below (Sec. (2-6)1. 
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It is next to be shown that the remaining six terms may bo 
reduced to another simple expression, to which the name veclor 
product has been applied. The adjective '‘vector" has been 
used hero to indicate that the result obtained is a vector quantity 
instead of a scalar quantity. In order to carry out the develop- 
ment, it is necessary to interpret the meaning of the product 
of two unit vectors which are at right angles to each other. 
Consider the product ij as an illustration. By multiplying 
together two lengths which are perpendicular to each other, wo 
obtain the area of a rectangle constructed upon these lengths 
as adjacent sides. We may use hero the idea of the axial type 
of vector and represent this area by an axial vector drawn 
mutually perpendicular to the two elements of the product. 
In the case selected, the axial vector representing ij would 
therefore be directed along the ft-axis. Since i and j are both 
unit vectors, their product gives unit area and hence k is also 
of the proper magnitude to represent this product. Whether k 
is to be taken in the positive or negative direction is a matter for 
convention. Consistent with our standard system, we should 
put 

k = iXj and -k-JXi 

The cross (X) is introduced to call attention to the fact that wo 
intend this product to represent a vector product. It is in general 
use for this purpose. 

lleturningnowto the consideration of the six terms of Eq. (2-1), 
which contain unlike unit vectors, we may collect these terms 
into the following expression: 

(aii?2 - aa&i) k H- (a2/;3 - ttih) i -f (aafii - aibti) j 

If wo now lot X, ^ be the direction angles of the normal to the 
plane containing the vectors A and B, the following expressions 
may bo written: 


cos X = 
cos }X = 

cos V - 


mi?i2 — M<in\ 
sin a 

ndi ~ 7ii.li 
sin a 

liTtii — kmi 

sin a 


(2-4) 
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Using the first of Eqs. ( 2 - 4 ) as a type and multiplying both 
sides hy A B gives 

{AB sin O') cos X =5 A ^ {miUz ~ mznO 

A 5 sin a is evidently an area which is projected upon the YZ 
plane when multiplied by cos X, since X is also the angle between 
the plane containing A and B and the YZ piano. 

We may represent the area A5(min2 - Wani), which is in the 
YZ plane, by an axial vector drawn along the X-axis. But 

AB {mini — miUi) ~ — 0362 

hence aa&2)i is the vector along the X-axia which repre- 

sents the X component of the area AB sin a. In a similar manner 
it may be shown that 

(aa&i — aibs)] and (ai^a — a2hi)k 

are the Y and Z components, respectively, of the vector which 
represents the area AB sin a. 

Hence we may regard the six terms of Eq. (2-1), which contain 
unlike unit vectors, as collectively representing the vector sum 
of the three component vectors, each component representing 
the projection of the area AB sin a upon the particular rofcronco 
plane which is perpendicular to the axis along which the com- 
ponent is taken. 

This part of the general product is to bo represented symboli- 
cally by the expression 

A X B = {AB sin a) tii ( 2 - 5 ) 

in which the left-hand member is to bo called the vector product 
of the vectors A and B and is a vector quantity. The magnitude 
of the vector product is given by the expression AB sin « and 
the direction by the unit vector ni, which is mutually perpen- 
dicular to both of the vectors A and B, A more complete descrip- 
tion of this vector product and some of its applications are 
included in a section below. 

2 - 6 . The Scalar Product of Two Vectors.-— The scalar product 
of two vectors A and B gives a scalar quantity whoso magnitude 
is AB cos a, where « is the angle between A and B, Either wo 
may interpret this result to mean that A is projected into the 
lino of B through the angle a and the result then multiplied 
by B or wo may regard B as the vector which is projected into 
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the line of A and is then multiplied by A, Either interpretation 
is valid. It must not be forgotten that the scalar product gives 
a scalar quantity even though it is obtained from two vectors. 

As a special case of this process we have A * 5 ~ 0 if a = 90 deg. 
If o: = 0, as in the case of the square of a vector then A • A ~ A'^-, 
The scalar products of the unit vectors may be written: 

Illustraiion . — It is required to find the simple trigonometric 
relation which exists between the squares of the sides of an oblique 
triangle. Any side of the triangle 
may be regarded as the vector sum 
of the two other sides; hence 
C = A + 5, where A, B, and C are the 
sides of the triangle as shown in 
Fig. 30. The commutative and dis- 
tributive laws of ordinary algebra hold for scalar multiplication of 
vectors. The proofs for this statement will be left to the student. 
The validity of these laws being assumed, the following results are 
easy to obtain : 

C'C {A -VB)> {A A' B) 

= A- A + 2A'ff + 5- fi 

Hence 

~ A^ -h 2AB cos a -V 

Work, a Scalar Quantity , — In the scalar quantity work, we 
find an application of the scalar product of two vectors. The 


PiQ. 31. Fiu. 32, 

work done by the force W in moving a body a distance S down 
an inclined plane (Fig. 31) is expressed by IF • S — TFiS cos a. 
The scalar product takes care of the necessity for either projecting 
W into the line of S or vice versa, 

2-6. Other Illustrations of the Scalar Product. — It is desired 
to express the work done by a variable force F as it moves an 
object along a definite path, such as Q i? in Fig. 32, If s is a 
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coordinate measured along the path from Q, as origin, toward 
R and ds is a differential displacement in this path, then the 
element of work done by moving the object a distance ds is 
F cos a dst wliei’c a is the angle between F and ds. The total 
work done in moving the object from Q to R may then bo expressed 
by the following integral: 

Work = cos a ds 
’%/Q 

The form of the expression may be abbreviated by the use of the 
scalar product of the vectors F and ds; hence 

Work = ffjP’ds (2-6) 

a/ V 

The integral may be evaluated if the law of the variation of F 
with s is known. 

An integral of this typo [Eq. (2-6)] is called a line integral of 
the vector quantity. It is used for 
determining several scalar quantities. 

To illustrate further the use of this 
integral, let us determine the potential, 
a scalar quantity, at a point P (l?ig. 33) 
in an electric field duo to charge E which 
is, for simplicity, to bo regarded as concentrated at one point. 
The field strength F at any point is a vector which gives the force 
exerted by the field on a unit positive charge placed at the point 
in question. The magnitude of the field is expressed by the 
relation 

/c 

where k is the specific inductive capacity of the medium, r is 
the distance from the charge -pF to the point at which the field 
strength is expressed, and ri is the unit vector in the line of 7* 
and directed away from E. The potential at P is detormined 
by the work done against the field force F in bringing a unit 
positive charge from infinity up to P. This is expressed by tho 
integral 

Potential = J^F * dx (2-7) 

which is to be taken from infinity to P, and in which tho coordi- 
nate .r is to be measured outward from P along the path over 
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which the unit charge is moved. By introducing the value of F 
and expressing r in terms of x, the value of the potential may be 
determined. Attention is to be directed to the scalar product 
of the two vectors in the integrand. 

If the vector form of the expression had not been used, it 
would have been necessary to have used the component of F 
which is in the line of x. 

2-1. The Surface Integral of a Vector. — A vector field is a 
region in which there is a definite value of some vector at every 
point of the field. In a moving fluid a velocity vector V may be 
used to express the velocity of each moving particle. In general, 
V will be variable. To each and every particle of the fluid there 
will be some definite value of V. The aggregate of these vectors, 
one assigned to each particle, is spoken of as a vector field. 

We are to imagine a closed surface, such as a spherical surface, 
surface of a cube, or the like, to be placed in a vector field. The 
presence of the imaginary surface in the field is in no way to 
produce any alteration of the vector field. At every point on the 
selected surface, the vector will have a determinate value. In 
general, however, the direction of the vector will not be per- 
pendicular to the surface element surrounding the particular 
point on the surface. If ni is the unit vector drawn outward and 
perpendicular to the surface element, then V ' rii gives the 
magnitude of the component of V which is perpendicular to the 
surface clement, and the quantity 7 ■ nids gives the volume of 
fluid going out through the elemental area ds in unit time. If 
we integrate the latter quantity over the entire closed surface, 
the result obtained gives the total volume of fluid passing out 
through the surface in unit time. In symbols this may be 
written as follows : 


Volume of fluid per second 




(2-8) 


The use of the double integration sign indicates that the 
integration is to be taken over a surface. The subscript S 
written to the right of the integration signs shows that the 
integration is to be extended over the entire closed surface. If 
the value of this particular integration yields a positive quantity, 
the closed surface is said to contain a “source.” If, however, the 
result is negative, then the surface contains a “sink.” A zero 
value for the integral indicates that there is neither source nor 
sink within the closed surface, 
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This type of integral [Eq. (2-8)], containing the scalar product 
of two vectors, is a scalar quantity, It has an extensive applica- 
tion and is used in determining the sources of electricity in 
electric fields, masses in gravitational fields, and sources of heat 
in regions of flowing heat. 

The following illustration shows how the details of evaluating 
a surface integral may be carried out. Let us suppose the vector 
field is one in which the vectors give the velocities of the particles 
of a moving fluid and that throughout the region under consider- 
ation the velocity is everywhere the same. 
We shall determine the surface integral of 
the velocity V over a spherical surface of 
radius r, Let an XYZ reference system, 
with origin at the center of the sphere, bo 
placed with the X-axis parallel to V, and 
let P be any point on the surface of the 
sphere. We shall use the spherical 
coordinates r, *Pt and 0, as shown in Fig. 34. 

Since r is everywhere perpendicular to the surface element 
ds to which it may be drawn, the unit vector m is always parallel 
to r and directed outward along r. The scalar product 7 * ni in 
the integral of Eq. (2-8) is to be replaced by the component of V 
which is in the line of r, which is V sin 6 sin <f>. The area ds in 
spherical coordinates is rdtp • r sin ^ dS. With these evaluations 
of the quantities, we may write the surface integral as follows : 


r 

p 



1 

1 

1 

X 

1 


• n\ds == sin 6 sin <p) r d<pr sin <p dO 

= V ^ sin® (p dtp 

= Y — cos cos ^ sin 

= 0 ( 2 - 9 ) 

It should be observed that the limits of integration for 0 are 
from 0 to 2 t and for tp are from 0 to ir. The zero result for the 
integral indicates that the amount of fluid flowing out of the sur- 
face in unit time is equal to that which enters. 

2-8. The Vector Product of Two Vectors. — Some physical 
quantities are measured by the product of two vectors and yet are 
vector quantities. Those quantities are adequately expressed by 
the vector product. Such a case is found in the quantity force 
moment, or "torque,” or in linear velocity when the linear 
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velocity is expressed in terms of an angular velocity and a radius 
vector. The vector product of the two vectors A and B is usually 
written as the cross (X) product A X B and has for its magnitude 
the value AB sin a, where a is the angle between them. It is to 
be noticed that the presence of the sine of the angle projects one 
of the vectors into a line which is perpendicular to the other. 
It is immaterial which vector is considered as being projected. 
The direction of the vector which 
expresses the product is perpendic- ^ 

ular to the plane determined by the A / 

two vectors. In the illustration / / 

(Fig. 35) if C = ^ X 5; the direction ^ — . . a 

of C would be drawn as shown in the 

diagram. This representation is in 

accord with the standard right-hand -c 

convention of signs. On the other 35 . 

hand, the product B X A would be 

represented by - C. Hence AXB = —BX A, The magnitude 
of X -5 is represented by the area of the parallelogram formed 
upon A and B as sides. In a scalar product no such representa- 
tion is to be made. 

In the expression F = X i"; the vector V expresses the 
linear velocity of a point which is at a distance given by the 



vector Y from the rotation axis, 
and 6 ) is the angular velocity 
about the rotation axis. The 
vector 0 is drawn along the rota- 
tion axis. 

In the diagram (Fig. 36), if 0 
is positive and is measured along 
the .Z-axis and r is parallel to 
X, then V is parallel to Y, 

Illustrations — The Unit Vector. 


From the statements already made, it should be obvious that 


iXi-jXj^kXk^O 

I X y = ft; y X ft == i; hXi^j 

jXi^ ~h; ft xy = -U J X ft = -y, (2-10) 

4 

Product of Two Vectors in Terms of Their Components . — If any 
two vectors A and B are given in terms of their components 
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Ax, Ay, Ai and B*, By, J3* along a set of rectangular axes OX, 
OY, and OZ, respectively, as, for example, 

A = Axi + Ayj A A ik 
B = Bxi A' Byj Bzk 

we may expand the vector product of their components by 
observing the above relations for the vector products of the unit 
vectors ; hence, 

AXB ^ {AyBx - AxBy)i + {AxBx - A^BAJ + 

{AxBy - AMk ( 2 - 11 ) 

The right-hand member represents the vector sum of the com- 
ponents of a new vector. The magnitude of the product A X B 

is the magnitude of the vector repre- 
sented by the right-hand member. 
This magnitude may be found by tak- 
ing the square root of the sum of tho 
squares of its components. 

Parallel Vectors . — If any two vectors 
are parallel to each other, their vector product must be equal to 
zero. That this is true may be seen either from the fact that tho 
sine of the angle between them is zero or from the fact that the 
coefficients of the unit vectors in the foregoing equation would 
separately vanish. In particular, the vector square of any 
vector is zero. 

The Moment of a Force . — One of the simplest illustrations of tho 
use of the veotor product is in the expression for the moment of 
force. In the analytical expression for the moment of a force, 
the lever arm must be perpendicular to the line of the force and 
is measured from the axis of rotation to the line of tho force.* 
If r, the radius veotor (Fig. 37), is not perpendioular to F, tho 
force, then it must be projected into a line which is perpendicular 
to F. This process is automatically taken care of when the 
moment is expressed as the vector product of r and F. Hence 
in the vector equation 

Moment ~ Y X F (2-12) 

W6 have a simplified expression for the moment of the force F, 
2-9. The Angle between Two Vectors. — It is frequently 
necessary to determine the magnitude of the angle between two 
veotors when the components of tho vectors along the axes of a 



Fig. 37. 
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given reference system are known. Two expressions are devel- 
oped in this section from which the desired angle may be found. 
One expression is obtained from the relations that hold for the 
vector product of two vectors and the other is based upon the 
scalar product of the two vectors. 

Given the vectors A and B with a the angle between them and 
measured from A to B. Let Ai and Si be the unit vectors in the 
lines of A and S, respectively, and Ci the unit vector in the 
direction of the vector which represents the vector product of 
A and B. We may therefore write 


A X B ^ (AB)Ai X 5i 

= sin a) Cl (2-13) 

Writing A and B in terms of their components along the lines 
of i, j, and k, we may express the vector product of A and B as 
was done in Eq. (2-11). The expression jI X 5 in Eq. (2-11) may 
be replaced by its equivalent expression {AB sin a)Ci. If we 
now square both members of the resulting equation, we obtain 

{AB sin ay = {A,B, - A^B^y + (A3* - A^B,y ~\- 

{AxBj, — AyB^y 

Hence 

sin a = - A,B,y + (A.B, - A,B,y + 

(.A.B, - A,B.y]i (2-14) 

If any two vectors are given in terms of their components, we 
may determine the angle between them by the use of the fore- 
going equation, for all of the quantities are known except the 
magnitudes A and B and these may be easily found by the simple 
relation 

A'^ ^ Ax'^ + Ay -y Ay 

and by a similar expression for B, 

Another expression for the angle a may be found by using the 
scalar product of the given vectors. For example, 


Hence 


A • 5 = A cos A 

— AxBx AyBy -j- AzBg 


cos a = 


AxBx "1“ AyBy d" AzBz 
A5 


(2-15) 
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This expression is the simpler and hence is easier to evaluate 
than the relation given in Eq. (2-14). 

Problems. — 1, Prove that the following vectors are perpendicular to each 
other: 4 == Of -fj — 6ft and B = 4f — 6y + 6ft, 

2. Pind the angle between the vectors = 3i + 4; + 2ft and B = 2i 
+ 3; + ft, 

3. Find the vector product of the vectors A ~ 2i + j — k and B — 3f 
-|- 2j + 2ft and prove tliat the vector representing this product is perpendic- 
ular to each of the given vectors. 

4. Prove that the following vectors are parallel; A = 7.6f + 3j Oft 
and B « 6» + 2; -h 4ft. 

6, What are the necessary relations between the components of any two 
vectors in order that they be parallel to each other? 

6. Find the area of the triangle which is bounded by tiro two vectors 
4 = 2f ~ and B = 3f ~ 2J, 

7. Find the area of the parallelogram determined by the two vectors 

=« 2f — 2j -1- 3ft and B = — 4f + 6; + ft. 

8. Find tho vector and also the scalar product of the diagonals of tho 
parallelogram determined by the vectors A and B. 

2-10. The Product of Three Vectors. — There are three kinds 
of triple products of vectors which we wish to investigate: (a) 
A{B ' C), the produot of a vector into the scalar product of two 
other vectors, (b) A ' {B X C), the scalar product of a vector into 
the vector product of two others, and (c) ^4 X (B X C), which is 
the vector product of a vector into the vector product of two 
other vectors. These three triple vector products will be dis- 
cussed below in the order given. 

Such triple vector products as have just been written may 
be evaluated; i.e,, they may be expressed as either a single 
vector quantity or a single scalar quantity. The value of li. 
triple vector product will depend, in general, upon the order of 
the steps taken in the evaluating process. In order to avoid 
uncertainty as to the procedure in expanding a triple produot of 
vectors, it is customary to enclose within the parenthesis that 
pair of vectors which are to be multiplied together first. The 
procedure to be followed in expanding a triple product of vectors 
is therefore to determine first the product (vector or scalar as 
indicated) of the two vectors within the parenthesis and then to 
multiply this result by the third (unenclosed) vector in tho 
manner indicated by the dot or cross symbol, 

a. A (B ' C ), — In expanding this triple product, we must first 
determine the scalar product B • C. The product B • C yields 
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the scalar quantity BC cos 6c, where he is the angle between 
B and C (Fig. 38a). The next step is to multiply the vector A by 
the scalar quantity BC cos he. Such a product, that of a vector 
by a scalar quantity, yields a vector quantity, the direction of 
which is the same as the direction of the vector quantity, in this 
case A, and the magnitude in ABC cos be. Hence we may write 

A {B • C) ~ {ABC cos he) Ai (2-16) 

where Ai is the unit vector drawn in the direction of A, It is 
important to notice that, since B • C is a scalar quantity, it is 



Fia. »8. 


// 


// 


incorrect to write a dot (or cross for that matter) immediately 
following A in the expression A {B • C), for there is only one way 
to multiply a vector by a scalar quantity. The expression 
A{B’C) may be written {B ‘C)A, A{C'B), or {C ‘ B) A without 
change in the moaning or value 
of the quantity. The vector 
expressed by the triple product Acoa«' 

{A ' B) C is obviously not the 
same as d (B • C) for the direc- 
tion of (/I • 5) C is that of C and 
its magnitude is ABC cos ah, 
where ah is the angle between 
A and B (Figs. 386 and 38c). 

6. A ' (B X C). — In expand- 
ing this triple vector product, wo 
must first obtain the vector product of B by C, The magnitude 
of B X C is BC sin 6c, where 6c is the angle between B and C. 
The direction of the vector representing B X C is perpendicular 
to the plane containing B and C (Fig. 39). The next stop involves 
the scalar product of the vector A by the vector representing 
B X C. The resulting quantity is a scalar quantity, the magni- 



// 
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tude of which is ABC cos a sin he, where a is the angle between A 
and the vector representing B X C, Hence 

^ • (B X C) = ABC cos a sin he (2-17) 

It is profitable to examine the meaning of this triple product. 

The product B X C gives the area of the parallelogram deter- 
mined by B and C as sides. This area is represented by a vector 
perpendicular to the plane of B and C, Its scalar product with A 
may be taken to mean that the area BC sin he is multiplied by 
the component of A which is in the line of the vector representing 
B X C. We have then a product yielding a scalar quantity 
which expresses the volume of the parallelopiped constructed 
upon the three vectors as sides. Since this is the case, it is easy 
to see the following equalities: 

^ ■ (B X C) = B • (C X « C • (i X B) (2-18) 
If the order of the factors in any one of the vector products is 

changed, a negative sign must 
be introduced. Tho order of the 
factors expressed in tho scalar 
product may be changed without 
changing the sign thus: 

A>{BXC) ^ {BXC)' A 

c. A X (B X C), — Tho vector 
product of a vector by the vector 
product of two other vectors may 
be expanded in the following 
manner: tho vector product of 
B and C is to be found first and 
then the resulting vector is to 
be multiplied by .4. In order to 
simplify such an expression, wo 
shall make use of the method of 
expansion, in which the vectors first are expressed in terms of 
their components and then are multiplied together according to 
the indicated processes. 

Let us put 

D = AX {BXC) and B = B X C (2-10) 
If wo now select m XYZ reference system (Fig, 40), wo may 
write tho components of E, E^i, EJ, and E,k in terms of tho 
a;, y, and z components of the vectors B and C as follows: 
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E,i - {B,C, - B,Cy)i 
Eyj - {B^C, - B,C;)j 

and 

E,k = (B.Cy - ByG,)k 

where B^, By, B^ and Cx, Cy, Cz are the components of B and C. 
If Az!, Ay, and A« are the components of A, then the x component 
of D may be expressed in terms of the components of A, B, and C 
by the use of the following steps : 

DJ == {AyEz - AzEy)i 

= Ay{B^Cy ~~ ByCz,)i ~ A z{B zC ” B,,C z)i 

If we add and subtract the term AxBxCJ and rearrange the order 
of the terms, we get 

Dxi = Bx{AxCx + AyCy + AzCz)i — CxiAxBx -h AyBy -|- AzBz)i 
- Bx{A • C)i - Cx(A * B)i 

In a similar manner, expressions may be obtained for Dyj and 
Dzk, the two other components of D, Adding veetorially the 
three expressions for the components gives the following impor- 
tant relations: 

Z) = A X (5 X C) = B (A • C) - C (A • B) (2-20) 

in which the vector D, which is equivalent to the triple vector 
product, is expressed in terms of B and C each multiplied by a 
scalar quantity. The right-hand member of Eq. (2-20) may bo 
represented by a single vector D, which is equal to the vector 
sum of two vectors one of which is parallel to B and the other 
parallel to C. The vector D lies in the plane containing B and C 
and is perpendicular to A and also to E (Fig. 40) . 

Using the formula of Eq. (2-20) for expanding the triple vector 
product, we may now see whether the changed grouping of factors 
in the expression A X (B X C) will alter the value of the expres- 
sion. If we use the hdlowing expression, in which the grouping 
of the factors is altered, and then expand this expression according 
to Eq. (2-20), we obtain 

(A X B) X C = ~C X (A X B) 

= -A (C-B) 4- B (C- A) (2-21) 

The right-hand member of Eq. (2-21) is not equivalent to that 
in Eq. (2-20) except in the one special case in which B is per- 
pendicular to both C and A. That this is true may be seen by 
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applying the indicated limitation to both expressions of Eqs. 
(2-20) and (2-21). In this case the two triple products reduce 
to a common value, viz,, B {C ' A), because the scalar products 
C • B and A • B are then both equal to zero. 

It is also to be noticed that the right-hand member of Eq. (2-20) 
reduces to zero if A is perpendicular to both C and B. This fact 
may be used in determining whether a vector is perpendicular to 
the plane determined by two other vectors. 


Problem, — Given the vectors A ~i -V O.Sy + 0.6ft, B ^ i —J -\- ft, and 
C ~ i A- j — h, Find the vectoi’S i) and E hy Eqs. (2-19) and clieck the 
values of D by the use of Eq. (2-20), Provo that B and C are perpendicular 
to E and that A and E are perpendicular to D> Prove also that D, B, and 
C are in the same plane, (It is very instructive for the student to locate all 
of the above vectors in space by the use of space reference system, The 
latter may be improvised by three straight pieces of wire thrust into a corU, 
Other wires, each labeled, may be used to represent the vectors). 


2-11. The Differentiation of a Vector with Respect to a 
Scalar. — ^There are many occasions when it is desired to find tho 
rate of change of a vector with respect to some scalar variable, as, 
for example, when expressing the velocity of a moving point in 
terms of the time rate of change of the radius vector drawn to 
that point. The expressions obtained from differentiating vec- 
tors are more abbreviated in form than those obtained from 
differentiating scalar quantities and hence more care is required 
in an interpretation of them, 

a. Unit Vector . — Let tii be any unit vector which is varying 
with respect to some scalar quantity such as 
time, which we may represent by t. Also let 
ni be the new value of m after tho small time 
interval M. Tho time rate of change of ni is 
therefore (ni' — ni)/At, or for brevity Ani/Af. 
The quantity Ani is that vector which ex- 
presses the change in rii in the interval At. 
We define the differential quotient dni/dt by 



Fjo. 41. 


the equation 


dtii 

dl 


lim 


Since a unit vector can change only in direction, tho vector Art] 
must be perpendicular to ni at the limit where At = 0. The 
direction of Ani/At, when i = 0, is represented by the unit 
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vector mi which is drawn parallel to Ani. If we let Aa be the 
angle between ni and n/, then, since ni is of unit length, Aa is 
equal to the scalar magnitude of Ani. Hence it follows that 


(ln\ 

clt 



= 0)1711 


(2-22) 


in which w is written for Aa/Ai, since the latter is an angular 
velocity. 

b. Ordinary Vector . — Let A be any ordi- 
nary vector, A' its value after a small 
time interval At, and let AA bo the change 
in A in the time At) hence A A = A' — A 
(Fig. 42). We may regard AA as 
equivalent to two components, one of 
which is in the line of A and is equal to 
AAAi (AA is to represent the magnitude 
change of A) and the other perpendicular to A and equal to AAAt 
(AAi gives the direction change of A). Using these symbols, wo 
define dA/dl by the following equations: 



dA lini AA 
It ^ 


— lim 


AA 

,At 


A A 


dA . , . dAi 




( 2 - 23 ) 


This equation conveniently expresses the time rate of change of a 
vector in terms of the time rates of change of its magnitude and 
its direction. 

If the vector A be expressed in terms of the unit vectors of 
some selected reference system, 

A ~ A*i H" Ayj -}“ Azfi 

then, applying the method used in obtaining Eqs, (2-22) and 
(2-23), wo may write 


dJ dl * "dl ^ dt ^ 


( 2 - 24 ) 


Since the unit vectors i,j, and k arc fixed in the reference system, 
their derivatives are zero and therefore do not appear in this 
equation. 
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c» Other Formulas . — By using the relation given in I3q. (2-24) 
and expressing the vectors A and B in terms of their unit vectors, 
the following formulas may bo easily established; 


d (A + 5) _ dA dB 

dt dt dt 


(2-26) 

d {A • B) dB 

~~di — ^ ® 

dA 

dt 

(2-26) 

d {AX B) _ ^ sy 1 

dt ^ dt^ 


(2-27) 


d. Illustration . — As an illustration of the use of Eq. (2-23), 
we shall express the velocity Vp of a moving particle P (Fig. 43) 

whose position in the reference sys- 
tem XOY is given by the vector r. 
Then for the velocity of P wo may 
write 



Vp = 


dt 


- *> 4 . 


n 


(2-28) 


The last term of this equation gives 
the rate of change of magnitude of r and is in the line of T i. This 
component of the velocity is Vy. The first term of the right-hand 
member contains the derivative of the unit vector ri. The direc- 
tion in which this change takes place is in the line of yn the unit 
vector perpendicular to ri and making an angle of -fOO deg. with 
ri. The magnitude of the rate of change of direction of fi is w, 
the angular velocity of r or ri. Hence 


rr . d?’ 

K, = + gj n 

= Vy + V, C2-29) 

where Vy is the component of Vp which is perpendicular to r. 

In the work which follows there will be occasions where it is 
necessary to take the second derivative of a unit vector. Using 
the unit vector ri in illustration, we may first write the derivative 
of Ti as it was just shown to be: 


dr I 


(2-30) 
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di^ 


icw I 


O) 


dyi 

dt 


The derivative of yi yields a result similar to that of dri/dt. Its 
magnitude is again o> and its direction makes an angle of +90 deg. 
with yi, which is —ri. Hence we may write 


d^j. 

di^ 


do) „ 

- -'n 


(2-31) 


Problems. — 1. Provo that an angular (Hsplacoincnt is not a vector. 

2. Provo that >1 X (B X C) + 5 X (C X il) + C X X S) = 0. 

3. Prove tliat {A X B) - {C X D) = {A ' C){B > D) - (B ■ C){A > Z>). 

4. Provo that {A X B) X {C X D) = B (C X D) > A ~ A (C X D) • B. 

6, A vector mnlcca an angle of 40 deg. with the X-axis and 60 deg. with 

the P-axis. Find the angle it makes with the Z-axia. 

6. The coordinates of the terminal points of a certain vector are 2, 3, 
and —4 and B, 6, and —8. Find the magnitude of the vector and the angles 
it makes with each of the axes, 

7. A certain force, 3i + ij — 2/t lb., pushes an object a distance which is 
expressed by the vector 2t — 3/ + Bft ft. Find the work done and the 
magnitude of both force and displacement. What is the angle between the 
two vectors? 

8. Find the value of (A — 2?) X (A + B), Interpret geometrically. 

9. Find the value of (A — JS) ■ (A + B), 

10. By vector methods prove that tlio diagonals of a parallelogram bisect 
each other. 

11. Show by vector methods that tlie diagonals of a parallelogram are not 
necessarily perpendicular to oacli other. 



CHAPTER III 


ANGULAR VELOCITY 

S-l. Angular Displacement. — It is often advantageous to 
study rotational quantities by comparing them with the more 
familiar translational quantities, and to observe the points of 
similarity and dissimilarity. In comparing a finite angular 
displacement with a finite linear displacement, one should obsorvo 
that the former is not a vector quantity (in the ordinary sense), 

while the latter is. That a finite angular 
displacement is a scalar quantity is not 
obvious, for it has some of the charac- 
teristics which might easily mislead ono 
into supposing that it could be regarded 
as a vector of the axial type. This state- 
ment may be readily proved by showing 
that a finite angular displacement fails to 
meet one of the most fundamental rc- 
Fia. 44 . quirements of a vector, It is not subject 

to vector addition. A simple illustra- 
tion will prove this point. 

Suppose that an angular displacement of ■n'/2 radians is made 
from OF to OZ (Fig. 44) and that this displacement could bo 
represented by the line segment A along the X-axis. Similarly, 
an angular displacement of equal magnitude could bo made from 
OZ to OX and it might be represented by B along OF. Now if 
A and B were vectors, their sum would be along the line C and 
would then have the value O.VOVtt radian. An angular displace- 
ment of TT radians, however, is required to rotate the line OB into 
the final position OA about the axis OC, From this inconsistency 
it may be concluded that angular displacement is not a vector. 

Consistent with this result, it is to be seen that the time 
derivative of y, the angular displacement, gives angular speed 
a>, a scalar quantity. In order to convert dy/di{oT w) into a 
vector quantity, it is therefore necessary to multiply it by tho 
unit vector having the direction of w. 

58 
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3-2, Angular Velocity, a Vector. — Angular velocity is an 
axial type of vector as may bo readily appreciated from the 
analysis given in this and the following sections. Let us imagine 
a body, such as a wheel, mounted so that it may rotate on a fixed 
shaft and not slide along the shaft — in other words, so that 
the body has pure rotational motion (Sec. 1-6). The rate at 
which the body is rotating may be changing. If such is the 
case, the instantaneous angular speed u may be defined by the 
equation 


w 


lim ^ 


(3-1) 


if we let A7 bo the angular displacement in the small time 
interval Ai. The average angular speed for a certain time inter- 
vaUs — is equal to the angular displacement (72 — 71) (through 
which the body rotates in the time ^2 ~ ^Oj divided by the time, 
or in symbols 


co(av.) = 5^ (3-2) 

Either quantity, instantaneous or average angular speed, may 
be converted into the corresponding 
velocity by multiplying that speed by 
the unit vector which is to designate 
its direction. The direction of an in- 
stantaneous angular velocity is to bo 
taken in the proijcr sense along the axis 
of rotation. The convention selected 
for angular velocities is consistent with 
that described for angular displace- 
ments (Sec. 1-2). The ‘‘right-hand 
rule” is a convenient one for identify- 
ing the proper sense along the axis, If one imagines the palm of 
the right hand to be placed on the axis with the fingers extending 
around the axis in the direction of motion, the thumb, placed 
along the axis, will point in the direction of the angular velocity. 

The vector equation for expressing the linear velocity of 
a point of a body in pure rotation is next to be developed. Let 
P bo any point of the body (not on the rotation axis) and lot its 
position bo given by the vector r which is to be drawn from 0, 
selected as origin on the axis of rotation, to P. Also let a be 
the angle between r and the axis. In Fig. 46 the dotted curve 
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is intended to represent P’s circular path and R is the contni* 
of this path. If the angular velocity is oj at tho instant uiidor 
consideration, the linear speed (F) of P is a>(PP). I ho direction 
of the velocity (F) is continually changing; honco the scalar 
equation V ~ (o{RP) is not particularly useful if one desires 
also to express the direction of V, Since RP — r sin «, tlicn it 
follows that 

F ^ « X r (3-3) 


gives a more complete description of F. It will be noticed that 
the magnitude of V, as given by this equation, is wr sin a and 
also that the direction of F is perpendicular to tho plane con- 
taining (i) and r and is consistent with tho convention of signs 
for the quantities as indicated in the diagram. One must bo 
careful, however, of the order in which tho two factors o> and r 
are written. In the particular illustration it would bo incorrect 
to write r X w, although — r X to is correct. 

3-3, The Components of Angular Velocity. — Given a body in 

a state of rotational motion about 
some axis which is fixed in an XYZ 
reference system selected ho tliat 
the origin is on tho axis of rotation. 
If (i) is the instantaneous value of 
the angular velocity, then, since o 
is a vector quantity, 

(i> — “H <f>yj ~t" (3-4) 



where w* 2 , and lotk aro the com- 
ponents of the angular velocity along the X-, F-, and ^/-axm, 
respectively. 

Let P be any point of the body. Tho position of P in tiro 
reference system (Fig. 46) is to be given by tho vector r. If 
the coordinates of P are a;, y, and z, then 


r - xi yj + zk (3-6) 

It is desired to obtain the relations which express the linear 
velocity of P in terms of the coordinates of P and the components 
of the angular velocity. 

If V is the linear velocity of P, then we may write 


F « w X r 


(3-6) 
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Substituting the expressions written above for w and r and 
expanding the vector product gives 

V = (wjf + Wy/ + X {xi + yj + 2^) 

= (wyg - uzy)i 4- - o>xZ)J + (w*?/ - o}yx)k (3-7) 

This equation expresses the linear velocity of P in terms of 
the components of the angular velocity and the coordinates of P. 
The magnitudes of the components of V taken along the X-, 7-, 
and 2-axes of tlie reference system are given by the coefficients 
of the unit vectors i, j, and k, respectively. 

It is to bo noticed that a component linear velocity parallel 
to an axis does not contain a component of the angular velocity 
which is parallel to that axis, nor does it contain a coordinate 
parallel to that axis. Each component of the linear velocity is 
dependent upon two components of the angular velocity; for 
example, Vx is dependent upon and Both of the quantities 
and —Ws?/ will produce linear velocities along the Z-axis and 
hence their algebraic sum will give 

The contributions of each component of the angular velocity 
to the components of the linear velocity are given in the following 
tables: 


1 

ContribiiUons by 

Component velocities in the lino of 

X 

Y 

! z 


0 

— tJx2 

' —blyX 

0 


~0},V 

0 


Wfi; 



The fact that the linear velocity of a particle may be expressed 
either in terms of the components of 
the angular velocity or in terms of the 
resultant angular velocity may bo illus- 
trated by the following consideration. 

Suppose that a particle P (Fig. 47) 
with coordinates a; and y is in the XY 
plane of a reference system and that it 
is moving parallel to the 2-axis with 
such a linear velocity as may bo described as due to angular 
velocities and about the X- and F-axes, respectively. The 
resultant linear velocity of P, Vi>, consists therefore of two com- 
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ponenfc linear velocities, the magnitude of one is equal to w®?/ and 
of the other is equal to — Wyo;, Both components are parallel to 
the ^-axis. Hence 

Vp ~ (w®i/ — Wyrr)/e (3-8) 

This equation may be established by a vector product. If 
the resultant angular velocity w = and the vector 

r ~ xi yj, which denotes the position of P, are in the XY 
plane, then the linear velocity of P may be expressed in terms of 
the vector product as follows: 

= w X r 

= (w®i + ojyj) X {xi + yj) 

~ 1 X ; + Wyo: j X i 

~ (w®y — o}yx)k (3-9) 

That this result agrees with the one given in Eq. (3-8) indicates 
the validity of either form of expression. 

3-4. Composition of Parallel Angular Velocities. — In the pre- 
ceding section we have seen that angular velocities, being vector 



quantities, are subject to the ordinary rules of vectors. When 
the resultant of two parallel angular velocities is to bo found, 
vector methods arc no longer necessary. The process of com- 
bining parallel vectors is an algebraic process. The viagjutudG 
of the resultant of two parallel angular velocities is eqiml to the 
algebraic sum of the two angular velocities. The posiHon of 
the resultant is not so simply expressed but may be found by the 
method given below. There are two cases to bo considered, ono 
in which the directions of the two angular velocities arc alike 
and the other in which the directions are opposite. The former 
will be considered first, 

Let the two parallel angular velocities, of magnitudes «« and 
have directions which are perpendicular to the piano of tlio 
diagram (Eig, 48) and let the axes of the angular velocities pass 
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through the fixed points A and B, respectively, of the diagram. 
The directions of I’otation are, in this case, similar and are 
indicated by the arrows in the diagram. We are to determine the 
magnitude and position of the resultant of these two angular 
velocities. 

Let us consider the linear velocity-of a particle P, in the plane 
of the diagram, as caused by the combination of the two angular 
velocities. Owing to the angular velocity about the center 
A, P will have a linear velocity V„, which is perpendicular to the 
line AP. 

The linear velocity Vb of P duo to rotation about B will be 
perpendicular to the line BP. The values of these two linear 
velocities are given by the equations 

7a “ Wn X a and 7t = «& X b (3-10) 

where a and b are the vectors which represent the position of P 
from the rotation axes passing through A and B, respectively. 

The resultant of the two velocities 7n and Vi is V, as shown 
in the diagram. The resultant linear velocity 7 may be regarded 
as due to an angular velocity w about the axis of the desired 
resultant angular velocity. The point in the plane of the 
diagram through which the axis of the resultant angular velocity 
passes must be somewhere in the line PC which is drawn perpen- 
dicular to 7. The particular point of the line PC through which 
the axis of the resultant angular velocity passes could be found 
graphically by first determining the resultant linear velocity 7' 
of some other particle P' in the plane of the diagram and then by 
locating the point of intersection which a line passing through P' 
and perpendicular to V' would make with PC. 

In place of the suggested graphical solution, it is desired to 
locate the position of the axis of the resultant angular velocity 
by an examination of the point C, the intersection oi A B with 
PC. If C is not the center of the resultant angular velocity, then 
it (C) must have a linear velocity in the plane of the diagram. 
If C has a linear velocity, then it must have two component 
linear velocities, one due to wn and the other duo to wb. These 
linear velocities would be equal to <i)« X s and m X T ii s and r 
are the vectors indicating the position of C with respect to A 
and B, respectively. It is readily seen that it is only some point 
in the line AB that could possibly have no resultant linear veloc- 
ity due to rotations about A and B, because only points in the 
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line AB could have component linear velocities which aro 
parallel to each other. The point C is therefore the dosiied 
center of the resultant angular velocity, for it satisfies both 
reQuirements, “oiz.^ of being in the lines PC and AB. Iho 
resultant angular velocity must therefore pass thioiigh 0> 
Since the directions of Wa and iHh are alike, the point C must lio 
between A and B, 

As a further consequence of the foregoing consideration, wo 
may write 

w„ X « = “Wfr X r (3-11) 

The magnitude of the angular velocity w about the axi« 
through C is next to be found. To find the expression for o in 
terms of Wa and wj, we may use a vector method. The resultant 
velocity of P is given by the following equations: 

V Vn A' Vi 

~ X a + <*>6 X h (3-12) 

By referring to the diagram, if we let c represent the lino GP^ 
it is readily seen that 

a — s -j- e and b — r + c (3-13) 

Substituting these vector relations in Eq. (3-12) and simplifying 
the resulting expression gives 

«<» X (s + c) -f* X (r “h c) 

“ (cOo + Wi) XC + WaX^+WftXr 

= (wffl 4* wfc) X C (3-14) 

The last step in the simplification is validated by the use of 
Eq. (3-11). 

The velocity V must be equal to w X c; hence it follows from 
Eq. (3-14) that 

6) « Oa -f- «6 (3-16) 

Hence we may conclude that the magnitude of the resultant 
of two parallel angular velocities is equal to tho algebraic sum 
of the two angular velocities [Eq. (3-16)1 the position of tho 
axis of the resultant of two similarly directed component angular 
velocities is in the plane containing the two components and is 
at distances from the axis of the two components which aro 
inversely proportional to the magnitude of tho two components 
[Eq. (3-11)1. 
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In case the directions of the two given parallel angular velocities 
are oppositely directed, the results given above are still valid, 
but the point C would, obviously, lie outside the line segment AB 
and would be on the side of the greater angular velocity. 

If one of the angular velocities is equal but opposite in direction 
to the other, the equation F = <o X c indicates that the position 
of C is at infinity, for, since Wn + W6 = 0, 

F = 0 X c 

and c is obviously equal to infinity if V is finite. In this special 
case the motion of P is one of translation with the direction of 
motion perpendicular to the line 
AB. 

The magnitude of P's velocity 
in this special case may be deter- 
mined in the following manner. 

Since the velocity of P is perpen- 
dicular io AB, wo may regard P 
as being at Q (Fig. 49), Writing 
the following scalar equations, 

Fa ~ WoS 



Vb ~ Oiar 


where Wa is the common magnitude of the two given angular 
velocities, since F„ and Vb are parallel, we have 

F = F„ + F6 

Hence, 

V = to„s 4" Wq?’ 

= Wa (r + s) (3-16) 

From this it is seen that the magnitude of the velocity of 
P is equal to w„(r + s) which is independent of the position 
of P. Therefore any point in the piano of the diagram which has 
straight-lino motion may be considered as rotating about two 
points which are in a line perpendicular to the line of motion, 
the angular velocities about these two points being equal in 
magnitude but opposite in direction. This statement is proved 
geometrically in the following manner; 

Since 

Fo “ (find 

Vb => Oiah 

Va^a 

Vb h 
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It is easily seen that the two triangles BP A and PSU (Fig. 60) 
are similar, for Va/Vb = «/& and the angle BPA equals tlae anglo 
PSR, Hence it follows that the angle UPS equals the angle PAB 
and therefore UP is perpendicular to AB, Since the triangles 

are similar, it follows that 

Zi ^ JL 
V AB 

Then, 

7 = oiaAB (3-17) 

The converse theorem is also 
true. Any translational mo- 
tion may be regarded as duo to 
two rotations of equal magnitude but of opposite directions, tlio 
axes of rotation being selected so that their plane is porpondioular 
to the direction of the translation and the distance between the 
axes being equal to the linear speed divided by the selected value 
for angular speed. 

3-6. Composition of Rotation and Translation, — When any 
rigid body is moving, regardless of the character of the motion, 
the motion of all of its points at any instant may bo completely 
described as consisting of a linear velocity common to all points 
and an angular velocity about an axis through a selected point of 
the body. If Vp is the resultant 
velocity of a particular point 
P of the body and at the partic- 
ular instant there is a moving 
coordinate system attached to 
the body with an axis, say OX, 
of the system as a rotation axis 
passing through the selected 
point P, then instantaneously all other points of the body may bo 
considered as having angular motion about the axis OX in the mov- 
ing system. Hence the motion of any othei’ point Q of the body, 
and therefore all points, may be described in terms of the linear 
velocity of the moving system (which is equal to the linear velocity 
of P) and an angular velocity w in the coordinate system. In 
symbols this may be expressed as follows; 

7<, = 7p + X PC> (3-18) 

In vectors this is shown by the diagram of Fig. 61 (where tho 
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vectors <<> and V? need not be at right angles to each 
other). 

From the general relation [Eq. (3-18)] we may proceed to 
express another relation which describes the motion of a body 
in terms of a rotation about some axis P 7 (Fig. 52), together with 
a translation parallel to the axis P7. Select a coordinate system 
so that its origin is at the point P and so that Vp is in the X7 plane. 
If the angle between Vp and w is not a right angle, we may resolve 
Vp into two components, Vp' parallel toP7 and Vp" perpendicular 
to P7 and in the plane of Vp and PF. (Suppose this plane is the 
XY plane.) 

Let us imagine that the body has angular velocities of +<»> 
and —w about some other axis 
OY'f parallel to PF, which cuts 
the ~~PZ reference axis at some 
distance PO from P. From the 
result obtained in the preceding 
section we may combine o> (about 
PF) with —w (about OY') to give 
us a translational velocity which 
is perpendicular to PO. If we 
select PO of the proper magnitude, 
the value of the translational 
velocity may be made equal to 
— Vp". The pair of angular 
velocities (o and ~ti>) so selected 

will give the body a velocity which just neutralizes the part of Vp 
which is parallel to X Vp"). We have left then Vp', which 
is the velocity parallel to PF, and the angular velocity « about OF'. 
This motion is sometimes called an instantaneous screw motion. 
In general, both <>> and Vp' will change as the motion progresses. 
The position of OF' will, in general, also change. 

A special case of this is of interest. If Vp is parallel to PX in 
the above diagram, then Vp' is equal to zero and obviously the 
resulting motion will be uniplanar. The axis OF' becomes the 
instantaneous axis of rotation, the locus of which gives the fixed 
and moving controdes. The method just described may be used 
therefore as a device for locating the instantaneous velocity 
axis. 

It is also instructive to observe that the results of the foregoing 
analysis may be obtained by replacing the vector Vp" by its 
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equivalent '‘rotor couple’’ (w and •~w), In this casG we 
regard Vp' as made up of — « about the axis P Y and w about 01 
together with the pi’oper spacing distance PO between the axes, 
so that the magnitudes are alike. The angular velocity — w 
about OY neutralizes +<*) which leaves only Vp and co about 01'" 

as beforo. 

An illustration will be of value 
in this connection. Let us con- 
sider the motion of a wheel (Fig. 
53) rolling along a straight lino. 
Let the angular velocity of tho 
wheel bo -w about an axis 
through its center 7^ and the linear 
velocity of P be V. Tho iixmPY 
will be perpendicular to the dia- 
gram through P, The second axis OF', which is to bo tho instan- 
taneous axis, will also be perpendicular to the plane of tho diagram 
and intersects the line PO, which is perpendicular to F, at 0. Tho 
vector — V, which is to neutralize V, is then equivalent to the rotor 
couple —Cl) about PY and o) about the axis through 0. From tho 
relation — F *= <0 X PO the magnitude of PO can bo determined. 
It is easy to see that PO ~ r (the radius of tho wheel), for 
F ~ Cl) X r. It is also to be 
noticed that 0 is below P in the 
diagram and not above it. With 
F neutralized by — F — co X r, 
there remains — c.) about the axis 
through 0, This axis at 0 is 
therefore the instantaneous 
axis. 

Or, by the second method sug- Fia. 64. 

gested above, we may replace F by 

the proper rotor couple, which yields the same final result. 

problems, — 1. A rigid wheel ie rotating about a fixed axis with an angular 
velocity of 10 r.p.s, Knd tho linear velocity of a point 1 ft. frona the axis 
of rotation. 

2. A rigid, body is in a steady state of rotation with an angular velocity 
which is expressed by the equation co ==> 2/ + - 4fe radians per second, 

referred to a selected reference system. The position of a certain point P 
is given by the vector r = 4 j -- 2j -f 6ft. Find tho vector which expresses 
the linear velocity of P. 
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3. A rigid body has an angular velocity of w = 2i + j -{- ft radians per 

second in n given reference system, If the linear velocity of a certain 
point of the body is 7 — —41+ 6/ + 3ft, find the vector T which defines 
the position of the point, if ri = + fy — fft. 

4. Find the resultant of the three following angular velocities: 

Wi = 2i + — A, W 2 = — 3i — 2j + 3ft, and Ws - 4i — 2/ + 4ft. 

6, What are the necessary relations between the components of two 
angular velocities in order that they may be parallel to each other? 

6. An aritomobile is going with a speed of 30 m.p.h. The diameter of a 
wheel is 28 in. Find the linear velocity of the highest point of a wheel and 
also that of the point which is foremost on tho wheel, 

7. A ladder of length L stands on a horizontal floor and leans against a 
vertical wall. If tho ladder slides down with its ends in contact with the 
floor and wall, rc.spoctively, tlie ensuing motion may be described ns a 
uniplanar motion in terms of the linear velocity of any selected point of the 
ladder and an angular velocity about an axis through that point and per- 
pendicular to tho guide piano. Assuming a suitable linear velocity for any 
solectcd point of tho ladder, find tho corresponding angular velocity of the 
ladder for that instant and the position of tho instantaneous axis. Use one 
of tho methods outlined in Sec. 3-6, Oheck your result by using a second 
point. 



CHAPTER IV 
ACCELERATION 


4-1. Acceleration — a Vector Quantity. — The kinematical quan- 
tity velocity is a vector quantity. Constancy of a velocity 
therefore implies motion with unchanging speed in a straight 
line. On the other hand, a change in velocity may mean either 
a change in speed or a change in direction or a change in both 
speed and direction simultaneously. All changes in velocity 
may be collectively expressed by a single vector equation. If 
we let U and V be the velocities of a particle at the beginning 
and end> respectively, of a given time interval, then the change 
in velocity during this interval will bo given by the vector expres- 
sion K — If, in which no limitation is Imposed upon the way in 
which the velocity may change. That this velocity change is a 
vector quantity is obvious. 

Acceleration has been defined as the quantity which expresses 
the change in velocity in a unit interval of time. If wo divide 
the vector V ~ U hy the time (a scalar quantity) in which tills 
change occun*ed, we still have a vector which has the direction 
of the vector expressing the change of velocity but whoso magni- 
tude has been changed, unless the particular value of tho time 
interval happened to be unity. In general, then, wo may dofino 
the average acceleration over a given time interval by the equation 


in which the vector J shall be used to represent the acceleration, 
and t the time interval. This equation is general and includes 
all possible changes of the velocity. The rate of change of tho 
velocity need not be constant. This possibility necessitates tho 
inclusion of the terra “average" in the above definition. It will 
be recalled that average velocity was defined in an analogous 
manner. 

When the variations in the acceleration are small or a knowl- 
edge of them is not germane to the particular consideration, 
average acceleration may supply all of the information which Is 
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needed. There are many considerations, however, which 
require a knowledge of the exact value of the acceleration at 
definite positions of the particle or at definite time instants. We 
shall use the term insianianeoiis acceleration to describe the value 
of the acceleration at any given position or instant. Instantane- 
ous acceleration may be defined in the following manner. Let 
the change in the velocity during a small interval of time M be 
expressed by the vector AK. The average rate of change of the 
velocity in the time interval M is therefore A7/Ai. If the time 
interval approaches zero as a limit, the value of the ratio AV/Lt 
at the limit will be the acceleration at the instant selected. 
Using the notation of calculus, we may express the instantaneous 
acceleration as follows: 


7 =3 — = liiTi ^ 
dl '^^=’0 Ai 


(4-1) 


4-2. Acceleration and the Reference System. — Let a particle 
P move in a fixed reference plane with a 
variable velocity (Fig. 56) . Let OM bo a 
fixed line in the reference system. If Q is 
the projection of P upon the line OM, 
then the component of P's velocity along 
this line is the velocity of Q, We shall 
designate the component velocity of P in ® 
the lino of OM by the symbol F,„. The 
velocity Vvi will also, in general, be variable. 

Let us designate the acceleration of P by J, the absence of the 
subscript indicating that it is a resultant acceleration. The 
acceleration of Q will be identified by in which the subscript 
again indicates the line in which the component acceleration is 
to bo taken. The sign of will be positive if the additions to the 
velocity are positive. A decreasing value of the magnitude of 
— Fm indicates positive acceleration. Negative additions to the 
velocity give a negative acceleration regardless of the sign of the 
velocity. This is seen directly from a consideration of the signs 
of the numerator and denominator of dV^/dt, which is the 
differential form of the acceleration along OM. Since dt is 
always positive, the sign of the fraction depends only upon 
dVm, which represents the change in velocity in the time dL 

It is sometimes convenient to express in other equivalent 
forms. Obviously, 
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in which m is a coordinate which measures the displacement of 
Q in the line OM and mi is a unit vector in the line OM. Also, 


J 


m 



(4-3) 


where = dmldt, the speed of Q in the line OM. 

In a similar manner we may express the acceleration along 
any line, z.e., OX, in the following three alternative forms: 


J. 


d^x. 


dV^, T, dVx> 

nr = ^'-TET' 


(d-i) 


The acceleration in any fixed line OX may be expressed in 
terms of the resultant velocity V if the angle between the resul- 
tant velocity and OX be given, Let a be this angle. Then 
7* = F cos a, and 


7 = 


di 




dV^ 

di 


cos a 


yjda . 

k-tt sm 
di 




(4-5) 



Fia, 60 . 


It is of interest to interpret this equation. All of the accelera- 
tion which expresses the rate of ohaiigo 
of speed (dV/di) is contained in the first 
term of the right-hand member. The 
direction of dV jdi is in the line of V 
(Fig. 56). It is projected into tho lino 
of OX by being multiplied by the cos <x. 
The part of the acceleration which ex- 
presses the magnitude of tho rate of 
change of direction of the velocity is V dajdt and is in a lino 
which is perpendicular to V. It is projected into OX by tho 
factor sin a. The sum of these two projections on OX gives 
the X component of the resultant acceleration. 

4-3. Tangential and Normal Acceleration. — It is frequently 
desirable to express the resultant acceleration in tex’ms of two 
components, one of which is parallel to and the other perpendicu- 
lar to the resultant velocity. To obtain the acceleration parallel 
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to the resultant velocity, Eq. (4-6) may be used if we put a == 0. 
This may be done, provided that we have the line OX fixed in 
the reference system. If V is continually changing in direction, 
it is obvious that OX may be regarded as fixed but only instan- 
taneously so. The value of the result is not impaired by this 
limitation, for this selection may be repeatedly made for each 
point of the path. Putting a = 0 in Eq. (4-5) gives 


Since this acceleration is always parallel to the resultant velocity 
and hence is in the tangent to the curve which P is describing, 
it is customary to call this component the tangential acceleration. 

Consistent with the foregoing use of the subscript, Jt may be 
written for the tangential acceleration. The other forms of 
Ji are 



where s is the coordinate which measures the displacement of P 
in its path, and is a unit vector parallel to V. 

The acceleration, perpendicular to the tangent may be found 
in a similar manner but by putting a — 90° in Eq. (4-5). This 
means that OX is to be successively selected in positions per- 
pendicular to the resultant velocity. By this selection the 
velocity in OX is continually zero. Designating this component 
of the resultant acceleration by 7,, and calling it the normal 
acceleration, wo have 

= (- 

where Hi is the unit vector perpendicular to V. 

An inspection of this result leads us to see that the magnitude 
of the normal acceleration has for its value the product of the 
resultant speed by the rate of change of direction of the velocity. 
The normal acceleration will be zero when either of its factors is 
zero, Any motion in which the velocity is not changing direc- 
tion is obviously rectilinear motion. There may, however, still 
be acceleration in the line of the velocity. It is to be noticed 
that Jn ia the acceleration which measures the rate of the change 
of direction of motion. 
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The direction of Jn will depend upon the signs of both factors 
(y and da/dt) [Eq. (4“7)]. If one of the factors is negative, tho 
sign of Jn is positive. If both are either negative or positive, 
then Jn will be negative. It is to be observed from the diagram 
(Fig. 67) that, if P is moving with a velocity + V, then o> (written 
for da/dt) is also positive according to convention as indicated* 
In this case is negative. If P has a velocity of — F, then <o ia 
also negative and Jn is still negative, 

Considering the motion of P along the curve shown in Pig. 68, 
we observe that Jn is positive regardless of whether tho velocity 
of P is positive or negative. As a general statement, then, wo 
may say that the direction of Jn is always toward tho concavo 
side of the curve. 



ViQ, 67 . 



Tig. 68. 


X. 


As a special case we may consider circular motion. Tlio 
speed may remain constant, in which ease Jt vanishes but /« 
remains, Jn may be put into a more useful form for this purpoBO 
if we introduce the radius r of the circle in which the particle P 
is moving. In this case the radius is perpendicular to tho 
resultant velocity and hence /„ is always parallel to i\ Sinoo 
y « r da/dt, we may replace da/dt by V/r in Eq. (4-7) and 
obtain 

J„ = W-8) 

The two components of the resultant acceleration {Jt and Jn) 
are usually more convenient to use than tho resultant accelera- 
tion, for Jt and Jn are always parallel and perpendioiilar, respec- 
tively, to the resultant velocity. The resultant acceleration 
may be more easily found by combining these two rectangular 
components, for they are easily expressed in terms of V, w, and 
the time derivative of y, 
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Any other pair of rectangular components of J will not permit 
of expressions as simple as A and Jn< Considering any other 
such pair of components, as, for example, those along the coordi- 
nate axes X and Y, it is to be observed that the component 
accelerations 7^, and will each consist of two terms, viz., the 
projections of both A and A upon the axis along which the 
desired component is to be found. Such a component, i.e., 7*, 
will have one term which expresses the change of direction of V 
in the line of X (the projection of A) and the other which gives 
the rate of change of the magnitude of V in that line. 

4:-4. The Three Pairs of Components of Acceleration. — In our 
study of acceleration we shall have occasion to use three different 
pairs of orthogonal components. 

One of these, the tangential and 
normal pair, was discussed in the 
preceding section. Of the re- 
maining two pairs, one consists 
of the components along the X- 
and F-nxes, and the other consists 
of the components along the radius 
vector and a line perpendicular to 
it. The last pair of components is 
to be referred to as the r and y pair 
and will be studied in detail in Sec. 4-5. 

The vector sum of the two components forming any pair is 
obviously equal to the resultant acceleration. This is shown 
graphically in Fig. 69 and is written symbolically as follows: 

/ - A + A = /r + = A -{- (4-9) 

Any one pair of components may be expressed in terms of the 
components of any other pair by projecting both components of 
the one pair into the two lines of the other pair. For example, 
we may express and Jy in terms of Ji and by projecting 
both Jt and into the lines of X and Y. If a is the angle between 
Jn and X, then 

Jv ~ (Jn CQS a -Y Jt sin a)i 

Jy = (Jn sin a — J I cos a)j (4-10) 

Similarly, if we wish to express Jt and A in terms of and Jy, 
we must project both and Jy into the lines of the tangent and 
its normal, which would give 
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A = (Jx cos a Jy sin a)ni 
Jt ~ {Jy cos a— Jx sin a)?i 


(4-11) 


Equations (4-11) might have been obtained analytically by 
first reducing Eqs. (4-10) to scalar equations and then simply 
solving for and Jt. 

4-6. Components Parallel and Perpendicular to the Radius 
Vector. — The device, introduced above, of using a pair of 
orthogonal lines, which are instantaneously fixed and coincident 
with the tangent and the normal, will be used again hero, except 
that in this case these reference lines are to bo instantaneously 
coincident with the radius vector and the line perpendicular 
to it. In order to study the results of successive differentiation, 
we shall start with the coordinate relations and, by differentiation 

with respect to the time, obtain tho 
components of the acceleration 
along the X- and T-axes and then 
find the Jr and Jy component a by 
projecting and Jy into the lino 
of r and that of y, perpendicular to 
r, Scalar equations will first bo 
written in order to reveal all of tho 
illuminating details, for the vector 
expressions are too condensed for present purposes. 

The coordinate relations are (Fig. 60) 



I’m. 60 . 


and 


X == r cos y 


y ^ r sin y 

The magnitudes of r and y are both variable; hence the firaf; 
derivative with respect to the time gives 


dx dr 

^ ^ cos 7 - rw sin y 

dy dr . 

^ ^ sin Y + rw cos y (4-12) 


liquations, 

gmng the component velocities along X and K, respeotivoly, 
insist of the sums of the component velocities parallel aiicl 
^rpenchoular to r, both projected into each of the linos of 
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Differentiating both equations of Eqs. (4-12) with respect to 
the timo gives 


= cos 7 - sin r (^% + r^ + 4 ) 

J„ = sin 7 (^ - + cos 7 (4 + ’■!’ + 4) 


We may now write the expressions for Jr and Jy by projecting 
both Jx and Jy into each of the lines r and 7 . The student should 
carry through the details of the process and simplify the resulting 
equations. The results are 


Jr — COS 7 + dy 7 


I! 

1 

e 

(4-14) 

Jy — Jy cos y ~ Jg Bin 7 


dr , do) 

= ^"1 + ''Tt 

(4-16) 


These equations for Jr and Jy may be combined into a single 
vector equation to give the resultant acceleration J by intro- 
ducing the unit vectors Yi and yi which are in the lines of r and 7 , 
respectively, giving 


y = (* _ + (24 + 4)7, ( 4 - 16 ) 

Equations (4-14) and (4-16) give the values of the magnitudes 
of Jr and Jy in terms of r and 7 and their derivatives. The direc- 
tion which the resultant acceleration makes with r is expressed 
by the angle whose tangent is Jy/Jr. 

The expressions for and Jy will bear further investigation. 
The signs of these accelerations obviously depend upon the signs 
and relative magnitudes of the terms of their right-hand members. 
The convention of signs gives a positive direction of Jr outward 
along r and for Jy an angle of +90 deg. from r. Since r is always 
positive, — will always bo negative. The sign of dJrfdi^ 
will depend upon whether dr/d/ is increasing or decreasing. 
Jr will bo positive, therefore, only when is positive and 

greater than rw^ The quantity codr/dt will bo positive when the 
signs of w and dr/dt are alike. The quantity r{do>/dt) will be 
positive or negative according to the sign of dw. 
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The magnitudes of the component velocities parallel ami 
perpendicular to the radius vector are Vr = dr/dl and Vy = wr. 
These components are always taken so that they are instan- 
taneously parallel and perpendicular to the radius vector. 
The expressions for the magnitudes of these component velooiUoa 
remain unchanged. Their resultant must bo the resultant 
velocity. It is legitimate to consider the resultant velocity 
as made up of two separate motions: circular motion and motion 
along the radius. 

While it is also correct to obtain the resultant acceleration by 
combining as vectors the two component accelerations Jr and 
Jy, still it is not correct to regard one component as being respon- 
sible for the rate of change of the radial velocity alono and tho 
other as being responsible for the rate of change of the velocity 
perpendicular to the radius vector. The acceleration along r 
is made up of two parts : one part {d^r/di^) which represents tho 
rate of change of magnitude of Vr and the other (— rw®) which 
gives the rate of change of direction of Vy, 

Let us next consider tho component perpendicular to Jrt 
viz.f Jy. If the general statement regarding the two parts of 
the component acceleration Jr is ti’ue, wo should expect that 
the right-hand member of Eq. (4-15) would consist of two parts> 
of which one should express the rate of change of magnitude of 
the component velocity Vy and the other tho rate of ohango of 
the direction of Vr, If Eq. (4-16) is arranged differently, this 
point is apparent. 

Jy = <j}Vr + 

= ( 4 - 17 ) 

in which. dVy/dt is the rate of change of magnitude of tho velocity 
in the line of 7 , since Vy ~ w. The other term wFr gives tho 
rate of change of the direction of Vr. 

As a direct conclusion, we may say that, while tho first tiino 
derivative of a coordinate does give the component velocity 
parallel to that line along which the coordinate is measured, tho 
second time derivative of the coordinate does not give tho 
component acceleration parallel to that line unless the lino is 
permanently fixed. 
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Referring again to the expression for A [Eq. (4-7)], which 
gives the acceleration for the directional change of and com- 
paring the form of expression with the corresponding parts 
of Jr and /y, we may see that in this type of acceleration (rate 
of directional change of a velocity) the magnitude is expressed 
by the product of a linear speed and an angular speed. The 
angular speed is the rate of change of the direction of the linear 
speed. The other type of acceleration has for its magnitude 
the rate of change of the magnitude of a velocity, and its direction 
is that of the velocity. 

The results of this analysis for Jy and may be summarized 
in the following manner; 


Symbol 

Change of 

Change of 

magnitude 

1 

direction 

1 

Jy 

dVr/(U 

dVy/dl 


J^ ' 




4-6, Vector Determination of the Resultant Acceleration. — 
An expression for the resultant acceleration of a particle in terms 
of Y and y (the polar coordinates of the particle) and their 
derivatives may be obtained by purely vector methods. If 
the position of the particle P is given by the radius vector r, 
then the resultant velocity of P as found by Eq. (2-28) is 


V - 


dr 

dt^' + ’■ 


di 


Since the resultant acceleration is dV/di^ we may write for J: 


r I 


4 - 2 -^ 

dP ^ ^dt dt 


Substituting the values for drx/dt and d'^YxIdi'^ as given by Eqs. 
(2-30) and (2-31), respectively, gives 

( 4 - 18 ) 

which Is identical with Eq. (4-16), It is obvious that the vector 
method of obtaining an expression for J is much briefer than the 
analytical method used above. 
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Problems.-— 1. Obtain a vector expression for the resultant nceeleration in 
terras of the tangential and normal components by differentiating tlio 
equation V — V Vi. 

2. Examine each terra of Eqs. (4-13) and identify those which express a 
rate of change of the magnitude of a velocity and also those which oxiircss a 
rate of change of the direction of a velocity. 


. 4-7. Differential Equations in Accelerated Motion. — Thcro 
are three important relations between the quantities acceleration 
(a), time (t), the initial velocity (U), the final velocity (F), and a 
coordinate (s), which describe the motion of a particle having 
some stipulated acceleration. These relations are usually of 
the following forms: 

V = fi{U, a, i)f s —fiiU, a, i), and V - fi(U, a, s) (4-19) 


It is important for the student to observe the procedure 
used in deriving these equations in iiniplanar motion. A general 
method of solution is discussed in this section and is illustrated 
in each of the four following sections. 

The statement of the problem includes the so-called initial 
conditions, such as the initial velocity at some given position 
or at some instant of time (usually zero) and an expression 
describing the acceleration. This information, together with tho 
alternative forms of the acceleration, comprises tho working 
material. 

The first step involves a decision as to which of the three 
pairs of acceleration components (the x and y, tho r and 7 , or 
the t and n pair) is to be used. Obviously the selection will 
depend upon the particular data presented, For example, tlio 
acceleration of a particle may be given as varying inversely with 
the distance r of the particle from some given fixed point. In 
this case a polar coordinate system with the origin at the fixed 
point seems to recommend itself as giving convenient service. 
The r and 7 pair of acceleration components is then to be used, 
for the resultant acceleration will, under such ciroumstancos, 
always be along the line of r. 

The next step would be to write down the general expressions 
for the selected components of the acceleration and to put each 
equal to the particular value given by the data, Using the 
given example, we would write the following scalar relations: 


r dVr , K 
at r 


Jy — 2(t}Vr + = 0 
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where K is some constant. Even though one of the components 
is zero we must include the expression for it as above, for its 
solution will give a relation which is usually useful in eliminating 
one of the variables in the other equation. 

In order to integrate either equation, we must reduce the 
number of variables to two by some method or other. It is 
difficult to give a general rule for this procedure. In the illus- 
tration the second equation may be integrated if we replace Vr 
by dr/dt and then multiply through by dt. This process would 
leave only two variables and the resulting equation could then 
be integrated. Using the result obtained by this integration, 
we may eliminate one of the variables (co, in this case) from 
the first equation and then, if we replace dVrfdt by VrdVr/dVf 
this equation may also bo integrated. The constants could be 
determined by the use of the initial conditions. 

In nearly all cases the first equation obtained will express 
the velocity in terms of the time or a coordinate. In either 
case the next stop is to express the velocity in its differential 
form and then substitute this expression in the equation which 
gives the velocity as a function of the time or coordinate. Inte- 
gration of the resulting equation would give the second desired 
expression. This equation will also contain constants of inte- 
gration which may bo evaluated as before. The third desired 
relation may now be found by an algebraic elimination of one of 
the variables. 

The important thing to observe in this process is that, when 
the most convenient pair of acceleration components has been 
selected, such devices as aro available are to be used in manipulat- 
ing the equations into intograble forms. The procedure just 
described is general but should prove to be of value if carefully 
analyzed. 

4-8. Translational Motion of a Particle with. Constant Acceler- 
ation. — The equations aro now to be derived which express the 
motion of a particle subject to acceleration that is constant 
and which is always parallel to the resultant velocity. Such 
limitations restrict the motion of the particle to a straight line 
which is parallel to the direction of the acceleration. Since 
in this case the normal component of the acceleration is zero, 
the tliroo alternative forms of the tangential component of 
acceleration [,Eq. (4-6)] may serve as a starting point. Putting 
each of the three alternative forms of the acceleration equal 
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to the given value of the magnitude of the acceleration givca 
three differential equations whose integrations yield the desired 
expressions. Let a represent the given magnitude of the accel- 
eration and let the positive direction of all directed quantiticH 
be measured parallel to the positive direction of the acceleration. 
For initial conditions we may put 

^ = 0, s == 0, and F L/ 

If we use the form dV/dt for the acceleration, the first differou- 
tial equation is 

dV 

dt ^ ^ 

Integration of this equation gives 

7 - ai + C 

The integration constant C is evaluated by the use of the initial 
conditions. Since 7 — 17 at the time t = 0, then (7 = U] hence 

V ^ at (4-20) 

which is the first of the desired equations. 

Using the second alternative form of the tangential nccolora- 
tion gives the differential equation 

dh 

dt^ “ ® 

Integration of this equation gives 

P^-at + D 

■^pplyii^g the values of the quantities at the initial position 
makes D = U, Making this substitution and integrating again 
gives 

s = f 0^2 Ut-\- E 

Since s = 0 at the time t « 0, the value of E is seen to be zero. 
Hence 

8 = -b Ui (4-21) 

The third differential equation is 

7d7 
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Separating and integrating gives the equation 

^ as A-F 

in which F == fov V ~ U where s = 0; hence 

== + 2as (4-22) 

Equations (4-20), (4-21), and (4-22) give the three fundamental 
expressions for translational motion in which the acceleration is 
constant and the initial velocity is parallel to the acceleration. 

In gravitational fields of force the acceleration has a special 
value which is usually designated by the symbol g. Making 
this substitution for the value of the acceleration gives the 
following three equations for gravitational motion in a vaoum: 

V = U-hfft 

s= Ui-i- ^ U^-h 2gs (4-23) 

These equations are subject to the limitation stated above and 
hence apply only to vertical motion with positive values of the 
velocities, distance, and acceleration measured downward. 

4-9. Pure Rotational Motion with Constant Angular Acceler- 
ation. — If the motion of a particle is such that it moves con- 
stantly in a circular path, pure rotational motion results. When 
the angular acceleration is constant, the rotational motion may 
be conveniently described by three equations which are analogous 
to those derived above for translational motion. The procedure 
for obtaining those equations is similar to that used in the 
above section. Angular acceleration may be expressed by any 
one of the three alternative forms doi/di, d’^^ldi^^ and wdw/dy. 
If wo put each of these expressions equal to the constant A, 
which we may use to represent the value of the magnitude of 
the angular acceleration, and if we assume as initial conditions 
that at the time t - 0, y — 0, and w = wi, integration of the 
three equations gives the following scalar expressions: 

<0 = Ai -}- wi 

y ^ + (x>ii 

00 ^ = -f- 2Ay (4-24) 

These equations might have been obtained directly from those 
for translational motion by substituting in Eqs. (4-20), (4-21), 
and (4-22) those quantities in rotation which correspond to the 
quantities in translation. 
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4-10, Motion of a Particle with Constant Acceleration, 

Initial Velocity Making an Angle on with the Acceleration . — When 
the linear acceleration is constant and makes an angle «i, not 
equal to zero, with the initial velocity, the resulting motion will 
be curvilinear. It is required to determine the scalar equations 
which fexpress the coordinate s (measured along the curved path) 
and the velocity V in terms of the time and the initial conditions. 
This problem is solved by making use of the expressions for the 

pair of rectangular components of 
acceleration Jt and 
Let the acceleration bo of mag- 
nitude a and always directed parallel 
to OX (Fig. Gl). Also let «i bo tho 
angle between the initial velocity U 
y and a and a the angle between tho 
““ velocity V in any position and a. 
The initial conditions are taken 
to be ^ 0, 5 = 0 and V ~ U, a = on. The component acceler- 

ations are expressed as follows: 



, dV 

— ct cos a 
r -Vda 

dn “ — jT— = a Sin a 
at 

Dividing the first equation by the second gives 


(4-25) 


Integrating this equation gives 

log sin a + log F = (7 

log (F sin a) == C (4-2G) 

in which C is the constant of integration. C may be evaliiatod 
by putting F = C7, which gives C = log (C/ sin al). Hence 

F sin a = t/ sin ai (4-27) 

Examining this equation for its physical meaning, we son 
that the component of the velocity perpendicular to the lino of a 
is a constant and has for its magnitude U sin ai. This result 
might have been anticipated, for there cannot bo any change 
in the magnitude of the velocity component (F sin a) in n line 
which is perpendicular to the acceleration. 
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From Eq. (4-27) we may evaluate sin oi and hence find a 
value for cos a. Substituting this value for cos a in Eq. (4-25) 
gives 

^ = jVV’ - sin'" a. 

Separating the variables and integrating gives 
■\/7^ — C/® sin^ ai == o i -j- Ci 

where Ci is the constant of integration. From the initial condi- 
tions i ~ 0, V = U, we find Ci - U cos ai. Hence we obtain 
one of the desired relations 

72 _ -{■ 2 a i U cos ai + (4-28) 

It is desired to find next the relation between s and i. As a 
starting point wo may use Eq. (4-28). This may be written as 
follows: 

(^) ^ + 2 a e 17 cos ai 

Separating the variables and integrating gives the desired equa- 
tion. 

5 _ _] log (V7^ at U cos «i) 

C 2 (4-29) 

where IC ~ aH^ + IP 4- 2 ai 17 cos cei and C 2 is the integration 
constant. 

From the initial conditions s = 0 and i = 0 we may evaluate 
C 2 , which is 

- U- 

C 2 ~ — ^- ■ " [cos ai ■+• sin® ai log ( 1 / + f/ cos aO] 

Problems. — 1. Stnrtiiig with Eq. (4-20), find an expression for 7 in tor ms 
of tho nnglo a. 

2. Using tho coordinato system indicated in Fig. 61, find tho oquation 
for tho path of the moving point. What kind of a curve is this? Hint: 
Write the expression for tlic component accelerations along X and Y. 

3. Show that Eqs, (4-28) and (4-29) reduce to Eqa. (4-22) and (4-21), 
respectively, if ai is put equal to zero. 

4 - 11 . Rectilinear Motion with Acceleration Not Constant. — 
There are several important cases of translational motion in 
which the acceleration is not constant. The following illustration 
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has been selected from the universal law of gravitation. Two 
equations are to be derived, one expressing the velocity in terms 
of the coordinate and the other giving the time as a function 
of the coordinato. 

A particle in space under the attraction of the earth aloiio 
will have an acceleration which is inversely proportional to the 
square of the distance from it to the center of the earth. 

Lot there bo a small particle at P 
(Fig. 62), whose distance from 0, the 
p reference point which is taken as the 
center of mass of the earth, is given 
by the coordinato s. Assuming for 
initial conditions that i 0, s = .so, 
and 7 “ t/, with U parallel to the 
lino along which tho coordinato s is measured, wo may first 
find an expression for tho velocity in terms of s. Since tho 
resultant aocolcration is in the lino of s, and the magnitude of 
tho acceleration is inversely proportional to the square of 
the differential equation is 




Fio, (12. 


where /<; is a proportionality constant. 

Tho minus sign appears hero because the direction of tlio 
acctiloi'ation is inward along s. To integrate this equation wo 
may first multiply both sides by ds/dt, which gives 

ds d^s -'k (h 
dt 



If wo apply tho initial conditions, wc find tho constant of intogra 
tion C \ 
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Hence the final expression is 

_ u^) = i(l _ ( 4 - 31 ) 

An examination of this equation shows that, if a particle 
moved from infinity, so that 1/so = 0, and started from rest 
(U = 0), the final velocity V would be equal to -s/^k/s. Hence, 
as the particle approached the gravitating mass, s would decrease 
and V would increase. 

The limitations imposed upon this equation are those given 
by the initial conditions and an additional condition, which 
comes from the law of gravitation. The equation is valid only 
for values of s which are greater than the radius of the eaiiih, 
for when s is less than the radius of the earth the quantity fc 
is no longer constant. This last condition is to bo found 
in the derivation of the expression for the value of the acceleration 
at points which are outside and also inside the gravitating body, 
We shall consider the case of the particle moving within the 
gravitating body in a later section. Wo cannot therefore put 
s = 0 in Eq. (4:-31) and assume that V would become infinite 
at that point.. 

Equation (4-31) reduces to the equation for of bodies falling 
in a vacuum at the surface of the earth if wo put k ~ gR^ where 
g is the acceleration on the earth’s surface and R is the radius of 
the earth. Making this substitution we have 

« 2gh (4-32) 

in which ft. « So — s, whore h is small in comparison with either 
s or So, and we may also put sso == jB® ns an approximation. 

Returning to tho more general case, wo shall proceed to 
obtain nn equation ejjprossing tho time t ns a function of s. 
By writing Eq. (4-31) explicit for V and putting V » ds/dt, we 
have 


- + 7 
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The minus sign is taken because we are interested in the motion 
of the particle P toward the gravitating body. For the sake of 

2fc 

brevity, k' is written for . Separating the variables, 

So 

writing C' for the constant of integration and integration gives 


i == 




2/c + k's 


ds-\-C' 


-4 


5(2fc4-^&^s) I k 


k +j^,i<>g(Va(2/.+fc'.)+sVF+:^ + C' 


in which it was assumed that k' was positive. If, however, wo 
assume that /c' is negative, then the integration would yield 

, _ Vs(2k + fc's) , k . ,/ -k’s - k \ , 

‘ ~J' V * 

The constants C and O'' may be evaluated by the use of initial 
conditions. 


Problem. — Dctoi’minc the numerical value of tlio speed which a Hiimll 
mctcorito would have on reaching the earth’s surface if it started from rest 
at an infinite distance. 


4:~i2. The Hodograph. — ^The hodogra'ph is an auxiliary curve 

drawn to facilitate the ideiill- 
fication of the acceleration at 
any point in tlie path of a nu iv~ 
ing particle. An lllustrutioii 
will servo the purpose of mak- 
ing clear the details of coti- 
struction of the auxiliary curvi^ 
and of showing how llm 
acceleration vector may I >14 
obtained from it. 

Suppose that we consider the velocity of a particle P wliieU 
is on the rim of a wheel (Fig. 63). The wheel rolls along a 
straight line in the plane of the diagram with a constant angular 
velocity w. At any instant the velocity of P may be cxproswKl 
as the vector sum of two velocities, one the constant forward 
velocity V‘ of the center G of the wheel and the other F" which m 
the velocity of P relative to the center of the wheel. The magni- 
tude of F" will always bo equal to that of F' and will remain 
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constant but the direction of V” will bo constantly changing. 
The acceleration of P will therefore be perpendicular to V" and 
will be directed inward along the radius of the wheel r which is 
drawn to P and will be of magnitude The resultant 

velocity of P (t.e., 7j.) will always bo perpendicular to the line PO 
connecting P to the point 0 of contact of the wheel to the guide 
line. The point 0 is the instantaneous center. 

Let us now draw from any point Q (Fig. 64) lines which Bhall 
respectively represent the velocities of P in its various positions, 
always drawing these lines parallel to Vp and of such lengths 
that they may represent the velocity to some arbitrary scale. In 
the particular case selected for illustration, if wo write L for PO, 
the magnitude of Vp is equal to o)L for any position and, since 
CO is constant, then the auxiliary lines will be proportional to L, 

If we measure the angle y (Fig. 63), 
through which the wheel turns, from a 
lino constantly vertical and passing 
through C7, then 

L = 2r cos \y (4-36) ^ 

so that the length of the auxiliary lines 
in Fig. 64 will be proportional to 2?’ 
cos and each lino will bo perpendic- 
ular to L for the particular position. 

Starting with 7 = 0 and L = 2r, we may draw Vi from any 
arbitrary point Q (Fig. 64) and proportional to 2r in length — and 
also perpendicular to L. 

As the wheel rolls through an angle 7, the line L and hence 
Vp will move through the angle a. It is readily seen that 
ot ~ ly. The angle a is the constructional angle of Fig. 64. 
At the position 7 >= 180® the constructional angle passes through 
a tangent and hence for values of 7 from 180 to 360 deg. 

a “ ^7 + 180®. 

By selecting values for 7 the corresponding values of L and a 
may be found. A sufTiciont number of positions should bo used 
in order that the resulting curve may bo an accurate representa- 
tion of the relations. 

In further illustration of tho constructional processes, wo 
find for the position 7 = 46® that Vi must bo drawn proportional 
to 1.8)’ along a lino making an angle of —22,6 dog. with Vi. 




90 


ANALYTIC AND VECTOR MECHANICS 


[ 4-12 


Similar constructions follow for other values. The curm passing 
through the ends of such constructional lines Ki, 72, etc., is 
the hodograph for the particular motion described. Since in 
this case the motion is cyclic, the single curve represented in 
the diagram as a circle would be duplicated for any other cycle. 
The value of the velocity for any position of P may bo readily 
obtained from tho hodograph. 

The acceleration of P is next to be expressed by using tho 
hodograph. If the point li (Fig. G4) is constrained to move on 
the hodograph so that its position install taneou sly gives QR aa 
the proper vector for expressing tho instantaneous velocity of 
P, then it may be shown that tho tangent to tho curve at R 
gives the direction of tho acceleration of and tho speed of 
R along the curve will give the magnitude of the acceleration of 
P. If we take any other point R' in the hodograph (not shown 
in the diagram) which is close to R, then tho velocity vector 
LRR' will be the vector which must bo added to QR to give QR'. 
Let Ai be the time interval between the positions QR and QR'. 
Tho value of ARR'/Ai when Ai approaches zero will give the rate of 
change of QR which is tho velocity of tho point R and is therefore 
the acceleration of P. It is to be observed that the direction of 
the velocity of R and hence tho direction of tho acceleration of 
P (Fig. 63) is always parallel to tho radius of tho wheel which 
connects P to the center of tho wheel. 

In the particular case selected for illustration, it is interesting 
to show that the hodograph is a circle. To prove that this is 
true, we may use polar coordinates to advantage. If Q (Fig. 04) 
is the origin, then the magnitude of the velocity vector at any 
position represents tho radius vector to tho selected scale. Lot 
p and a be the coordinates. Since tho magnitude of Vp is wL 
and L = 2r cos ^-y, we may put 

p = /C cos « (4-36) 

where K = 2cor and a == ^ 7 , This is tho equation of a circle 
in polar coordinates where the origin is on tho ciroumforonco 
and the diameter of the circle is K, 

Problem, Find tho hodograph for the motion of a particle 
P which moves so that the initial velocity U makes an angle ai 
with the direction of the constant acceleration a, 

The equations for the motion of P, with the limitations 
indicated, were derived above in See. 4-10. Equation (4-27) 
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expresses the magnitude of the velocity of the particle as 
follows: 

y _ U sin a I 
sin a 

where a, as above, is the angle between V and the acceleration a. 

We may determine the hodograph by calculating the value of 
V for different values of a and then draw the corresponding 
vectors from a common point Q in the manner indicated above or 
we may use polar coordinates and determine the equation of the 
hodograph which is the locus of the terminal point of the velocity 
vector. Selecting the latter method we see that we should take 
Q (Fig. 66) the origin of the polar coordinate system at the 
starting point of P and with the line of the direction of a as 
the reference line. V then becomes 
the radius vector p. The resulting 
equation is 

U sin ai 

p ~ • — : 

sm a 

which is the polar equation of a 
straight line. The lino is evidently 
parallel to a and is situated at a distance of U sin a\ from a. 
For the particular problem, only that portion of the lino 
which extends from Z), the terminal point of C/, to infinity 
is the lioclograph. It is also evident that the velocity increases 
indefinitely and never becomes parallel to the line of a except 
at infinity. 

One would expect that the velocity of B, the terminal point 
of y in the hodograph, would bo constant, since the velocity 
of li is the acceleration of the particle P in the original motion 
and is constant and is equal to a. That this is true may be shown 
by expressing the velocity of R (i.e,, F/j). For this purpose let 
UB measure the distance SR by the coordinate s taken from S 
as reference point, where /S is a point in the line DR and so 
situated that QS is perpendicular to DR, The magnitude of s 
is given by the equation s — F cos a. Hence, since Vn = ds/dt 
and w = doi/dtf 

Vn ~ cos a ~ F'w sin a 

Substituting the values of dV/di and F as given respectively 
by the equations 
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gives 


- 

di ~ 


a cos .a 


~ Yia =» a sin a* 


Vu = « cos® « + rt sin® a 
= a 


The velocity of It in the hodograph is therefore constant and 
has for its niagnituclo the uccoloration of tlio point P. 


Problems. — 1, Ily iiHinR tho vijlooity comi)one>its of R (Fig. 04) wliioh 
are ])iimllol and porpoiulioiilar to tho lino Vi, show that tho speed of R in 
tlio hodograph is w*r, 

2. By tho UHo of tho volooity ooinpononta of R (Fig. 04) which arc parallel 
and porpotulioiiliu’ to tlio lino QRy find tho speed of R. 

3. Find tho hodograph for tho falling motion of n small bead which is 
guided by a vorticial wire loop bont in tho form of « circular arc. DisrcgaiMl 
friction and assumo that tho bond starts from a position which is 46 deg. from 
the vorlieal. 
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4-13. The Instantaneous Acceleration Center. — In a previous 

sootion it was shown that any body 
in uniplanar motion has an instan- 
taneous center of rotation, about 
which the velocity of any point of 
tho body may be expressed. Tho 
magnitude of tho volooity of any 
point of tho body was shown to bo 
equal to tho product of the lino seg- 
ment joining tho point to tho instan- 
taneous oontor by tho common angular velocity. It is now 
proposed to sliow tliat an instantaneous center of acceleration 
exists witli wliloh tlio acceleration of any point may be expressed. 

liOt O (Fig. 00) bo any point of a body having uniplanar motion 
and lot .ti and yi bo tho coordinates of Q in tho reference system 
XOY, Tho point jP, with coordinates .r and y in the reference 
system, is any other point of tho body situated at a distance 
r from (?. Tho point G is to be tho origin of a moving system 
X' OY' whoso axes are always parallel to those of tho reference 
system. Lot y bo the angle between GP and GX', Then the 
ooordiiiatcB of P may bo expressed by the equations 


a; *= Xi -h r cos y 
= ?/i + r sin y 


(4-37) 
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Since r is of constant magnitude, a differentiation of these 
eqriations with respect to the time gives 

dx dxi 

_ = sin7 


dt 


dyi 

dt 


+ TO} COS 7 


(4-38) 


where is written for dy/dt. 

The position of the instantaneous velocity axis of rotation 
may be expressed analytically by using Eqs. (4-38) if we select P 
as the trace of this axis in the guide plane and then put the 
velocity of P equal to zero. Putting dx/dt and dy/dt of Eqs. 
(4-38) equal to zero gives 


da; I 
di 


r(i) sin 7 


dyi 

di 


— rw cos 7 


(4-39) 


The coordinates x and y of the instantaneous velocity center 
may now be expressed by solving Eqs. (4-39) for r cos 7 and ?' 
sin 7 and substituting the I’esulting expressions for r cos 7 
r sin 7 in Eqs, (4-37), which gives 


X 


1 

w dt 


, 1 dx\ 


(4-40) 


Those equations [Eqs. (4-40)] may be used for determining tho 
coordinates (.r and y) of the instantaneous velocity center. 

Since w [and also r of Eqs. (4-39)] is unknown, it is necessary to 
know the positions of the two points (aq yi, and x^yz, say) of tho 
body and their component velocities {dxi/dt, dyxjdl and dxi/dtf 
djfz/dt) in order to determine the coordinates of the instantaneous 
velocity center. With these data, in any given case, the unknown 
«■ may be eliminated by using Eqs. (4-40) together with similar 
equations containing .^ 3^2 and their derivatives. When tho 
instantaneous velocity center has been determined, the instan- 
taneous velocities of all other paints of the body may be deter- 
mined by the method described in a preceding chapter. 

Proceeding in a .similar manner we may now determine whether 
there is an instantaneous center of acceleration and, if it exists, 
we may determine its position. By using the coordinate rela- 
tions which are given by l<]q 8 . (4-37), tho second time derivatives 
of X and y give the component accelerations of P as follows J 
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cPx _ dH\ 
dt^ ~ dC^ 
d'^y ^ 
di"^ dt'^ 


doi . 

o)h' cos y — T 

do> 

wV sin y -\~ T 


(4-41) 


If P is to be a point with no accolorati«>ii> then d'^x/dH and 
d'^yfdt'^ must both be equal to zero. By ot^natinf? tlu^ ri|];li(.~luind 
members of Eqs. (4-41) to zero and then H^dviuK for r cos y and 
r sin y, the coordinates of P in the moving; sysiem, the following 
equations are obtained : 


r sin 7 


-j- 

~|- w® 


r cos 7 


(jf -h w" 


(4-42) 


in which'* .'Si, iji, and w are written for d^Xi/di'^, and 

do>/dt, respectively. But r cos 7 and r sin y are respoolively equal 
to x' and y', the coordinates of P in the moving system. Hence 
we have obtained a point P with definito coordinates which has 
no acceleration. There is therefore an acooloratiou center in 
the reference system. 

Let us designate the instantaneous a c coloration center by 
the letter L The coordinates of I in the reference system may 
now be expressed as follows; 


X 


~ Xi 


- ibyi 
W"* -f- CO® 


Z/ = J/1 d- 


co®£/i -|- co.ti 


co' 


.< .L" 


(4-43) 


These equations may be used for finding the coordinates x 

and y of tho instantaneous 
acceleration oontor for any instan- 
taneous poflition of tho body in 
uniplanar motion, provided that 
wo know tho coordinato.s aiul 
^ component aocoleratioim of at least 
Fig. 67 . points of the body. By sub- 

stituting tho coordinates {x\y\ and 
3 ^ 22 / 2 ) and the acceleration oomponents (dii, and ;l‘a, Z/a) 
of any two selected points of the body, tho unknown; 
quantities w and co may be eliminated and tho coorcUnatc,H of tlio 
instantaneous acceleration center dotermlMed. It is well to 
remember that co and co are the instantaneous angular velocity 
and acceleration, respectively, of the lino drawn from tho instan-' 
taneous center to any point of tho body. 
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In order to find expressions which are to give the acceleration 
of any point E (Fig. 67) of the body in terms of the distance of 
R from If it will be convenient to select the point 1 as origin of 
a reference system XI Y which is instantaneously at rest. The 
coordinate relations in the new system will be 


^ — r cos 7 f] ~ r sin 7 


where ^ and tj are the coordinates of 12 , r is the distance of U 
from If and 7 is the angle between r and IX. Since r is of con- 
stant length, the second time derivatives of these equations 
give 


^!l 


— cos 7 — 7 ’w sin 7 


d‘^1} 


” rw cos 7 “ ro)^ sin 7 


(4-44) 


If Jr is the resultant acceleration of R, then 

Substituting the right-hand members of Eqs. (4-44) for the 
component accelerations in this equation gives, after simpli- 
fication, 

Jr = rvVT^ (4-46) 

It is evident from this equation that the magnitude of the 
acceleration of any point R of the body is proportional to its 
distance from the instantaneous acceleration center, since the 
coefficient of r is common to all points of the body if the body is 
rigid. 

The direction of Jr is next to bo determined. For this pur- 
pose, Eqs. (4-44) together with the general expressions of the 
components of Jr [/r of Eq. (4-14) and Jy of Eq. (4-16)] may bo 
used to advantage. In the case under consideration, r is instan- 
taneously of fixed magnitude; hence the first and second deriva- 
tives of r with respect to the time are zero, The following 
magnitude relations then hold: 

Jr = ro)"^ Jy ~ 7'W 

If we now examine Eq, (4-44), we may see that both component 
accelerations d'^^/di^ and d'^r^/dt'^ could bo regarded as being 
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formed by the sum of the projections of Jr and Jy into the lines 
ZX and lY, 

Lot us designate the angle between Jr and f by 0 (Fig. 67). 
The direction of Jr may then be expressed as follows: 


tan 0 —~ 


Jr 


CO 

co’^ 

(4-40) 

From this expression it follows that 


CO^ , CO 

cos 0 = -^ sm 0 — ^ 

(4-47) 

in which for brevity B is written for -v/w* •+■ co^. 

The component 


accelerations of R along the reference axes may then be expressed 
in different forms by substituting in Eq. (4-4d) the values of 
w® and w given by Eqs, (4-47), which gives 

J^ — r cos {y — 0) J,, = '-B r sin (7 ~ 0) (4-48) 

Since Br is the acceleration Jr [see Eq. (4-46)], it is evident that 
the component accelerations along IX and lY could bo obtained 
by projecting Jr into the axes of reference by multiplying Ju 
by COB (7 ■— 0) and sin (7 — 0), respectively. Hence 7- — 0 is 
the angle which the acceleration of R makes with the X-axin 
as is apparent from Eig. 67. Assuming that 7 is measured in 
the standard positive sense, then d will bo drawn as shown in 
Fig. 67. If, however, w is negative, then (f will bo negative and 
J R will be on the other side of the line r. 

As a special case in this connection, suppose that tho angiihir 
acceleration of the body is zero. Tho angular velocity would, 
in this case, bo constant and J r would be equal to The angle 

$ would also be zero. The acceleration of any point of tho 
body would then be directed along the lino which conneots the 
point with the instantaneous acceleration center. 

The instantaneous acceleration center may be located by 
a graphical method when the positions and accelerations of any 
two points of the body are known. Given the two points A and 
B (Fig. 68) and their accelerations Ja and Jo, respectively. 
Suppose that the lines giving tho directions of Ja and Jn intorseefc 
in the point 0. Let I be the instantaneous acceleration center. 
The circle drawn through the three points A, 0, and B must pas.s 
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through 1. That this is true may be readily seen from the 
geometry of the relations, since the angle 0 between J a and A1 
must be equal to the angle between Jb and B1 as was shown 
above. 

To determine the particular position of 1 on the circle drawn 
through A, 0, and B, we have another relation to use. The 
ratio of AI to BI is equal to the ratio of to Jn [Eq. (4-46)}. 
The locus of the point which moves so that the ratio of its 
distances to A and B (AI/BI) is constant is a circle which 
may be readily drawn. If wo 
designate the ratio AljBl by n 
and the distance from A to i? by d, 
then it may be shown that the radius 
of this circle is equal to nd / (1 — n^) 
and that the center of the circle is 
situated at a distance equal to 
n^d/(l — n^) from A on the lino 
drawn through the points A and B. 

The center will be beyond A in the 
direction from B to A, if n is less 
than 1, The point of intersection of 
the two circles is the acceleration center for the particular instant 
under consideration. 

Since there is an instantaneous acceleration center, which 
is in general not fixed, there will bo a locus of such points in the 
reference system. This loous is called the fixed acceleration 
centrode. The locus of the instantaneous acceleration center 
in a movihg system attached to the body is the moving accelera- 
tion centrode. These centrodes are not to bo confused with the 
velocity centrodes. In the case of the velocity centrodes it was 
shown that, during the motion of the body, the moving centrode 
rolls upon the fixed centrode ii\ such a way that the instantaneous 
velocity center for any given position of the body is the pair of 
points, one from each centrode, which are instantaneously 
coincident. The velocity centrodes are tangent to each other 
at the point which is the instantaneous velocity center for that 
position. The instantaneous acceleration center is a point of 
intersection of the two acceleration centrodes. In general, there 
will be at least two points of intersection of the two acceleration 
centrodes and only one point of intersection can bo the instan- 
taneous acceleration center for that position. It is not difficult 
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to determine which point of intersection is the acceleration 
center. If w and w are known, then 0 [I'lq, (4-40)] may be used 
in the decision. If the accelerations of any two points of tlio 
body are known, then the correct selection may be nuuhi, sinco 
the ratio of the accelerations of any two points of the Ixaly is 
equal to the ratio of the corresponding distances of tlioso two 
points from the instantaneous acceleration center. 

Problems. — The solutions of the first two problems avo 
included below in order to serve as guides in solving i)roi)l{miH 
involving the iiustantaneous acceleration center. The stiulcnt 
should attempt to obtain the solutions without referring to the 
text. After a reasonable clTort the procedure given hero shouUl 
be consulted if the attempt was unsuccessful. The purpose of 

problem solving is to develop 
ability in tho successful appliciitioii 
of the principles and to assist iii 
the bettor understanding of tlio 
principles. 

1. P" ailing Diak . — A circular 
disk is rotating with constant 
angular velocity il about a hori- 
zontal axis and falls freely in a 
vertical lino with a linear acceleration of its center ocpial to g. 
Find the instantaneous acceleration center for any position. 

Wo may determine the position of tho instantaneous accelera- 
tion center by tho use of Eq. (4-43). For this purpose lot uh 
select tho two points Pi and P 2 in the positions shown in Fig. GO. 
Let tho roforonco system XOY be selected at an instant wlion 
tho origin 0 coincides with the center of tho disk and with axes 
horizontal and vertical. If tho radius of tlio disk is a, then 
coordinates of Pi and Pa are 

Xi ~ a, yi ~ 0, and rua = —a, yit ^ Q 
Tho acceleration components of Pi and Pa are 



Fiu. ot). 


(iJj = — and rSa = Hi =» —g 

Substituting tho values for tho coordinates and acceleration 
components in Eq. (4-43) gives tho following four equations: 

Pi: 

— ug o)^n uA 

X — a — ^ V = ' .T 

B ^ B 
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X ~ —a -f 


4" 


-}- CiA 
B 


(4-49) 


•where B is written for w** + and A for Eliminating 

6}/B and wV^ h’oin these equations and then solving for x and 
y, the coordinates of the instantaneous acceleration center, gives 


a: ~ 0 



This point is obviously located on the vertical line through 
the center of the disk and at a distance ~g/^^ below the center 
of the disk. 

The values of w and w® may also be found from Eqs. (4-49) 
and are 0 and respectively. These results might have been 
anticipated from the fact that any line of the body, and hence 
the line connecting Pi (or P 2 ) to the instantaneous center, has 
instantaneously the same angular velocity and angular accelera- 
tion that any other line of the body 
has about the instantaneously fixed 
axis. 

Since w is zero, then, and tan 
0 ^ co/to®, the angle 6 is also equal 
to zero and hence the instantaneous 
acceleration center lies at the point of 
intersection of the lines of accelera- 
tion of any two points of the body. 

2. Sliding Ladder , — Suppose that 
a ladder of length L slides down 
between a vertical wall and a hori- 
zontal floor in such a manner that, if 
a is the acute angle which the upper end of the ladder makes 
with the wall, the motion is subject to the relation a ~ K sin «. 
Eind the instantaneous acceleration center for any position of the 
ladder and also the acceleration centrodes. 

Let the reference system bo with OX the horizontal floor 
and OY the vertical wall. Let the terminal points of the ladder 
be Pi and Pa, as shown in Fig. 70. The motion of Pi will be 
along the OF-axis and that of P 2 will be along the OX-axis. 
In order to simplify the resulting expressions, we shall select Pi 
and Pa for the two points to be used in connection with Eqs. 
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(4-43) in determining the expressions for tho instanttmocmM 
acceleration center. 

The coordinates of Pi and Ps are xiyi and xiAh} rospoctivoly ; 
hence 

.'Cl = 0, yi = L cos a and X 2 = L sin ccj 2/a = 0 

The acceleration components of Pi and ttro 

Hii ~ 0, Hi ~ — L(d® cos a ~h cv sin «) 

Hi = 0, ^2 ~ P( — d® sin (X + ci cos «) (4-fiO) 

The value of d^ may be found from tho given relation 

a = K sin a (4~ni ) 

provided that we replace d by its equivalent expression d da/ da 
and then integrate the resulting equation. If wo put a ^ fi 
when d = 0 (initial conditions), we find 

d^ => 27f (cos d “ cos a) (4-52) 

Substituting the values of tho coordinates and accoloratum 
components of Pi and also the values of d® and a in .hlqs. (4>43) 
gives the following expressions for tho coordinatOB of tho aecolora- 
tion center: 

X == ^ ^- {2 cos /3 cos a — 2 cos® a + sin® a) 

2 / = L cos a — — 2 — (2 cos /3 cos « — 2 cos® « H- sin® «) (4-fi3) 

Two similar equations may be written by usin^pj the corrospond- 
ing data for P 2 : 

a: = Zv sin a H — '(3 sm cn cos « — 2 cos /? sm a) 

tt® L K, 

y _ — ^3 gin q; qqq o; — 2 cos /3 sin oi) (4-64) 

If we now eliminate w/P and w®/P from the fovtr equations of 
Eqs. (4-63) and (4-64), the resulting expressions are; 

^ _ P sin Qi (2 cos cos « - 2 cos® a -p sin® a) 

4 (cos jS — cos a)® + sin® a ' 

_ P sin® Of (3 cos a — 2 cos 0) 

4 (cos /9 — cos a)® + sin® a 


(4-66) 
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From these equations the coordinates of the instantaneous 
acceleration center may be found for any position of the ladder, 
provided that the initial angle j3 is known. 

The fixed acceleration centrode may be found by eliminating 
the angle a from Eqs. (4-55). It is easier, however, to obtain 
a graphical solution. Putting ft ~ 0 and using several values 
for a gives data for obtaining the fixed centrode. The dotted 
curve in Fig. 70 is the fixed centrode. 

The moving acceleration centrode is a circle drawn about 
the ladder P 1 P 2 as a diameter. The proof for this statement will 
be left to the student. 

Problems. — 1. A cylinder rolls down an inclined plane under the influence 
of gravity. Assuming that the acceleration of its center is kg sin a, where a 
is the angle which the plane makes with the horizontal, find the coordinates 
of the instantaneous acceleration center for any position of the cylinder. 

2. A circular disk is rotating with constant angular acceleration about a 
fixed horizontal axis. Find tlie position of the instantaneous acceleration 
center. 

3. A crank is rotating about a fixed axis with constant angular velocity. 
One end of a connecting rod is attached to the crank pin and the other is 
guided along a straight lino which passes through tlic axis of rotation of the 
crank. Find the instantaneous accoleration center for any position of the 
connecting rod. 

4. If tlio acceleration of a particle P is always directed toward a fixed 
point 0, show that the vector OP describes equal areas in equal intervals of 
time (Kepler). 

6, Two bodies A and /i are released at the same instant, li falls in a 
vertical line from rest, A lias an initial velocity V, tlui direction of which 
passes through the initial position of li and makes angle a with the hori- 
zontal line. Neglecting friction, prove that the two bodies will meet. 

6. A cord is unwound at a constant rate from a fixed circle. If kept tight 
constantly, find the velocity and the acceleration of its moving end. 

7. A particle is moving along a curved path. Its position in the path is 

given by a coord i mite s measured from some fixed point in the curve. The 
coordinato-tinio relation is s == 2i^ + i T 6' 1*4^4 the tangential 

acceleration when i = 4 sec. 

8. A particle is moving with constant accoleration along a straight lino. 
At a certain instant its speed is + 1,600 cm. per second and 1 min. Inter its 
speed is —1,600 cm. per second. Wliat is its acceleration? 

9. A particle has constant accoleration and moves in a straight lino. Its 
speed ia +1,000 cm. per second at a certain place, and +200 cm, farther on 
in the path its speed is 360 cm, per second. Find its acceleration , 

10. A particle is being whirled in a circular patli of constant radius %vith 
an angular nocelcration. By difioren tinting the equation F == w X r with 
respect to the time, find expressions for Jr and Jy, Is either of these com- 
ponents constant? 
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11, Assuming that the period of tho moon's motion nbout tlio onrth i» 
27.3 days and that its distance from the earth is 240,000 miles, fmd Ihc 
acceleration of the moon, 

12, A particle is moving along a straight line. Its i)osition is given by t!io 
vector equation r = d + ^ Si, 'ivhero r is the vector whicli defines llio 
position of tiie particle, d is a constant vector, a is a constant scalar, t is 
the time, and Si is a unit vector in tho lino of motion. Interpret the ci|ua» 
tion geometrically. Find tho velocity and tho aocuderation of tho particle. 

13, A projectile leaves tlio gun with a speed V. Provo that the angle 
which the direction of the velocity malccs with tho horizontal is 45 deg. for ii 
maximum horizontal range. (Neglect friction.) 

14, A golf ball is driven from a tee with a speed of 200 ft. j)or second, 
The initial velocity of tho ball inalcos an angle of 20 dog. with the liorizentjil. 
The ground slopes down from the tec at an angle of 6 dog. from tho hori- 
zontal plane. Find tho distance from tho too to tho point wliore tlic bull 
hits the ground, (Neglect friction and assume g = 32.2 ft. see.) 

16. A wlieol 4 ft. in diameter is rolling down an inclined piano which makcH 
an angle of 30 deg, with tho horizontal. Find tho acceleration of a ])artielit 
which is at the highest point on tho wheel 2 sec. after tho wheel commoiiiet'd 
to roll. 



CHAPTER V 


HARMONIC MOTION 

5-1, Definition of Simple Harmonic Motion. — In the preceding 
chapter we have developed the equations of motion for a number 
of cases in which the value of the acceleration was constant or 
was expressed as some simple function of a coordinate. Because 
of its relative importance, one such case has been reserved 
for special consideration. 

We find throughout the entire field of physics many arrange- 
ments in which bodies are so bound by elastic forces that, if a 
displacement is produced in some way or other, a vibratory 
motion follows. Forces of resistance, which are present, cause 
the initial endowment of energy to bo gradually converted into 
heat, except for a portion of the energy which may be radiated 
In some form or other. The vibrations or oscillations take 
place about the equilibrium position as a mean position. Such 
motions are to be found in a vibrating tuning fork, a simple 
pendulum, a mass hung by a light spring, and in others of a 
similar nature. 

The acceleration in such motions is not constant either in 
magnitude or in direction but changes in a cyclic manner as the 
motion progresses. The acceleration is expressible in terms of 
a coordinate, which measures the displacement of tho body 
from the equilibrium position, together with a constant that 
includes inertia factors and quantities involving tho elastic 
forces. The direction of tho acceleration is always toward tho 
equilibrium or rest ‘position. 

If we let a; be a coordinate which measures the displacement 
of a body from its rest position, and let 10 bo a constant, then 
the acceleration 7# in tho type of motion under consideration 
may be expressed as follows: 

J, « -K^xxt (5-1) 

where Xi is a unit vector in tho line of x, A motion in which 
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the acceleration may be expressed by the foregoing equation In 
called simple harmonic motion. 

As found in nature, such motions are nearly always accom- 
panied by resistance factors which sooner or later briap; tho 
motion to rest. As a preliminary study to these more important 
cases the resistance effects are to bo oxcliulod from present 
considerations but they will bo taken up at a more appropriiito 
place later. This procedure will make the study of these motioiiH 
less difficult. 

6-2. The Fundamental Equations in Simple Harmonic Motion. 
The simplest approach to the study of simple hunnonic motion in 
to be obtained from a consideration of tho projection of tho 

uniform motion of n particle, mov- 
ing in a circular path, upon a diuni- 
etor of the circle. Given tlio 
particle P (Fig. 71) which is mov- 
ing along tho ciroumforonco of a 
circle with constant linear speed V. 
We wish to prove that tho motion 
of tho projection of 7^, upon a (liain- 
cter of this circle, viz,, tho motion 
of Q, is simple harmonic motion. 
The radius r connecting P to the center of tho circle 0 will rotate 
with constant angular velocity w about 0] henoo V — wr. Tim 
speed of Q(7 q) will be tho projection of 7 upon the diameter A* 
along which Q moves. Hence the magnitude of F© is — 7 sin 7, 
where 7 is the angle which r makes with OX, and its dirootion will 
always be parallel to OX. Obviously Vq will bo negative if 7 Ugh 
between 0 and r and positive if 7 has a value greater than n* 
but less than 2iv, 

The acceleration of Q(7 q) may bo found by difforentiating 
the expression for the speed of Q. Since 7 is oomstant,, tills 
gives — w7 cos 7, where co is written for dyldt. But the magni- 
tude of 7 is tur; hence 

Jq = COS 7 



f oAr 

1 ... .x_ 

d| 

V ") 

! 


riQ. 71. 


Obviously this result could have been obtained by projecting 
the acceleration of P, the magnitude of which is — and 
whose direction is inward along r, on to the line of OX. 

The magnitude oi Jq changes with cos 7. It will bo a maxi- 
mum when 7 ~ 0 or tt, and a minimum for 7 =« ir/2 or 87r/2. 
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The direction of Jq will also depend upon the cos 7 , since w® 
and Y are always positive. 

If the distance of Q from 0 is designated by .t;, then the equation 
for this motion is typified by the following form : 


d'^x 

dl^ 


— cos 7 


= -KH 


(5-2) 


since sc = ?• cos 7 . This equation is a general expression and 
is the best and most concise definition of simple harmonic motion. 
The factor K is introduced here for the sake of generality although 
in the particular case it is equal to co. 

The equations for the velocity of the point Q in terms of 
X and for the displacement x in terms of the time may be obtained 
by integration of the general equation. The general solution of 
this type of differential equation is of the form 

X — A cos Kt -H B sin Kt (6-3) 


since the second time derivative of this equation yields 


+ B Bill Kt) 


whore A and B are constants of integration which may bo deter- 
mined in any particular case by the use of the initial conditions. 

If at the time < = 0, a; =» a;', and 7* = f/, where 7* is the 
speed of Q in the line OX, wo could evaluate A and B provided 
we had an equation expressing 7» ns a function of t. Such an 
equation is obtained by a differentiation of Eq. (6-3) which gives 

7* <= —AK sin Kt + BK cos Kl 

From this equation together with Eq, (6-3) and the initial 
conditions, we find that 

A => x' and ^ ~ ^ 

Hence 

X - x' cos Kt H- sin Kt (6-4) 

7» « -x'K sin Kt H- U cos Kt ( 6 - 6 ) 

Since the simple harmonic motion of Q may bo regarded as 
the projection of the uniform circular motion of some particle 
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P upon a diameter of the circle, it is eonvoiiient to use the circular 
motion of P to interpret some of the constants of lOqs. (5-4) and 
(6-5). For the time < = 0 we may write 70 for the particular 
value of the angle 7. Hence wo may put 

x' ~ V cos 7o 

from which it is seen that r not only is the radius of tiie circle but 
also is the amplitude of the motion of Q. The angle 7u is called 
the epoch anglo. 

The other constant B ^ U/K may also be expressed in torins 
of r, the amplitude of Q, and tlio epoch anglo, Since U is tho 
velocity of Q at tlie time i ~ 0, then 

U = —cor sin 70 (6-0) 

But w is equal to K] hence wo have 

U 

~ = -r sin 7o 

Substituting tho value of x’ and of U/K, as express. :l in terms 
of r and the epoch anglo 70) in Kq. (5-4) gives 

X “ r cos 7o cos Ki — r sin 70 sin Kt (6-7) 

r cos {Kt + 7o) (6-8) 

By making similar substitutions in lOq. (5-5), wo obtain 

« -rlC sin (Kt -b 70) (6-0) 

Tho angle {Ki 70) is called tho phase anglo. Equation (6-8) 
again reveals tho fact that x may vary from -|-r to —r. It is 
also to bo noticed that Kt (which is equal to ut) roprosonts tim 
anglo 7 through which r turns in tlio time t 
An equation which expresses y* as a function of x is noxt 
to bo obtained. This may bo found by eliminating t from ICqn. 
(6-8) and (5-9) or it may bo obtained by an integration of tho 
general equation [Eq. (5-2)] in which wo may substitute for 
dH/dl^ its alternative from y« dV^/dx. Making tliis substitu- 
tion gives 

= ~KH 

Integrating this equation and evaluating tho constant of inte- 
gration gives 


(r2 - a!«) 


(5-10) 
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This equation and Eqs. ( 6 - 8 ) and (5-9) are very useful in mathe- 
matical descriptions of simple harmonic motion. 

6-3. Geometrical Interpretation of the Fundamental Equa- 
tions, — It is important for the student in physics to learn to 
regard mathematical equations in physics as symbolic expressions 
for physical relations. There is always the tendency to look 
at such equations as mere algebraic expressions rather than to 
recognize in them a more important meaning. The habit of 
reading physical meaning into the equations where possible is 
one which affords a check upon the validity or accuracy of tho 
expressions. Errors in writing equations, especially in selecting 
incorrect signs for the quantities, are frequently avoided by 
keeping the physical picture constantly in mind. 

To illustrate the value of 
these statements, the material 
in the preceding section may be 
used to advantage. Consider 
Eq. ( 6 - 6 ) which expresses the 
velocity of Q at the position 
where 7 = 70 . It is evident 
that wr is the velocity of the 
point P in its circular path as 
shown in the diagram (Fig. .72) at Po. The projection of this 
velocity into the lino of OX gives the velocity U oi Q. But it is 
possible to overlook the fact that the sign of IJ must be negative. 
Hence wo see that 

U ^ '-oir sin 70 

and it is to be noticed that tho expression is correct for all possible 
values of 70 . 

Next lot us consider the geometrical meaning of Eq. (B-7) ; viz., 



X r cos Kt cos 70 ■- r sin Kt sin 70 


This equation shows that ,r, the coordinato of Q, is made up of 
two parts, whose difference is equal to . 1 ;. Since this is a scalar 
equation, each term of tho right-hand member must bo in the 
line of OX. Tho first term of tho right-hand member shows 
that r is projected twice, first into the lino of OP a by multiplying 
by cos Kt and then the resulting line (OR in tho diagram) is 
projected into the line of OX by multiplying by cos 70 , which 
finally gives 08. Similarly tho second term may bo shown to 
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be a projection of r, first into a lino porpondicular to nz,^ 
PR, and then this line is projected into OX givinp; QS. Obvimmly 

rr (or OQ) = OS - QS 

In a similar manner the significance of ] 0 (is. ( 0 - 8 ) and (5-9) 
may be made apparent. Thciso will be hift to the student uh 
well as the equation 

7* — —Kr (sin Kt cos 711 -h cos Kt sin 70 ) 

from which Eq. (5-9) was derived. I'lqnation (5-10) should also 
be examined for its geometrical moaning. 

6-4, An Illustration — the Simple Pendulum. — The Him])lo 
pendulum consists of a heavy bob suspended by a light wire from 
a rigid support. The component of the acceleration, duo to 
gravity {g), which is responsible for tho 
motion is — p sin a and is tangent to tI»o 
circular path (Fig. 78) of tho bob, whore 
a is tho angle of displacement of tho bob 
from its rest position. Tho dirootion of 
— g sin a is always toward 0, tho rosfc 
position. If tho amplitude of tho motion 
is small, sin a may bo roplacod by x/L, 
whei’G a: is tho displ acorn out in tho cir- 
cular path and is moaaurod from 0 , aiul L 
is tho "length" of tho simple ponduluin. 
The differential equation is therefore 



Hence for tho limitation imposed tho motion is simple harmonic. 
The other equations which describe tho motion, U)., those c(UTO- 
spending to Eqs, ( 6 - 8 ), (5-9), (5-10), may bo readily found from 
assigned initial conditions by the methods illustrated in Sec. 6-2, 
6 - 6 . The Period in Simple Harmonic Motion. — 'I'ho period of 
motion of tho kind under consideration is tho time rotiuircd fur 
an entire cycle of the motion to bo eomplotod. This is tho tiino 
required for Q (Fig. 71) to go from any given position back tu 
its starting point after having traversed the entire path of 
its oscillation. The period of tho motion may bo doterndnod by 
an examination of tho expressions for .r or 7«. For tho sake «f 
brevity let us assume that the epoch angle in these equations ia 
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equal to zero. Equations (5-5) and (6-7) contain either cos {Ki) 
or sin {Kt). Since both of these functions of Ki are periodic and 
contain the same angle {KI), we may determine the period of the 
motion by an examination of only one of them. 

The sin {Kt) will have the same value when Kt is increased 
by 27r or any integral multiple of 2^, i.e., 2x71. Hence 

sin Kt — sin {Kt -|- 2x77) 

It is obvious that 2x/JC is the increase of t necessary to effect 
a return of x or to the same value. Hence the period T of 
the motion will bo expressed by 

Q.V 

(5-12) 

This result could have been obtained by an examination of 
P’s motion in the circle (Fig. 71), since the period of the motion 
of P is identical with that of Q. The period of 7^’s motion is the 
time required for it to go once around the circle ; hence 



K 

since V = wr and co >= K. 

6-6. Circrilar Harmonic Motion, — The motion of the particle 
Q of See. 6-2 was confined to a straight line DX and may be 
described therefore more completely by the term translational 
simplo harmonic motion. Corresponding to the case of simple 
harmonic motion in translation, wo have in rotation an analogous 
motion in which the particle moves along a circular path with 
angular acceleration which is proportional to and oppositely 
directed to the angular displacement y, measured from the rest 
position. This condition is appropriately expressed in differ- 
ential form by the equation 

in which lO, as before, is the proportionality factor. It is to be 
noticed that the magnitude of lO is that of the angular accelera- 
tion at the position where the angle 7 is equal to 1 radian, 



16-7 


110 ANALYTIC AND VECTOR MECHANICS 

Motion of this sort is seen to exist in the torsional pondulum 
in which a disk is supported by a stiff spring steel wire bo that t lo 
rotation may take place about an axis coincident with that of ^ lo 
wire. The upper end of the wire is clamped to some urk 

support. ^ 1 1 . • 1 

The three equations which express the motion may be obtained 

by direct integration of Eq, (5-13). The solution of this ecpiation 

is of the form 

y C cos Kt -|- D sin Kl (5-ld) 

in which C and D are constants of integration. 

The expression for the angular velocity w may be obtained by 
differentiation of Eq, (6-14), which gives 

w = -CK sin Kt + DK cos Kl (5-15) 

The constants C and D may be evaluated by putting 7 — Yo and 
£0 = cuo at the time t - 0, which gives 

(7 = 7 o and Z) = 

Substituting these values in the foregoing equations gives 

7 = 7 o cos Kt 4 - Kt (5-15) 

w = —yoK sin Kt + wo cos ICt (5-17) 

The third equation of the motion, i.e., that which expressea 
the relation between 7 and w, may be obtained by eliminating tho 
time from the two equations already obtained or by replacing 
(Pyldi^ in Eq. (6-13) by its alternative form udw/dy and tbon 
integrating. Using the latter method gives 

^JOy (6-18) 

= O>o2 + K^(yo^ - 7 ') (5-10) 

where ^ is a constant of integration and is ovnluated by iiHing 
initial conditions. 

6-7. Compound Harmonic Motion — Periods Alike. — ^Many of 
the periodic motions encountered in various fiolds of physios, 
especially in the wave motions found in the study of mcchanioH, 
sound, light, and electricity, are not simple harmonio motion 
but are related to simple harmonic motion in that they may l>o 
expressed in terms of two or more simple harmonic motionn 
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combined in various ways. The study of wave motion par- 
ticularly is best approached by seeing just what sort of result is 
obtained when two linear simple harmonic motions are super- 
imposed. The directions of the two components may be parallel 
to each other or may make any angle with each other. By 
commencing with the simplest arrangements and then by making 
the combinations more general we may gain a better appreciation 
of the more complex periodic motions and their equivalent 
composition. 

A linear simple harmonic motion is completely described 
when the amplitude, period, epoch angle, and rest position are given 
together with the line along which the motion takes place. If 
two such motions are to be combined, we must specify all of these 
factors for each component in order to determine the resulting 
motion. It is not to bo inferred that the motion obtained from 


any or all arrangements will 
necessarily produce a simple 
harmonic motion. The develop- 
ments given below are selected to 
show what relations are necessary 
in order that linear harmonic mo- 
tion. may result from the combina- 
tion of two component harmonic 
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motions and also to show the conditions of combination which do 


not yield a resulting harmonic motion. 

The first case selected is one in which there are two component 
linear simple harmonic motions and in which the periods, rest 
positions, and lines of motion are alike but the amplitudes and 
epoch angles are diherent. In order to visualize the process of 
combination, lot us select a moving coordinate system XiOjFi 
(Fig. 74) and assign to it a simple harmonic motion subject to the 
given characteristics of one of the two given components. The 
system XiOiFi must always bo coplanar with the fixed reference 
system XOY and must move so that one of its lines, say the 
OiA'i-axis, shall bo coincident with the OX-axis of the fixed 
reference system. Since all points of the moving system will 
then have simple harmonic motion in the fixed reference eyatoin, 
wo may select the origin 0i to bo the particular point upon which 
attention is directed, and let it have simple harmonic motion 
about the point 0 as center. Let us now select another point P 
and assign to it a simple harmonic motion in the moving system 
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subject to the values of the second component and have it move 
along the line OiXi with Oi as center. The motion of P referred 
to the fixed reference system will then represent the confibinalioni 
of the motions of the two components. 

To determine the nature of this motion, we may first oxproi«J 
the coordinate rc of P in the reference syBiom in terms of n?i, the 
coordinate of Oi in the reference system, and .-ca tho coordinate 
of P in the moving system. Obviously 

^ = .'Ti + .rs (f)- 20 ) 

Using Eq. (6“8) as a type form, wo may express and .ra in 
terms of the amplitudes and epoch angles, which may bo called 
ri, fa and -yi) 72, respectively. Hence 

a; I = ri cos (ICl 4 * 71) ( 5 - 21 ) 

^2 = 7'2 cos {Kt "h 72) ( 5 - 22 ) 

in which %r/K is the common period of tho two motions. An 
expression for a: may now be obtained by adding o-'i and which 
gives 

a: =5 ri cos {Kt + 71) 4 - ^2 cos (Ki 4 - 72) ( 5 - 25 ) 

= ()'! COS 7i 4 - r2 cos 72) 00s Kt 

~~ (ri sin 7i -f- ra sin 72) sin Kt ( 5 - 24 ) 


In order to simplify this equation it is best first to dotoriiiirio 
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the moaning of tho right-hand 
member. This information 
may be obtained by using llio 
geomotrical relations given by 
tho auxiliary ciroulnr motions, 
Tho relations are shown in 
Tig. 76 . In tho reforonco ays- 
tem XOY, lot Pi and Pu move 
with constant angular speed K 


in ciroular paths whoso cen tors 
are both at 0 and whose radii are Vi and respeotivoly, Tho 
auxiliary points P 1 and P2 are shown in thoir positions for the time 
i ■= 0] hence 71 and 72 are the angles whioh ri and make, respoo- 
tively, with OX, ^ If we put t = 0 in Eq. ( 5 - 23 ), it is readily soon 
that X is the projection upon OX of tho diagonal OP of tho paral- 
lelogram formed upon ri and 7*2 as sides. The length of tho diag- 
onal is designated by the letter r in the liguro. 
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The angular velocities of Pi and Pa about 0 are the same, 
viz., K\ henco the angle between ri and ra will remain constant 
during the entire motion. The line r will therefore be constant 
in length and will rotate about 0 with ?'i and ra as though attached 
to them. If we write 70 for the angle which r makes with OX 
at the time t = 0 , it is obvious that 

r cos 7 o = ?’i cos 7 i 4- ra cos 72 (5-26) 

and is a constant, Similarly it is readily seen that 

r sin 7 o = ?’i sin 71 -p 7*2 sin 7 a (6-26) 

and is the projection of r upon OY. 

By substituting these expressions for r cos 70 and r sin 70 in 
Eq, (5-24) the desired expression for ^ may be obtained. Hence 

X — r cos 70 cos Kt ~ r sin 70 sin Kt 
= 7 ’ cos (Kt + 70 ) (5-27) 

This result expresses x, the coordinate giving the sum of the 
coordinates of the two component simple harmonic motions, in a 
form which shows that the combination gives a resulting motion 
which, under the imposed limitations, is also simple harmonic. 
Since .^ is the projection of P upon OX and P moves in a circular 
path of radius ?• with an angular velocity K, it is obvious from the 
geometrical relations alone that the motion given by Eq. (6-27) 
is simple harmonic. The period of this compound motion is 
2n/K, the same as that of the two components. 

A.S a general conclusion it may be seen that this result may be 
extended to include any number of components as long as their 
periods, rest positions, and lines of motion are the same. The 
ainpUtude of the motion of the resulting simple harmonic motion 
will be dependent upon the amplitudes and epoch angles of the 
several components. 

A further conclusion may bo drawn. Any simple harmonic 
motion may be regarded as made up of several component simple 
luirmonic motions, provided that the periods, rest positions, and 
lines of motion are the same as those of the given simple harmonic 
motion. The epoch angles and amplitudes of the components 
may bo selected in so far as the selected values satisfy equations 
similar to I'lqs. (5-25) and (5-26). 

Problems. — 1. XJnclcr what civciun stances would it bo possible to combine 
two linear harmonic motions having the same periods, linos of motion, and 
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centera so that the resulting motion would have an amplitude which would 
bo less than the amplitude of either component? 

2. Make diagrams indicating the geometrical relations shown by ISqe. 
(5-23) and (6-27). 

3. Express the velocity of the projection of point P (Fig. 76) In tonns of 
the velocities of the projections of Pi and P 2 , all of the projections being 
upon OX, 

4. If the rest positions of the two simple harmonic motions arc not 
coincident but the periods and lines of motion are the same, would tlio com- 
bination of these motions be simple harmonic? 

6. Find the amplitude of the harmonic motion which results from com- 
bining three simple harmonic motions having the same period (2ir//f «=> 10 
sec,) and the same line of motion but the amplitudes are 3, 4, 6 cm,, roapoc- 
tively. The phase difference between the first and second is 46 deg. iiml 
that between the second and third is 30 deg. 

6, Given a simple harmonic motion in which the displacement m oxpi'CHScd 
by the equation x — 5 cos (Kl •+• 30°). Find the two components which 
when combined will satisfy the given equation if the pliaso difforonco ia 
46 deg. and one of them hag an epoch angle of 46 dog. 

5-8. Combination of Simple Harmonic Motions — Periods 
Unlike. — The motion resulting from the combination of two 
simple harmonic motions having the same center and lino of 
motion, but with different periods, epoch angles, and amplitudes, 
is to be expressed and its meaning examined. The gcnoral 
procedure is similar to that used in the preceding section. 

The displacements along the line of motion, measured from 
the rest position, may be expressed as follows: 

Xi ~ Ti cos (Kit 4- 7i) ; ^'2 = r2 cos (Kzt -H 75) ( 6 - 28 ) 

in which the symbols are used as in Sec. 6-7 above and tho 
selection of subscripts serves to identify tho component to whicli 
the quantities belong. The resultant displacement ru of tho 
combination is 

X = Ti cos (Kit “h 7i) + Xi cos (Kit d- Ta) (6-29) 

Since the periods of the components are unlike, the lines 
and r 2 of the auxiliary motions will rotate at different angular 
velocities and hence the angle between them, which wo may 
call is not constant. The angle 0 gives the phase diiToronco 
between the two motions. It may be expressed in terms of tho 
epoch angles and the periods by the following equation: 

/3 — (Kit — Kit) (72 — 7i) ( 6 - 30 ) 

By means of this equation we may eliminate from Eq, (6-29) 
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either phase angle. Since it makes no difference in the inter- 
pretation of the final result which is eliminated, we may write 

K4 -h 72 = (3 + + 70 (6-31) 

and substitute this value in Eq. (5-29), which gives 

X ~ Ti cos {Kit -f- 70 + n cos {Kit -h 7i + /3) (6-32) 

Expanding this expression and rearranging terms gives 
X = (ri -h ra cos 0) cos {Kit + 70 “ 

ra sin 0 sin {Kit + 7O (6-33) 

In order to simplify this expression, we may use r to represent 
the diagonal of the parallelogram formed upon ri and ra as sides 
and express the angle between 77 and r by 70. We may therefore 
write 

ri + Ti cos 0 " r cos 70 ra sin 0 — r sin 70 (5-34) 

Introducing these expressions into Eq. (5-33) gives 

X ~ T cos 7 fl cos {Kit + 7 O ” sin 70 sin {Kit -[- 71 ) 

« r cos {Kit + 71 + 7o) (6-36) 

An examination of this equation shows that the resulting 
motion is not simple harmonic motion. In order for the motion 
to bo simple harmonic, it must satisfy the requirements expressed 
by the fundamental equation [Eq. (5-2)]. In the expression, 70 
is not a constant and hence its derivative will appear in the 
expression giving the acceleration dH/dt"^, Furthermore, ?• is not 
constant, for its magnitude is the length of the diagonal of the 
parallelogram formed on )’i and J’a with the variable angle 0 
between them, The shape of the parallelogram changes even 
though the lengths of the sides do not. 

Problems. — 1. Assign values to the amplitudes, povioda, and epoch angles 
for two simple harmonic motions and, using Eq. (6-29), make a plot of x 
as a function of the time. Is the motion periodic, and, if so, what is the 
period? 

2. Given two simple harmonic motions, one of which has a period that is 
twice tlio other, with the centers and lines of motion the same. Will the 
combination of the two bo periodic? Assuming that the amplitudes are 
alike, what will bo the resulting wave form (the curve giving tlie resultant 
displacement as a function of tho time) if their phase difference is 30 deg.? 
Determine also tho wave form for phase differences of 46, 60, and 90 deg. 

6-9. Combination of Two Simple Harmonic Motions at Right 
Angles — ^Periods Alike. — ^Tho motion of a particle is to bo 
investigated when obtained by combining two simple harmonic 
motions whose period and center are tho same but whose lines 
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of motion are at right angles to each other and whose amplitudes 
are, in general, unlike. The instantaneous displacements of tho 
particles and jp 2 , having the assigned simple harmonic motions, 
are to be combined vectorially. The chief interest in such a 
combination lies in the nature of the path of the point situated 
at the end of the vector resulting from the vector sum of tho 
displacements of the two components. In order to make the 
consideration one of general interest, a phase difference between 
the components is to be assigned. It will not be necessary to 
assume an epoch angle for each component. 

Given the reforonce system 
XOY (Fig. 76) with O the cen- 
ter of the component simple 
harmonic motions. Let 

x = r cos Kt 

y = s cos (Kt -h /3) (5-36) 

express the displacements of tho 
two perpendicular components 
along tho axes OX and 07, re- 
spectively, with the common 
period 2‘ir/K and with r and s the amplitudes. Let /3 be the epoch 
angle for the component along OY , and let the epoch angle for tho 
component OX be zero. 

The coordinates of the point P, whose path is to bo found, may 
be determined for any instant of time by a direct substitution 
of numerical values for the quantities in Eqs. (6-36) and from 
these values the path may be plotted. The character of tho 
curve may be determined by finding the analytical expression 
for X and y. Such an analytical expression may be obtained by 
eliminating the time, or Kt, from the given equations [Eqs. (6-36) j. 
To do this we may solve the first equation for cos Kt and sub- 
stitute its value in the second equation after it has been expanded 
in terms of the functions of single angles. The following stopa 
indicate the process: 

cos « - 
r 


y 

~ = cos Ki cos (8 - sin Ki sin ^ 
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Roarmnging the terms and squaring to remove the radical givos 

^ sin^ ^ (5-37) 

The nature of the curve represented by this equation is to bo 
investigated. The fact that it contains no first-degree terms 
shows that the center of the curve is at the origin. The form 
alone does not indicate whether it is an ellipse or a hyperbola- 
The curve must be confined within a rectangle having its ce liter 
at 0 and sides parallel to the axes and equal to 2r and 2s. This 
fact prohibits the curve from being a hyperbola. It must 
thcrofore be an ellipse. It is possible for the conditions to be such 
that the curve degenerates into a straight line. This case will 
be discussed below. 

An analytical proof that the curve under consideration is an 
ellipse is to be obtained. The presence of the term in xy indicates 
that the axes of the curve make some angle, say d, with the 
reference axis OX. From a well-known theorem in analytical 
geometry, if the equation has the general form 

Ax^ -f- 2/i xy “H jBy® — C 

the angle 0 may bo expressed in terms of the coefficients by the 
following equation: 

tan 20 = (5-38) 

Henoo for any particular case the angle 0 may be found. If 
now lilq. (5-37) is transformed to a new set of axes having tho 
same origin but inclined to the given axis by an angle 0, the term 
in xy will vanish. 

If the coefficients of and in the transformed equation arc 
designated by A' and /i', respectively, then by means of tho 
relations 

A' -k /i' *= A + R 

A'lr = AB - (6-39) 

the coeffioionts in tho new equation may be obtained. If tho 
coofFicionts of a:® and in tho now equation are both positive, 
Uio equation is an ellipse; if one of them is negative, the equation 
represents a hyperbola. The sign of the quantity A'B' is there- 
fore a criterion, From the equation for the curve under consider- 
Eition [li'lq. (5-37)] we may determine the sign of A'B' by using the 
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relation given by Eq. (5-39). Substituting the values of tlio 
coefficients gives 


A'B' 


J, cos^ ^ 

r2s2 


sin2 j3 


(5-40) 


which must always be positive and henco the equation is «n 
ellipse, as was shown above by other considerations. If dcJuiViMl, 
the equation for the ellipse referred to the new axes could lu’ 
determined but it would be a cumbersome equation to write uiul 
no particular advantage would accrue from an examination of U . 

Under the given conditions the resulting curve is an olUlM^i 
and therefore the motion resulting from the combination of Lho 
two component harmonic motions, which have the imposcrl 
limitations, is called elliptical harmonic motion. 

If the angle which denotes the phase difference between tho 
components is zero, then, by referring to tho diagram, it may Imi 
seen that the points P\ and P 2 will be at their extreme pOBitloiiH 
at the same instant and will move toward 0 at such rates thnt 
the point P must move along a diagonal of the rectangle. Tlmt 
this is true may be shown analytically by observing that uudrst 
this limitation the ratio of x/y will be constant and equal in 
magnitude to r/s [see Eqs. (6-36)]. 

Problems. — 1. Using the notation of tho preceding section, make a phtt 
which will show the curves for tho elliptical motion of a point when llif 
amplitudes of the components are r - 3 and s « 2 and when tho 
difference has the following values: 0, 30, 60, and 00 deg, Ifnd tho poBilittn 
for the axes of the ellipse in each case. 

2. Given two perpendicular simple harmonic motions with tho Himif 
period and center bub with different amplitudes and with a phase diffijvtun’i 
not zero. Express the path in polar coordinates, 

3. Under what conditions could the ellipse of tho proooding Kniili<»ri 
become a circle? 

4. How may the direction of motion of tho point around tho cllipHt* in 
elliptical harmonic motion be determined? 


6-10. Lissajous Curves.— A necessary limitation in olliptbui' 
harmonic motion is that the periods of the components iinml 1 h 
the same. If two perpendicular component simple hiimitniir 
motions have the same center but their amplitudes, epoch 
and periods are not alike, the path of the point which is hmru 
from the vector combination of the displacements of the tsvi: 
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components is usually complicated. The curves formed by such 
combinations were first studied by Lissajous and have received 
his name as a consequence. 

A rather simple apparatus for producing these curves experi- 
mentally with but little error is the “Blackburn’s’’ pendulum. 
The apparatus may be arranged as shown in the diagram (Fig. 
77), A rigid horizontal bar supports the heavy bob D by means 
of light wires AC and BC which are fastened to the bar at the 
points A and B. The wire CD is fastened to the wire ACB at C. 
The bob has a smooth vertical hole drilled in it so that some 
marking device such as a glass inking pen or soft-leaded pencil 
may slide in the hole with but little friction and thereby leave a 
trace of the motion upon a piece of paper 
placed horizontally below 

With this arrangement two simple har- 
monic motions at right angles to each other 
and with different periods may bo coinpound- 
cd. One component is obtained by allowing 
the bob to swing in the plane of the diagram. 

Its period will bo 2Tr'\/CD/g. Its amplitude 
may bo varied but, if made too large, the 
motion is not simple harmonic. The other 
component is perpendioular to the plane of 
the diagram and has a period equal to 
2TT'\/T)E/g, In addition to the fact that the 
motion of a pendulum is only approximately 
fliinplo luirmonio, as was shown in Sec. 6-4, there is a damping 
factor in the motion duo to unavoidable resistance. This resist- 
ance shows its effect in the slowly decreasing amplitudes of 
both components and in the fact that the quadrilateral which 
encloses the curve is a distorted rectangle. Even with these 
defects, which are not sorioua, the resulting curves are very good 
illustrative material for a study of this sort of motion. 

The curve shown in Fig. 78 was drawn by a compound pendu- 
lum similar to the one described. In making this curve the 
lengths of the pendulums wore 100 and 90 cm., which would make 
the periods 2.01 and 1.90 sec., respectively. 

From the curve itself it is not possible to determine the 
periods of the components. The ratio of the periods, however, 
may be found by a graphical method. This may be done in the 
following manner. Any two points on the curvo, such as iV and 
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Af, are to be selected. These must not be too far apart or 
difficulties will be encountered. The lines AB and CD, which 
are perpendicular to each other and parallel to the lines of tho 
component simple harmonic motions, are to bo drawn as shown 
in the diagram. The line AB represents the diameter of tho 
auxiliary circle (with center at Q) along which the point P moves 
subject to the characteristics of one component. Tho other lino 
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CD is the diameter of the auxiliary circle (with center at G) with 
the point R describing the motion of the second component. 
E and F are the points in the auxiliary circles whoso projeotioiiH 
upon AB and CD, respectively, are P and R. 

At the particular instant when the point describing tli<j 
Lissajous curve is at the point N, tho corresponding positioim 
of the points in the four other paths CD, DEC, AB, and ABB aro 
R,F, A, and A, respectively. While N is moving to M, R movfiH 
to C, F to C, A along AB to P, and A along tho arc of its circle I;»i 
E, The time interval required for each of the live displacomotits 
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is the sarao. Now, since the angular velocities of F and E are 
inversely proportional to the periods of the two components of 
the simple harmonic motions, the ratio of the angles CGF and 
AQE must also be the same as the inverse ratio of the periods. 
In the particular case these angles were found by measurement 
to be 121 and 128 dog., respectively. Their ratio is 0.96. The 
inverse ratio of the periods is likewise 0.96, which is a closer 
agreement than one woi,ild' expect, for the error in the measure- 
ment of the angles might very well be 1 or 2 per cent. 

If the ratio of the periods of the two components may be 
expressed as the ratio of two whole numbers, then the curve will 
be closed. If this ratio is assumed to be w/m, where n and m 
are prime to cfich other, then there will be n complete cycles of 
one component to m complete cycles of the other. For example, 
if the two periods arc 8 and 2 sec., then there will be one oscillation 
of the first to four of the second. 

Probleina,"!. Dotennino tUc (iliavfvtitor of the eurve made by combining 
two simplo liavmonic motions which are oxprcsaod by the equations x = r 
cos Ki and y — r cos 2Ki. 

2. Devise a graphical metliod for obtaining a Lisaajovis curve by using the 
auxiliary circular niotioiiB. 

6-11, Fourier Series. — A Fourier scries is a sum of sine and 
cosine terms whose amplitudes and periods are of such values 
that the scries accurately represents sonic periodic function. It 
was first shown by Fourier in 1822 that, if a periodic function is 
overywhero finito and continuous, or if not continuous at least 
has only finite discontinuities, and is single valued, the function 
could bo expressed in a series of sine and cosine terms. The terms 
were called harmonics because the series was used very largely in 
the study of sound waves and bocaiiso the froqucncios were such 
that the components were one, two, three, or more octavos above 
the fimdamental frequency of the wave being studied. 

Any function is periodic if all of its values reoccur when the 
variable is increased by some constant (the period) or some 
integral multiple of the constant. Kxpressed symbolically, if 

nP) -/(®) 

where n is any iiitogoi’ and P is a constant, then fix) is a periodio 
function and P is its period. For example, 
sin (. 1 ! -h 27r n) - sin a; 
hence sin x is a periodic function of a:. 
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The variable may bo a displacement, time, or the like. In 
the case of vibrating bodies wo are concerned with the variation 
of displacement with time. In dealing with stationary waves 
the amplitude of the wave is to bo expressed as a hinotitm of 
some coordinate. In either case, periodicity implies an exact 
repetition of a complete cycle at regular intervals of somo 
variable. 

If we had a number of tuning forks whoso frociiunicies could 
be expressed in terms of 7i, 2n, II?!, etc., and wo should strike 
them all at once, the resulting sound would hav(‘. a wave form 
which would bo periodic and which would depend ui)on the 
number of tuning forks, their amplitudes, and frequoncioH, and 
phase differences. The resulting wave form may be expressed 
in terms of a series of simple harmonic motions, provided that ilio 
characteristics of the components are known. Now when wo 
know the graphical form of a single period of a wave and know 
also its period and can express this wave form matluunatically as a 
function of the time or of the abscissa, we may then analyze thi'!! 
function by the method outlined by Fourier and dedermino the 
component harmonics. 

Fourier expressed the general equation in tlio following tornm: 

f{x) = .do + /li cos .t: + j42 cos 2;i; -H ‘ ‘ ‘ ~\- An cos n x 

+ J9i sin .-r -f- Ih «in 2.r + ' ' ’ + lin sin n x (f)-*!!) 

In which 


1 r“' 

“ 2;Jo * 

(5-42) 

1 


- - f{x) cos (wre) dx 

IT Jo 

(5-411) 



= “ f{x) sin ( 7 ^ 0 ;) dx 

(5-44) 


It will bo noted that the periods of the trigonometric torma 
are 27r, 27r/2, 27r/3, . . . %r/n. In order to apply this series U» 
any special case, the period of the given wave form must Im 
made equal to 27r, if the components or the tor ms of the sorloH 
are to be harmonics of the fundamental. This proHouts ik» 
difficulty, for it is merely a matter of selecting a suitable scjilft 
factor for the variable. 

To show how the constants are evaluated, a conoroto illustra- 
tion will bo used. Suppose the wave form consists of Iho 
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isoseoles triangle as shown in Fig. 79. The single triangle 
represents a complete cycle and is repeated at regular intervals. 
Now we must put a: == 2 t at the point C. For the sake of 
simplicity in the illustration, let the angles opposite the equal 
sides in the triangle be 45 deg. This assignment makes the 
attitude of the triangle equal to tt. From these relations it 
follows that from a; ” 0 to x ~ tt, J{x) = x, and from x = tt 
to X = 27r, f(x) ~ ~ X, 



Because the expression for /(.x) changes at the point x = tt, it 
will be necessary to replace the single integrals, used in the 
evaluation of the constants, by two integrals, one extending from 
0 to TT and the other from ir to 27r, each to be used with the 
corresponding value for /(x). The constants are determined 
by the following integrations : 



if’" 1 f®’" 

■&Jo + 2? J, * 

IL 

2 


if’" 1 

= - X cos wx dx “f -* I ( 27 r — x) cos nx dx 
irjo ttJt 


7r?i' 


(and n can only bo odd) 


1 1 

5,1 = - X sin nx dx + - I (27r ~ x) sin nx dx 
ttJo 7 rJ„ 


0 for all values of n 


If wo substitute these values for the coefficients in Eq, (6~41), 
the resulting equation is 
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/W = I - ~ (»-4r') 

in which ti may have only odd values of the iiite{^oi. 

It is instructive to determine how closely tho final equation 
represents the given function. This may bo done in an illuzni- 
nating fashion by plotting the terms and then adding the ordi- 
nates for several values of the abscissa and comparing the curve, 
drawn through these resulting summation points, with tho 
original wave form. In Fig. 80, the first throe terms aie plotted 
but the summation points for four terms arc indieal/od by tho 
circles. It is evident that the series is rapidly convergent and. 



if a sufficient number of terms is taken, tho function is accu- 
rately represented by the series. 


proWems. — 1. Dofcorniine tlie con«taiil.s for oxprc8.siiiK oiioh of tlio follow- 
ing functions in a Fourier series. 


1 

From . 1 ! ^ 0 to ."T ^ it 

From a; « TT to x t=i 

o. 

11 

§ 

/(.c) t-" ”7r/<l 

h. 

f{x) = X 1 

/(.^•) = .r 27r 

c. 

f{x) - ^/2 

Kx) - 0 


2, Plot tho first three terms of each of tlie sorios ol)taiuod in tho foregoing 
problem and compare tho summation curves with tho given functions. 

3. Draw curves whioh show tho following rolations in siinplo liarmonio 
motion : 

а. Acceleration as a function of disphicomont from tlie n)8t position. 

б. Acceleration as a function of time. 

0 , Speed as n function of diaplaccmont from tho rest position. 







6 - 11 ] 


HARMONIC MOTION 


126 


4, A particle moving with simple harmonic motion has speed of 20 and 
10 cm. per second when having displacements of 6 and 12 cm,, respectively. 
Mnd the period and amplitude of tlio motion, 

6, Find the maximum speed of a particle in simple harmonic motion if the 
amplitude is 2 ft. and the period 4 sec. 

6. If the period of a certain simple harmonic motion is 3 sec. and the 
amplitude is 25 cm,, find the time required for the particle to go from the 
rest position to a position at which the displacement is 15 cm, 



CHAPTER VI 
INERTIA AND MASS 


6-1, Foundations of Mechanics. — The present-day student of 
mechanics can only with considerable study appreoiato tlio 
darkness which enveloped the subject in the seventeenth century. 
Ideas and concepts, which are our common tools today, were 
then in a very nebulous stage. To become familiar with those 
early conceptions and to view the progress of their evolution, 
one should consult the historical literature. Prior to the seven- 
teenth century, contributions to mechanics dealt with the statica 
of solids and of fluids. The foundations of dynamics were laid 
by Galileo (1564-1642). Further contributions wore made by 
Huyghens (1629-1695). To these two men may bo given the 
credit for paving the way for the epoch-making formulations of 
Newton (1642-1726). 

Prior to the advent of Galileo, the Aristotelian idea of motion 
had been accepted for approximately two thousand years. 
Galileo quoted these doctrines and, it will bo remembered, 
openly demonstrated to an incredulous group of Aristotelian 
disciples, who had assembled before the famous loaning tower (jf 
Pisa, that bodies dropped from a height arrived at the ground in 
(very nearly) equal times rather than with time intervals whioh 
were, according to Aristotle, proportional to their weights. 
Encouraged by the success of his experiment, Galileo proceeded 
to discover how bodies fall. Unlike his pliilosophical prede- 
cessors who were interested mainly in the why of things, Galileo’s 
attitude was guided by a desire to obtain first an acourato 
description, the manner in which the phenomena occurred, an<l 
then to consider the probable reason for tlio oocurronco. This 
attitude, at that time now in the sciGivtifio world, was contiijuotl 
by the men who followed Galileo, with the result that science has 
achieved successes which would have been utterly impossible 
with the older attitude of Aristotlo. Progress in the search for 
the truth concerning the nature of things is more rapid when the 
experimental method of Galileo is combined with the philo- 
sophical attitude of Aristotle, 
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Galileo’s introduction of the inclined plane as a means of 
"diluting” gravity clearly shows his ingenuity. By having 
at his command motion in which the acceleration was sufficiently 
small to permit reasonably accurate observations, Galileo was 
able to give the world a new concept — acceleration — and at 
the same time to establish the fact that bodies, near the earth’s 
surface, fall with constant acceleration (neglecting friction). 
From this work, then, resulted two of the equations which 
describe the motion of a particle moving from rest with constant 
acceleration. In terms of the symbols familiar to us, these 
equations may bo written as follows: 

V ~ at 6 = I 

Further experimentation with inclined planes led Galileo 
to observe that, if a body falls down an inclined plane through 
a definite vertical height, it would be able to return to approxi- 
mately the same height by moans of a second inclined plane 
regardless of the angles of inclination of the planes. Ho also saw 
that a body, in falling through a certain vertical height (on an 
inclined plane), would acquire the same velocity as any other 
body falling the same vertical height. 

More important, perhaps, than those results was the obser- 
vation which he made concerning motion without acceleration. 
Measurements were made upon the horizontal motion of bodies 
moving with velocities acquired by falling down an inclined 
piano, As a conclusion from those observations, Galileo wroto 
in liis "Discourses,” “but in the horizontal plane Oil its [tho 
moving body’s] equable motion, according to its velocity as 
acquired in tho descent from A to B, will be continued ad 
infmilum” In this statement wo find tho nucleus of tho concept 
inerlia. 

Other important contributions to mechanics by Galileo wero 
the parallelogram of velocities, which led to a clearer idea of 
motion of projectiles, the possible use ()f a pendulum for time 
measurement, and tho conception of force as the time rate of 
momentum. 

Huyghens took up the study of mechanics where Galileo left 
off. Ho undoubtedly had a better idea of the concept inertia 
than did Galileo. Tho following quotation from the “Horologium 
Osoillatorium” (1673) clearly indicates his understanding of 
inertia, “If gravity did not exist, nor the atmosphere obstruct 
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the motions of bodies, a body would kcop up forever the motion 
once impressed upon it, with equable velocity, in a straight 
line.” Huyghens determined the length of the Hoconds pendu- 
lum, discovered the center of oscillation, invented the pendulum 
clock, and obtained a fairly accurate valuo (32.10 ft. per second 
squared) of g. Ho derived the third equation (F“ “ 2 (in) of 
motion for a particle moving from rest with constant a(U!(5l(U'iUioii, 
studied the uniform motion of a particle in a circular i)atli, and 
shared with two other “geometers” the honor of establishing tho 
principle of tho conservation of momentum. Apparently noitlun* 
Huyghens nor Galileo understood tho distinction to bo nindn 
between mass and weight. It remainod for Sir Isaac Newton to 
straighten out this tangle, and otherwise to remdor invaluahln 
assistance to the progress of science by his clear ouunoiallon 
of several fundamentally important concepts and by a careful 
formulation of the so-called “laws of motion.” 

6-2, Newton’s Contributions. — A groat deal of credit is dun 
Newton for tho wonderfully clear and accurate oxproH.sionH of thn 
principles which to this day form tho basis of tho formal develop- 
ment of mechanics and for tho idea of universal gravitation ami 
its concise formulation. Nowton also gave us a number of 
definitions of fundamental quantities expressed in exquisitely 
clear language. 

It was ho who was able to gonoralizo from ourront views and to 
consolidate these ideas into concise principles and concoplw. 
In order to do this, it was necessary for him to invent new 
mathematical processes, particularly tho “in verso method of 
fluxions” or infinitesimal calculus, as wo call it fcodfvy. HIh 
own statement concerning his work (1714) is quoted hero to givo 
tho student some idea of tho volume and oharactor of the work 
which ho accomplished in a two-year period. 

In tho beginning of tho year 1006 1 found tho mothotl of approxiinaling 
Series and the Rule for deduoing any dignity of any Binomial into HiKili. 
a Series, The same year in May I found tho method of tivngcnls of 
Gregory and Slusius, and in November had tho direct method of flux- 
ions, and in tho next year in January had tlio Theory of Colours, mwl 
in May following I had in trance into yo inverse method of fluxiouH. 
And the same year I began to think of gravity extending to yo orl) (uf 
tho Moon, and having found out how to estimate tho force with which 
[al globe revolving within a sphere presses tho surface of tho sphere, 
from Kepler’s Rule of the periodical times of tho I’laueta being in a 
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eesquialtemto proportion of their distances from the centre of their 
Orbs, I deduced that the forces which keep the Planets in their Orbs 
must [be] reciprocally as the squares of their distances from the centres 
about which they revolve: and thereby compared the force requisite 
to keep the Moon in her Orb with the force of gravity at the surface of 
the eartli, and found tlicm answer pretty well. All tliis was in the two 
plague years of 1065 and 1000, for in those days I was in the prime of 
my age for invention, and minded Mathematioks and Philosophy more 
than at any time sincc.^ 

The three laws of motion as given in the '‘Axiomata sive 
Leges Motus” are as follows: 

Law I. ]3vci’y body continues in its state of rest or of uniform 
motion in a straight line, except in so far as it may be compelled 
by impressed forces to change that state. 

Law II. Change of motion is proportional to the impressed 
force and takes place in the direction of the straight lino in which 
the force acts. 

Law III. To every action there is always an equal and 
contrary reaction; or, the mutual actions of any two bodies are 
always equal and oppositely directed. 

Some of Newton’s definitions as given in “ Philosophiae 
Naturalis Principia Mathomatica” (1686) together with a few of 
his comments are given below: 

Definition 1. Quantity of matter is the measure of it arising from 
its density and bulk conjointly. 

This quantity of matter is, in what follows, sometimes called the. 
body, or mass. It is known for each body by means of its weight; for 
it has been found, by very aocurato experiments with pendulums, to 
bo proportional to the weight. 

Dofinition 2. The quantity of motion of a body is the measure of 
it, arising from its velocity and flio quantity of matter conjointly. 

Definition 3. The innate force of matter is its power of resisting, 
wliorcliy every body, so far ns depends on itself, perseveres in its state, 
either of rest, or of uniform motion in a straight lino. 

This is always proportional to the body and differs in no respect frorq 
the inertia of the mass, except in the manner of viewing it. To the 
inertia of matter is duo the diflioulty of disturbing bodies from their 
state of rest or motion; on which account the innate force may bo called 
by the very suggestive name, force of inertia. 

* Buckley, "A Short History of Physics,” p. 88. 
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Definition 4. An impressed force is an notion exerted on a body, 
tending to change its state either of rest or of uniform motion in a 
straight lino, 

6-3, Inertia. — Wo cannot, at the present time at least, ofTer 
any bettor dolinition of inertia than Unit given by Newton in liw 
third dolinition or as described in his first law of motion. Some 
familiar illustrations of this important property of bodies 
may servo to clarify this concept. 

It is a common observation that a heavily loaded automobile 
is not so readily brouglit up to a given speed us when empty, (jven 
though tho cemditions are otherwise alike. The greater inertia 
of the loaded automobile is perhaps more notieoablo when it is 
desired to bring it to a stop. 

Throiigk our experiences with objects which have difTeront 
amounts of inertia wo have learned that it is not easy, for example, 
to stop a rapidly rolling barrel which is filled with cast iron 
thougli wo would not hesitate to make the attempt with an 
empty barrel. 

The hydraulic ram gives us a splendid illustration of a praclicul 
use of the inertia of a relatively largo amount of moving water to 
lift a Inuch smaller quantity to a desired position. 

Inertia effects are as important when bodies are in rotational 
motion as when they are in translation. Tim flywheel of an 
engine, when in rotation, tends to continue in rotation. Use is 
made of this fact to produce a steadier motion than would bo 
obtainable without it. 

Another common effect of the property of inertia is to bo found 
in tho phenomena of directional changes in tho motions of 
bodies. According to Newton “every body continues in its 
state ... of uniform motion in a straight lino” unless aeied 
upon by external forces so applied to the body that tlie diroelimi 
of motion may bo changed. Forces whoso directions are 
perpendicular to tho resultant velocity are needed to ohang(! tlui 
direction of motion of a body. This inertial tendonoy of a 
body to continue in a straiglit lino is common observation. Tim 
occasional skidding of an automobile when attempting to round 
a corner, tho tangential flying of mud or water from a rotating 
wheel, and other similar phenomena are illustrations of inortiiL 

6-4, Mass, — Inertia is a qualitative property of matter. 
This property has boon made quantitative in mass. Mass may 
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proporly be defined as the measure of inertia. The relative 
masses of two bodies may be determined by comparing, in some 
way, their inertias. There are several ways in which this may 
bo done. 

One of the simplest pieces of apparatus which has been designed 
for comparing the relative masses of two bodies consists of a 
horizontal rod, or guide, upon which the masses may slide with 
negligible friction. A suitable spring may be placed between the 
two masses and held in a compressed state by a light cord which 
is to be tied to each of the two masses. When the string is cut 
the two masses, initially at rest, are acted upon by the spring 
which forces them apart. The force of the spring is variable, 
decreasing as the masses move apart. The spring will exert 
instantaneously equal, but oppositely directed, forces upon 
the two masses and will act upon both masses for the same length 
of time. An attachment is provided by means of which it is 
possible to measure the velocity of each mass at the instant at 
which the force of the spring becomes zero. 

The results of experiments performed with apparatus of this 
sort indicate very clearly that, when two masses of equal weights 
are used, the velocities given to tho two masses are equal (within 
the limits of oxporimontal error) and, when masses of unequal 
weights are used, tho velocities produced are unequal with the 
lighter body roceiving tho greater velocity. 

With tho apparatus arranged as described, a means is provided 
for comparing tho inertias of two given bodies by measuring tho 
velocities produced. Wo may use tho experimental relation 
ns a means for a quantitative evaluation of the mass of a body. 
The first stop would bo to select some particular body as a 
standard of mass (such as the standard kilogram or pound), and 
then to adopt tho statement that tho masses of two bodies are 
inversely proportional to the velocities produced in the inertia 
apparatus. If mi and Wa represent the masses of the two bodies 
and and Fa tu’O tho velocities produced, then the equation 

TT T/ '^1 ^2 

miFi = -maKa or — = - 

would servo to express this conception in terms of the symbols 
used. 

For purposes of establishing a logical foundation for the concept 
of mass as a measure of inertia, the foregoing procedure is entirely 
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Batisfaotory but in practice the evaluation of mass by the process 
of weighing is experimentally easier to perform and is much more 
accurate. The validity of using the weighing process in place 
of the other more fundamental procedure has been repeatedly 
established by the fact that the two processes yield results which 
are identical within the limits of experimental error. 

Unfortunately, some confusion has arisen in the minds of 
students over the distinction between mass and weight because 
the process of weighing is used for determining mass. The two 
quantities mass and weight are fundamentally very dilTorent, 
mass being a measure of inertia which is independent of the 
earth’s attraction and weight is a griivitational force which 
changes from place to place, although on the earth’s surface the 
change is not large. The units in which those two quantities 
are expressed are dimensionally unlike. Mass may bo expressed 
in grams or pounds, while, in the corresponding systems of units, 
weights are given as gram centimeters per second squared or 
pounds feet per second squared, respectively. The weight units 
are combinations of a mass unit and an acceleration unit. 

6-5. Mass a Function of Speed. — For a long time it was 
supposed that the mass of a partioular body depended solely upon 
the “ amount of matter” of which the body is composed. Mov- 
ing the body to some remote corner of cosmic space was thought to 
have no effect upon the amount of its mass. Probably the posi- 
tion of the body does not affect its mass, but while being moved 
to some other place it does possess a different mass. That there 
is an Inoroaso in mass of a body when that body is in motion is a 
result of modern physics. 

Sir J. J. Thomson first showed that boeaiiso of the probable 
olootro magnetic nature of matter one should expect an inoroaso 
of its mass with speed, especially if the speed is largo. His 
hypothesis was later confirmed by experimental moaauromonts of 
the ratio of the electric charge to a mass of an olectron. Those 
tests were made indopendontly by Kaufman and Bucher or who 
exporimontod with high-speed olootro ns ejected from radioactive 
substances. As a development from the principle of relativity, 
it was shown that a measurable increase of mass was to bo 
oxpoctod under conditions of high speeds. The quantitative 
formulation of this relation is 
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where m is the mass of the body when in motion, Wo is the “rest" 
mass, V the speed of the bqdy, and c the speed of light. This 
expression is somewhat different from the one deduced by Thomp- 
son who used an electromagnetic hypothesis. 

Since the speed of light is very large, m will be nearly equal to 
trio for nil ordinary velocities. It is only for speeds that are more 
than 0110 -tenth of that of light that the correction need be made 
for ordinary accuracies. When = 0.1 c, the increase in the 
mass is about one-half of 1 per cent. 

As a consequence of this relation, the speed of light becomes a 
limiting barrier beyond which the speeds of a material body may 
not pass. 

6-6. Moment of Mass. — For certain conveniences which will 
be apparent in a later section it is advisable to introduce at this 
point the physical quantity moment of mass. This quantity 
is defined as the product of a mass by a distance. If a certain 
mesa ni bo regarded as concentrated at a point which is at a 
distance L from an arbitrary reference point, then mL is the 
moment of that mass with reference to the selected point. A 
particle may be regarded as having a moment with reference to 
a given fixed lino or plane and its value in these two oases would 
bo mLf as before, if L is the distance of the particle from the lino 
or tlio plane. 

If the collective moment of several masses, each regarded as 
concentrated at a definite point, is desired, the magnitude of the 
moment of the group of particles is found by merely effecting an 
algebraic sum of the individual moments. Moment of mass is a 
scalar quantity. The algebraic sign to bo used with a particular 
moment is entirely dependent upon the sign of L, the distance 
factor. In general, then 

Mh = MiL/i “b wiai'a 4" wigLa -j- * * * (6-2) 

where M is sum of the masses and L is the distance from the 
reference lino or plane to the point at which the total mass M 
may bo regarded as being concentrated, and Z/i, L^, L^, etc., 
are the distances of the particles mi, mg, m%, etc., respeotively, 
from the same reference lino or plane. 

6-7. Center of Mass and Centroid. — ^Tho center of mass of a 
system of particles may bo defined as that point at which the 
total mass may bo regarded as being concentrated in order that 
the moments of the total mass with reference to the three planes 
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of a reference system may be equal, respect ivoly, to the sums of 
the mass moments of the individual particles with respect to 
the same reference planes. The convenience of the center of 
mass is particularly noticeable in the description of the motion of 
a body or group of bodies under the influence of applied extonml 
forces. Center of mass is a very important conception, as will 
be prominently revealed in the work below. 

There are occasions when it is convenient to determine that 
point in a massless line, surface, or volume which corresponds to 
the center of mass. This point is called the centroid of the 
particular configuration. The centroid of a geometric volume 
is that point which would coincide with the center of mass if the 
given volume were filled with some material of uniform density* 
The centroid of a surface is the point which would coincide with 
the center of mass of a thin homogeneous sheet, bent if necessary 
to fit the given surface, when the thickness of the sheet is made 
to approach zero as a limiting value. A similar definition could 
be written for the centroid of a line. 

The method of determining the center of mass for a given 
distribution of particles consists in finding the coordinates of 
the center of mass by calculating the moment of the group of 
mass points with reference to each of the three planes of a given 
reference system. Dividing each of the sums of the moments of 
mass thus found by the total mass gives the desired coordinates 
of the center of mass. The process is made obvious by a con- 
sideration of the three following equations; 


= mxX\ 4- m 2 .r 2 4* 4 - • • « 

Af# = miyx -k m2?/2 *f m^yz 4- • « • 

Mz = miZi 4- miZi + m^Zz + ‘ • (0-3) 

where miniima, etc., are the masses of the particles XiyiZi, x^y^Zz,, 
and xzViZa coordinates respectively of the particles, M the total 
mass and x, y, z, the coordinates of the center of mass of tho 
system of particles. 

Hence the coordinates of the center of mass are given by tho 
equations 


X ~ 


nvS 




M 


z = 


J^miZi 

M 


(6-4) 


In general, however, the individual mass points will not bo 
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separated but will be the constituent differential mass elements 
of which the body is composed. We must, therefore, replace the 
summation expressions of Eq. (6-4) by integrals which are written 
as follows: 


the integrations boing taken over the entire mass M. The cen- 
troid for volumes, surfaces, and lines may be determined by 
equations similar to those of Eq. (6-5) except that volumes, 
surfaces, and lengths are introduced in place of the corresponding 
masses. 

The particular reference system selected will not affect the 
position of the center of mass in the body but discretion in its 
selection may make the details of the integration process easier. 
When the shapo of a body of uniform density is such that the 
entire body may bo regarded as being made up of pairs of equal 
mass particles so situated that a certain plane bisects perpen- 
dicularly the lines joining the particles of each pair, then such a 
plane is called a plana of symmetry and must contain the center 
of mass of the body. Suppose the YZ plane of a selected refer- 
ence system wore such a plane of symmetry; then the integral 
/a: dm taken over the entire body must be equal to zero and 
hence a) = 0. In this case the integral consists of a sum of 
self-canceling pairs of mass moments. Usually planes of sym- 
metry may be found by inspection. If the nature of the body 
is such that there are two planes of symmetry, then the center 
of mass must lio in tho lino of intersection of these two planes. 
In determining tho center of mass of a given body or configura- 
tion of bodies, therefore, it is advantageous to select a reference 
system so that ono or two, if possible, of tho reference planes may 
become planes of symmetry. For example, in determining tho 
center of mass of a right circular cone of uniform density, it is 
to be observed that, if tho roforenco system is bo selected that 
tho .r-axis coincides with tho geometrical axis of the cone, then 
tho XY and the ZX planes are planes of symmetry; hence tho 
center of mass of tho oono must lio on the X-axis. 

After a reference system has been selected, the next consider- 
ation to rocoivo attention should bo the selection of a convenient 
mass elcmont. It is not always necessary to use a mass element 
of which all three dimensions are of differential magnitude. In 
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some cases the differential mass may bo of a rodliko shape with 
one dimension of finite length. In other cases it may bo a thin 
section, sheetlike, of differential thickness. In all oases, however, 
all parts of the differential mnss must be at equal di stances from 
the reference plane from which the particular coordinate is 
measured. If the differential mass has three differential dimen- 
sions, then each mass integral is to bo converted to a triple 
volume integral; viz.f 

— J J Jp X dx dy dz 

with the limits of the integrations to bo determined by tho 
nature of the configuration and the rcforonco system. Ily an 
appropriate selection of the differential mass, then, one or two 
steps in the integration may be avoided in certain special cases. 

In the case of the right circular homogeneous cone the differ- 
ential mass may be a thin section taken porpondicular to tho axis 
of tho cone. This selection gives a differential mass having 
only one differential dimension and hence the evaluation of tho 
mass integral is reduced to a single integration. 

To find the center of mass of a given body or groiq) of bodies 
it is wise, therefore, to look first for planes of symmetry, next for a 
suitable reference system, and finally for a convenient differential 
mass. Simplicity in work of this charactor is obtaino<l by skill 
in planning tho procedure. 

A number of problems are given in the section below to 
illustrate tho details of tho process for determining tho center 
of mass of typical oases. 

6-8. Determination of the Center of Mass-Problems. — 
1. Find tho center of mass of a straight rod of longtli L having 
uniform cross-sectional area. Tho density of the rod is to vary 
uniformly from zero at one end to a value K at the other. 

Since tho rod has a uniform cross section, there are two planes 
of symmetry, and these planes are perpend icular to eaclv other 
and intersect in the axis of the rod. Tho center of mass of tho 
rod must therefore lie in tho axis of tho rod. Tho reference 
system may bo taken with tho YZ plane perpendicular to the 
rod, the X-axis being coincident with the axis of tho rod and tho 
origin at one end of the rod, say tho end with tho zero density. 
By this selection two coordinates of tho center of mass, H and 2, 
are then known to be equal to zero. For the differential mass 
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wc may select a thin, section perpendicular to the axis of the rod 
and of thickness dx. 

Tho density p of the rod at any point, which is at a distance x 
from the end of the rod having the zero density, is p = KxjL, 
Since tho density varies uniformly from one end to the other, we 
may obtain the total mass M of the rod by multiplying the 
average density (/C/2) by the volume, which gives M = K A L/2 
if A is the cross-sectional area. The differential mass may now 
be expressed in terms of the symbols as follows; 

dm ~ K A 

Using these values with the first equation of Eqs. (6-5) gives: 

$ = ~ ^ X -dm ~ "^4 f 
M Jm ml Jo 

— |L 

2. Find tho center of mass of a thin plane uniform sheet of 
metal which is in the form of the 
right-anglo triangle having sides 3, 

4, and 6 cm. 

Thoro is only one plane of sym- 
inotry in this case and it is midway 
betwcon tho faces of tho sheet. 

Tire contor of mass must bo in this 
plane; hence wo need to integrate 
expressions for two coordinates 
only. If we select a reference 
system so that tho axes OX 
and OY form two sides of the 
triangle ns shown in Fig. 81, then 2 = 0. 

It is convenient here to put the differential mass dm = dx dy p t 
in which p is the density and t is tho thickness of tho sheet. Tho 
total mass M of tho sheet is thoroforo 6p/ It is to be noticed 
ill tho details of the integration as given below that each integral 
becomes a double integral. In the expression for .'r wo integrate 
first with respect to dx, while dy is treated as a constant. Geo- 
metrically this integration gives the moment of the area of a 
strip of width dy and of a length which depends upon the position 
of the strip and hence upon y. The upper limit of the vaiiable 
X is determined by the slope of the hypotenuse of the triangle, 
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Since the equation of the hypotenuse is 4a; » 12 — 3j/, then the 
upper limit to bo used for x is 

X K12 “ Sy) 

The second stop consists of an integration with respect to I lie 
variable y. This process, in reality, dctormiiwjH the sum of l lir 
moments of an infinite number of strips parallel to OX willi 
respect to the YZ plane. The coordinates and y of the eiuiler 
of mass are obtained by integration ns shown in the following 
steps: 


II 

® “ sr i/ 


“ M i r*' 

12 -3i/ 

i2:-j» 


“ B J„ Jo V -fa dv 


= flXis J/*^ “ 

= 1 

« -J 

3. Find the center of mass 
pyramid having a square base. 

of a solid homogeneoUH 


Let the altitude of the pyramid bo h, oaoh edge of the base h, 
and lot the density bo designated by p, Boeause there are tw<i 
planes of symmetry perpendicular to oaoh other, which intersect 
in the axis of the pyramid, the center of mass must lie in the axis. 
The reference system may bo aolooted with the YZ plane par/dhd 
to and containing the base of the pyramid and with the X-nxia 
coinciding with the axis of the pyramid. The .C coordinate of tlie 
center of mass is all that remains to bo found. 

If we now select ns a differential mass a thin sootion of the 
pyramid perpendicular to the X-axis, then 

dm « p (/t xy ™ 

/r 

since the section is a square with oaoh edge equal to (h x)h/fi 
and of thickness dx. 

The mass M of the pyramid may bo found by direct integration 
of the expression 

M « 
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Hence we may write 



— x)Hx 

h 

4 


Problems. — 1. Find the center of mass of a syatom of three particles, 16,. 
20, and 6 g, The particles are in a straight lino with spacing distances of 
10 and 26 cm, between the first and second and between the second and third, 
respectively. 

2. Knd the center of mass of the system of particles, 2, 3, 4, and 6 g., one 
placed at each of the coriiors of a 10-cm, square in the ordor given. 

3. Find the center of mass of the system of eight particles, 1, 2, 3, 4, 5, 0, 
7, and 8 g., one placed at each corner of a cube 10 cm. on each edge, in 
such a manner that, when the ciibo is placed .with sides horizontal and 
vertical, the upper face contains the first four masses placed cyclically in 
numerical sequenco and the lower face contains the other four masses with 
the 6-g. mass below the 1 g., the 0-g, mass below the 2-g, mass, oto. 

4. Locate the center of mass of a right circular cone having uniform 
density, 

6. Find the center of mass of n homogeneous hemisphere. 

6. Determine the centroid of a circular arc when the angle subtended at 
the center of the arc is 180, GO, and 40 dog, 

7. Ijocato the centroid of the sector of a circle where a is the angle and r 
the radius. 

8. Find the center of mass of two homogeneous spheres, one of radius 6 
cm. and the other 8 cm., when the distance between the centers is 20 cm. 
and the density of the smaller sphoro is twice that of the larger. 

9. Provo that the medians of a triangle intorscot at the centroid. 

10. Find the center of mass of a thin circular disk which has a diameter 
of 10 cm. and which has a 2-om. circular hole cut out. The center of the 
hole is 3 cm. from the center of the disk. 

11. Using the formula of Eq. (6-1), make a plot showing the variation of 
Mi/wio when expressed ns a function of v/c. 

12. Express Eqs. (0-3), (6-4), and (6-6) as vector equations, 


CHAPTER VII 


THE FUNDAMENTAL EQUATIONS IN TRANSLATION 

7-1. Definitions.— Up to this point in tho st\idy of mochanics 
W6 have been concerned with kinomatical qunntitioa, witli tiio 
exception of the quantity mass wliich was discuHscd in tho 
preceding chapter. In the present chapter wo shall study soino 
fundamental dynamical relations. As a preliminary to this Ht\uiy 
it is necessary to define tho two quantities momontiini and force. 

Momentum , — Wo have already defined the two quantitio.s mass 
and velocity, both of which are included in tho quantity momen- 
tum. We may, with Newton, define tho momentum of a body 
as the "quantity of motion" possessed by that body. 

It is measured by tho product of tho mass of tho body by its 
velocity. Tho term "quantity of motion” is not commonly 
used in this country. Tho li’rench term for momentum, however, 
is quantild de mouvement, literally, quantity of motion, Tlio 
momentum (of a body) is more commonly defined as tlio product 
of the mass by tho velocity. 

Momentum is a vector quantity. It has both direction and 
magnitude. The direction of the momentum is tluit of tho 
velocity factor. The magnitude is equal to tho product of tho 
mass by the speed. If in is tho mass of a particle and V is its 
velocity, then the momentum of the particle may bo exprcHsed 
in terms of its components along tho axes of some solootcd refer- 
ence system as follows : 

Tho units in which momentum may bo expressed are combi- 
nations of tho units used for mass and velocity, such as gram 
centimeter per second, pound foot per second, etc, 

^’orce.— Tho term force is in common usage and undoubtedly 
all students of physics have a correct conception of it, but for 
tho sake of being explicit wo may dofmo force as that physical 
quantity which, when acting upon a particle that is free to move, 

140 
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win produce a change in the momentum of the particle and, 
quantitatively, the force is equal to the time rate of change of 
the momentum (see Newton’s second law of motion). Expressed 
in symbols, if F is the force acting upon a particle of mass m, we 
may write 


f 

It is to be noticed this is a vector equation and therefore, to 
be valid, both sides of the equation must have the same direction 
fts well as the same magnitude. This statement does not mean 
that the momenhm must have the same direction as that of tho 
force but rather that tho direction of tho quantity which expresses 
the time rale of change of the momentum must be that of tho force. 

In nearly all of tho problems which tho student will study, 
tho mass or masses of the bodies involved will be constant. In 
such cases it is legitimate to equate tho force to the product of the 
mass by tho acceleration of that mass. Because of the pre- 
dominance of such problems, the equations developed below are 
subject to this limitation, It is felt that no handicap will be 
imposed upon the student because of this limitation because it ia 
not difhcult to rewrite any of the equations to include tho more 
general case if there be a need for so doing. 

Tho units in which force may be expressed are the dyne, 
poundal, gram weight, pound weight, etc. The dimensions of 
force aro those of mass times acceleration, for example, gram 
centimeter per second squared. 

7-2. The Force Equation. —It has been demonstrated repeat- 
edly that, whenever a force acts upon a body which is unre- 
strained so that it responds freely to tho force, tho body experiences 
an acceleration. Within tho limits of error duo to measurement, 
such experiments show that for any given body with mass con- 
stant the magnitude of the acceleration is directly proportional 
to the force and inversely proportional to the mass of the body. 
This relation is expressed in the force equation. 

Eor purposes of obtaining a general relation we may imagine 
that the external force applied to a body is so distributed to all 
dilferential mass elements that each elemental mass has acting 
upon it the differential force which would independently produce 
tho particular acceleration which it actually has when moving 
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with the body. If the differential force ia taken parallel to bo mo 
reference lino, say OX, then we may write 

dF, = (7-1) 

in which cW^ is the differential force, parallel to OX, aotlnR on tlir 
differontial mass element dm and the second derivative of r with 
respect to the time is the acceleration of that mass (doirumt. 

The force equation for the entire btjdy (miiHS = m) may ini 
found by integration, If is the component of the resultant 
force acting on the body parallel to the X-axis, then 

= X”*#' (7-2) 

where the integration is to extend over the entire body. 

It is possible to effect the integration oven in this general 
expression if we make use of the first equation of bkis. (O-f)) 
which expresses the ^ coordinate of the center of mass of the body. 
This equation is rewritten hero for the sake of convenieneo 
and is 


1 

aJ ” — .r dm 
mjo 

If wo multiply both sides of this equation by vi and thou dilTor- 
entiato twice with respect to the time, assuming that m is (um- 
stant, wo obtain 


m 


d^ 

dt^ 




d^x 
dm- 

0 




(7-3) 


Substituting this value for tlm integral in lOq. (7-2) gives tlio 
desired expression 


Fx = m 


dH 

dF 


or 


FJ 




(7-1) 


This equation shows that the effect of the oxtornal force Fx may 
be measured by the product of the mass of the body and tho 
acceleration of tho center of mass, This equation exprosses aji 
important general relation and is valid for any position of th(? 
force, i,G,, whether tho lino of tho force aotiuilly passes through 
the center of mass or not. It will bo shown lator that, when tho 
lino of tho force does not pass through tho center of mass, an 
additional effect, viz., rotational acceleration, la also produced, 
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but the acceleration of the center of mass remains as given by 
Eq. (7-4). 

Equation (7-4) is a vector equation. Since mass is always 
a scalar quantity and both force and acceleration are vectors, 
it follows that the acceleration is always parallel to the force 
which produces it. 

The relation expressed in Eq. (7-4) is an instantaneous one 
only. Whether the force remains constant or not in any particu- 
lar case is a matter which is usually expressed in the given data. 
Two similar equations may be written for the component effects 
parallel to the two other axes of reference. The equation for 
the resultant force could be obtained from the three component 
equations by adding, as vectors, the members of both sides of 
the equations separately and then equating the results. Con- 
versely, if the equation for the resultant force wore known and 
any or all three of the components were desired, these could be 
obtained in the usual manner by projection. 

In a previous chapter wc learned that there were several types 
of acceleration, such ns tangential, normal, and radial. For 
each typo of aoceleration wo have a corresponding force which 
bears the same name as the typo of acceleration for which it may 
bo regarded as being directly responsible. 

7-3, The Impulse Equation. — Whenever a force is permitted 
to act on a body for a definite time and during that interval 
there is a freedom from constraints, then there is always a change 
in the velocity of the body, Tho quantity which measures the 
effect of tho force upon the body, when this effect is accumulated 
over a period of time, is called change of momentum. The 
quantity which produces tho change in momentum is called tho 
impulse of tho force. Tho magnitude of the impulse is the inte- 
grated sum of tho particular values of tho force (generally con- 
sidered as varying) multiplied by the corresponding time elements. 
If the force F, in a particular case, is constant and acts for a time i, 
then the impulse of the force is expressed by the product Ft. 

To derive the general form of the impulse equation, wo may 
use the differential force equation (parallel to OX) as a starting 
point. In order to have the velocity factor prominent, we shall 
use dVJdl as an alternative form of tho acceleration, where F* 
is the velocity parallel to the line OX, Tho starting point is then 

dF. = dm-j^ 
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This equation is readily converted into an impulse equation if 
we multiply through by the time dL The impulse of the forc»? 
dFg, for a finite time t on a differential mass d7n is then given as 
follows: 

£dF, dt = J^dm 

Since dm is a constant, wo may put it outside the integration sign 
in the right-hand member, If 7* and Vx^ bo tlio volo cities of dm 
at the times t and 0, respectively, then the equation becomes 

fy. di = dvi {Y, - y..) (7-n) 

'The equation shows that the effect of the impulse on dm is 
to change its momentum. Consistent with their vector 
nature, both quantities, impulse and change of momentum, arc 
in the same direction along OX, The direction of tlio change of 
momentum depends upon the signs and relative magnitiuhis of 
both Vx and 7*^. 

If the total impulse and total change of momentum parnlh''! 
to OX are required, then it is necessary to integrate l)oth quan- 
tities over the entire. mass. This is expressed as follows: 



Since dt is common to all force elements, the first integration, 
i.e,, of dFx over the entire mass, is readily effecterl and gives 
Fx, the X component of the resultant force. 

The right-hand member may bo reduced to a simpler form 
by introducing the velocities (parallel to OX) of tlio c(mtor of 
mass. If we differentiate the expressions for the .U coordinate 
of the center of mass with respect to tlio time for the initial and 
final positions of the body corresponding to the times 0 and (, 
the following result is obtained : 

m {?. - ?.) = f”dm iy, - y,,) (7-V) 

where 7^ and arc the velocities of the center of mass at tho 

times i and 0, respectively. By substituting this result in h;(j. 
(7-6) it follows that 

« m ( 7 , - f,) (7.8) 

This expression is tho general form of tho impulse equation, 
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If, in a particular case, is not a function of the time but 
remains constant, then 

(7-9) 

It is possible to effect such integrations as are indicated above 
even though the direction of the force is not constant. In the 
case of the impulse of the resultant force dF, Eq. (7-5) takes the 
following form 

dt = dm(V- Vo) (7-10) 

whore the velocities V and Vo of the differential mass are its 
resultant velocities at the instants of time corresponding to t 
and 0. The single vector giving the change of momentum 
is not necessarily parallel to either velocity, initial or final, 
but is parallel to the force which produces the change of 
momentum. 

7-4. The Work Equation. — We may derive the elemental work 
equation from the differential force equation, provided that we 
select the alternative form of the accoloration which contains 
the expression for the coordinate rather than the time derivative. 
This selection gives the following form to the force equation for 
the differential force acting upon dm: 

dif, = (7-11) 

where F* is the velocity of dm, and dVx the change in F® as dm 
is displaced a distance dx. Multiplying both sides of this equa- 
tion by dx gives 

dFx dx « dm F* dVx (7-12) 

which is the work equation in its differential form. If the 
differential mass is displaced a distance measured from 0 to a: and 
has velocities Fo and Vx at the beginning and end, respectively, 
of this displacement, then upon integrating Eq. (7-12) from 
0 to X wo obtain 

J^dFx dx ~ I dm F*® - I dm Fo® (7-13) 

The left-hand inombor gives tho work of the differential force 
over tl\o displacomont. Tho integral could bo evaluated if the 
expression giving tho variation of dFx with tho displaoement were 
known. The right-hand member is a charaotoristio expression, 
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for* the change of kinetic energy. Obviously F*® and Fo^ of this 
member are positive regardless of the sign of the speed. 

Since work is a scalar quantity, the actual direction of the force 
is immaterial in the process of integration. So long as each 
element of the displacement is taken parallel to the forco at the 
corresponding position in the path, it does not matter whether 
the direction of the force is changing or not. 

As an illustration of the work done by a force whose direction 
is continually changing, we may write the work equation for tlus 
radial force. The force equation for the force clFr in the lino of r, 
the radius vector, is 

, (VrdVr A 
dFr ~ ami — rwM 

where the quantity within the parenthesis is the component 
acceleration of dm in the line of r. 

This equation is converted into a work equation by multiplying 
both sides by dr. If the work is desired for a displacement which 
is expressed by a variation of the radius vector from 0 to r, then 
we may write 

dFr dr = dm — — I dm ro)^ dr (7-14) 

in which Fr and Fr, are the velocities of dm in the line of r at the 
beginning and end of the displacement interval. If dm were 
restricted to move in a circular path, then the magnitude of r 
would remain constant and the forco dFr would always be 
perpendicular to the resultant velocity. In this case the velocity 
along r must remain equal to zero and hence there could bo no 
change of kinetic energy in this line. Furthermore, isinco dr 
would be equal to zero, there would be no work done in this lino. 

The conclusion just drawn is always true for the normal 
force; since the normal force is permanently perpendicular to 
the resultant displacement, there is no component displacomeiit 
in the line of the normal force and hence the normal forco never 
does any work. 

The tangential force acting on a differential mass produoPH 
an acceleration which may be written in the form F dV/ds, 
where s is the coordinate measured along the path in which the 
particle moves. 
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The work equation for the tangential force may then be 
written as follows: 

dFt ds « dm V dV 

fJdF, ds = i<lm (F> - M (7-lC) 

Since the normal force does not work, one would expect as a 
conclusion from this fact that the 
tangential force must do all the 
work, that it does as much work as 
the resultant force. This is readily 
proved in the following manner. If 
dF (Fig. 82) is the resultant force on 
dm, and du the displacement in the 
line of dF, and if a is the angle 
between dF and the tangential force dFi, then 

dFi ~ dF cos a 

for dFt is a component of dF in the line of the tangent. The 
resultant displacement ds, however, is in the line of the tangent, 
therefore 



dti •= ds cos a 

Hence if we multiply these two equations together so that the 
work of each force is expressed, we obtain the important result 
that 

dFi ds ~ dF du (7-16) 

From this wo may conclude that the work of the tangential force 
is equal to the work of the resultant force. Since this is true, it 
follows that the normal force, the other component of the 
resultant force, can do no work. 

In the case of either the force or impulse equations, if the 
expressions for the clTect of the components along the axes of any 
reference system bo given and the equation for the resultant force 
or impulse is desired, a vector sum must be made of the three 
equations. However, in the case of the work, expressed in terms 
of the X, y, and z components, a scalar sum must bo taken if the 
work of the resultant force is to bo obtained. That this is true 
follows from the fact that work and energy are scalar quantities. 
The statement may be proved, however, by writing the throe 
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equations which express the work of the component forces along 
the three reference axes and showing that the algebraic (not 
vector) sum of the equations gives the proper result. If all of the 
components are acting on the same differential mass, then the 
following equations give the elements of work and corresponding 
changes of energy; 

die = i dm {7K - V\) 

^’dF, dy = h dm (7», - V\) 
fJdF, di-idm (V‘, - V\) 

Adding these equations algebraically gives 

fJdF, dx + fJdFy dy + £dF, dz == i dm (F® - Fo^) 

- £dFi ds (7-17) 

Referring to Eq. (7-15) which expresses the equivalence between 
the change in kinetic energy, obtained here by the sum of the 
three equations giving the work of the component forces^ and 
the work of the tangential force, we may conclude that the work 
of the resultant force may be found by adding algebraically tlio 
work of the component forces. 

It is of interest here to use the rule for the scalar product of two 
vectors and show that its result in this case is consistent with the 
results obtained above. The scalar product of the two vectors 
(force dF and displacement ds) is expressed as follows: 

dF • ds = (i dFx -f j dFy -f ft dFz) * {i dx + j dy -|- ft dz) 

= dFx dx + dFy dy + dFg dz (7-18) 

To determine the total work done by the force parallel to any 
line OX, it is necessary to integrate over the entire mass of which 
dm is a part. Hence 

In order to integrate these expressions, we must know the law 
of distribution of the forces and velocities throughout the mass. 
In the general case all elements of mass may not have the same 
displacement. This is true in the case of motions which includo 



7-e] FUNDAMEN2'AL EQUATIONS IN TRANSLATION 149 

rotations but in the case of pure translation the displacement is 
common to all elements of mass if the body is rigid. 

7-*6. The Three Fundamental Equations. — The three funda- 
mental equations of motion which have been developed above 
may be conveniently brought together for certain important con- 
siderations. They are written below in forms which will serve 
best our present purpose. 


Force: 



Jo “ 

/o'*™® 

(7-20) 

Impulse ; 



dt = 

T"dm (7. - V.) 

(7-21) 

Work: 



r"‘ rdF, dx - 
Jo Jxa 

■J fj'dm iVK - VK) 

(7-22) 


In both the force and impulse equations wo are concerned 
with vectors, while in the work equation the quantities are 
scalar. Because of this difference it is necessary to consider 
only external forces in the first two equations and hence the 
(c) is written after the force F to emphasize this fact, The 
reason for this emphasis is because in our development of these 
equations we have not imposed the condition that the mass was 
rigid. In a nonrigid body there may be displacement of one 
part of the body with respect to another part. If we were to 
include internal forces in an integral in which the vector character 
of the quantity was involved, the opposite signs connected with 
any pair of such internal vectors would ca\ise the quantities to 
cancel each other in the sum and hence drop out of the final 
result. In the work equation we may have internal forces 
contributing to the total work if the parts of the mass, upon 
which these forces are acting, have relative displacement. 

To illustrate this point let us consider two small masses joined 



system taken as a whole and, while the 

masses may move relatively to each other because of the spring, 
the center of mass is no t affected by it, In a consideration of the 
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acceleration of the center of mass of this system duo to an extorntil 
force, the force equation should not include the forces of tho spring, 
for the acceleration of the center of mass of tho system is not affected 
by and -T. In the force integral +7' would cancel -7'. 
Similarly in the impulse equation the impulse of +7^, being n 
vector, would cancel the impulse of — T’. In tho work equation, 
however, the scalar quantities would not cancel each other, bccauso 
both elements would be positive and hence would contribute to the 
final result. 

7-6. Position of the Force and Its Effect. — In the forms given 
in tiie preceding section for the three fundamental equations, 
the right-hand members of the force and impulse equations may 
be reduced to indicate the acceleration and momentum of tho 
total mass in terras of the center of mass. This is not tho ca.so 
in the work equation. It is in the work equation that tho effect 
of the position of the line of the force with respect to the center 
of mass becomes important. In the form in which tho work 
equation is given above, this characteristic is not expressed but, 
by recasting the equation, prominence may be given to this 
difference between the three equations. By so doing wo may 
express an important property of the center of mass and honco 
bring all three equations to such terms of similarity as involvo 
the center of mass. 

We have seen in our study of the velocity that the resultant 
velocity of a point may be expressed in terms of its velocity 
relative to some moving system (here we shall use a moving 
system attached to the center of mass) and the velocity of tho 
moving system with respect to tho fixed system. This relation 
was expressed as follows: 

Vp (0) = Vp (Q) + Vq (0) (7-23) 

If V be the velocity of dm in the reference system and U bo 
its velocity with reference to the moving system connected to 
the center of mass and W be the velocity of the center of mass, 
then 

U~{-W 

If a is the angle between W and U, then 
= 2WU cos 
The kinetic energy of dm is therefore 

I dm F2 = i dw + i dm dm WU cos « (7-24) 
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Since those quantities are scalar, we may integrate over the 
entire mass and have the following scalar sum : 

dm 72 = dm T72 4, J^"‘i dm WU cos a 

(7-25) 

In the last term, T7 is common to all elements and may therefore 
be put outside the integration sign, leaving 

U cos <x 

This quantity is evidently the momentum parallel to W (at the 
particular instant) which is due to U, But the total momentum 
parallel to 17 is 

fj'dm (17 + C/ cos a) 

and is equal to ml7. Therefore the integral which expresses the 
momentum due to U must be equal to zero. 

That this is true may be seen from another point of view. For 
this purpose we may use the equation for one coordinate of the 
center of mass; viz,, 


1 r' 

ail = — I dm xi 
mjo 


Wo will select a moving system with origin at the center of mass 
and with the Xi-axis parallel to 17. Differentiating the equation 
for :Bi with respect to the time and assuming that the mass is 
constant gives 


dxi if? ^►'^1 
di mjo di 


Since 


= XJ cos a and 
dt 

it follows that 



cos a 



0 


Equation (7-25) may then be written in the form 


r"‘>J dm F* = i mW^ -1- ^ijj'dm 


(7-26) 
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Wo may conclude from this result that tho total kinetic energy 
of a body may be regarded as consisting of two parts, one, 
given by represents the kinetic energy of tho entire in ass 

moving with a speed equal to that of the center of mass and tho 
other, given by the last term, is the kinetic energy due to veloci- 
ties relative to the center of mass. In rigid bodies tho first 
term gives the translational kinetic energy and tho other term 
expresses the rotational kinetic energy. This division is a natural 
and convenient one from the standpoint of botli mathernaticH 
and dynamics. 

With this analysis of the kinetic energy term, tho w’ork of the 
forces parallel to OX, a reference line, may now bo expressed uh 
follows : 



= im(W^ - W\) + £" 


idm{U\ 


U\) (7-27) 


In the equation the differential force dF„ displaces tho diiTer- 
ential mass dm from Xo to x and changes its velocity from to 
as measured in the moving system. Tho vclocitioH 
and Wx are the initial and final velocities, respectively, of the 
center of mass. All velocities are component velocities parallol 
to the reference line OX. 

A similar analysis may bo made for tho left-hand member of 
tho work equation. Using a coordinate system which is moving 
with its axes parallel to those of tho reference sysi6in and wliieii 
is attached to the center of mass of tho body, so that the tlis- 
placement dx of the differential mass is expressed in terms of (In'! 
displacement of the moving system, we may write dx — diS dx" 
where dx is the displacement of the center of mass (parallel to OX ) 
and dx" is the displacement of the dilTorontial mass in the niovinj^ 
coordinate system, f.e., relative to tho center of mass. Buli- 
stituting the equivalent expression for dx in the left-hand monibcr 
of the work equation [Eq, (7-27)] gives 





(7-2H) 


But is common to all elements of tho force; honeo one stop 
in the double integration of the first term of the right-hand mom* 
her may be carried out, which gives the following equivalence ! 
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A. substitution of this expression together with that expressed in 
35 q. (7-28) in the general equation [Eq. (7-27)] gives 

J'jF.dS + fJ'£dF,dx' = - W\) + f"Hm(.UK- U\) 

(7-29) 

It is easy to show that this equation may be regarded as a 
sum of two separate equations, which are 

dx = I m {W\ - W\) (7-30) 

/"lyp, dx' = dm {U\ - V\) (7-31) 

This may bo proved in the following manner. From the force 
equation we know that the resultant force may be regarded as 
acting on the center of mass and will produce an acceleration of 
t-he center of mass expressible in the following manner: 


F, - 


m Wx 


dx 


Separating the variables and integrating gives 

pF* dx = I m (7-32) 

This establishes the truth of the character of Eq, (7-29) by 
proving the validity of hlq. (7-30). From this consideration, 
Eq, (7-31) must bo accepted. 

Since this equivalence may be similarly established for the 
work done parallel to each of the two other axes, it is correct to 
conclude that the work done by the force which is applied along 
a. line which does not pass through the center of mass of a body 
mny bo regarded as a superposition of two independent processes. 
The off-center force does work expressed in terms of the dis- 
plnccment of the center of mass and measured by the change of 
energy of the whole mass moving with the speed of the center of 
mass and in addition does work measured by displacements and 
energy changes relative to the center of mass. Both work and 
energy are divided into two parts, viz., ira'nslalional and rotational. 

In oases of pure translational motion Eq. (7-31) drops out and 
only the equation expressing the motion in terms of the center of 
mass remains. 

We are now able to see that all three fundamental equations 
of motion apply to the motion of the entire mass expressed in 
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terms of the motion of its center of mass, aiid also that the work 
equation alone is concerned with expressions dealing with motions 
relative to the center of mass. Furthermore, the conception of 
the idea of center of mass gains added meaning, for it ciuTies 
with it the ideas of center of force and momentum as well. There 
are certain conveniences of description to be gained from the 
expressions which do not give any indication of the position of 
the force, but at the same time these same expressions fail to 
describe any but average values, The work equation alone can 
furnish us with a knowledge of the values of the accelerations or 
of the velocities of the different parts of the body. 

7-7. Conservation of Momentum. — In the present section wo 
shall derive those equations which are fundamental to and 
descriptive of that group of phenomena known as collisions or 
impacts. A collision between two bodies takes placo when tho 
two bodies strike each other or come together in the course of 
their motion in such a way that their velocities are altered by tho 
mutual effect of one body upon the other. In general, both 
bodies will have velocities, before and after the impact, which 
are different from zero, but there are many cases in which ono 
body may have no velocity before the impact. Tho directions 
of the velocities need not be parallel to a fixed lino. If tho 
velocities are all parallel to a fixed line before and after impact, 
the case is a special one in which the term "central impact is 
used for identification. 


Irr general, the duration of time during which tho two bodies 
are in actual contact with each other is comparatively short. 
In fact in many cases the actual time is so short that it is difficult, 
if not impossible, to measure the stresses brought into action by 
the collision. During the collision the bodies are deformed by 
the internal stresses but they return to their original forms if tho 
materials are elastic. If the materials are inelastic, the defor- 
mations will be permanent at least as far as the particular collision 
is concerned. We may regard the time interval during which 
the two bodies are in contact as embracing two periods, one in 
which the deformations are taking place and the other in which 
the bodies are returning to their final form. At tho instant of 
time which separates the two intervals, the two bodies will 
nave a common velocity. 

In a consideration of a collision we exclude all forces oxtornnl 
to the system. The only forces which are to be included are 
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internal forces or those which are caused by the collision. In 
dealing with only two bodies, the forces occur as a pair of equal 
and oppositely directed forces. During the impact the magni- 
tudes of the forces increase from zero up to a maximum value and 
then decrease to zero as the terminal value. 

Wo may let +7?’ represent the instantaneous value of one of 
the pair of stresses and —F will thou bo the other, Tho force ~\-F 
acts on one body and ~F upon the other. Lot mi and Wa 
represent the masses of tho two bodies and let 17i, Uz and Fi, Vz 
be the velocities before and after tho impact of wi and mz, 
respectively. If Ms tho time of contact of the two bodies, then 
the impulse of each forco may be written as follows: 

-Fdl = VI, {V, - £/,) £m = m2(K, - Ui) (7-33) 

The two equations arc written in vector form, Tho right-hand 
membors express tho change of momentum of the masses. It is 
not necessary to assume that Ui is parallel to Fi or that Uz is 
parallel to Vz. 

Tho impulses of tho two forces may be oliminat(3d by adding tho 
two equations, which gives tho following important result: 

miUi “h vizUz = miVi -|- m^Vz (7-34) 

This equation gives rise to tho expression conservation of inomen- 
turn, Tho momentum of the system before impact is equal to 
tho momentum of the system after impact. 

It will bo convoniont at tins point to introduce and define tho 
term coefjlcicnl of restitution. Attention was directed above to a 
division of tho timo of impact into two intervals. The impulso 
of either force during tho interval of deformation is greater than 
tho impulso of the force during the interval of reformation except 
In those oases wiiore the constituent material is perfectly clastic. 
The ratio of the latter impulso to tho former is called tho coefli- 
cient of restitution and is designed by tho letter e. The numerical 
valuo of 6 varies from zero in the case of inelastic bodios to unity 
in tho case of perfectly elastic bodies. 

Lot V bo tho oominon velocity of tho two bodies at tho instant 
of maximum deformation. Since there are no oxtornal forces 
acting, tho momentum of tho system is constant [Kq. (7-34)]; 
hcnco wo may write 

{mi -1- m>f)V = m\U\ -h mzVz 


(7-36) 
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But V must be the velocity of the center of mass of the system. 
Furthermore, the velocity {V) of the center of mass of the system 
must remain constant. 

We shall digress at this point to establish Eq. (7-35) by another 
mode of reasoning. Let Xi y\ and X 2 1 J 2 be the coordinates of the 
centers of mass of the two bodies in a selected reference system. 
In a later chapter it will be shown that the motions of two bodies, 
such as we are now considering, are confined to one plane. Wo 
shall select the reference system to contain this plane of motion. 
Also let a; ^ be the coordinates of the center of mass of tho 
system. By definition of center of mass it follows that 

(wi + = TTiiXi + tn^Xz (mi + ma)^ = -|~ Ways 

Differentiating both of these equations with respect to tho 
time (masses are constant) and writing in, vector form gives 

Combining into a single vector equation, we obtain 

(mi + m 2 ) V — mJJi + WzUz 

which is identical with Eq. (7-36) above. 

Returning now to the development of the fundamental 
equations and more particularly to the writing of expressions 
which involve the coefficient of restitution €, we shall first 
introduce a limitation in order to simplify the work which is 
to follow. Up to this point the assigned velocities have boon 
general but now we shall limit the velocities to parallelism with a 
fixed line — the case of central impact. The preceding equations 
are still valid but the quantities in them, such as impulse, 
momentum, and velocity, become ordinary scalar quantitioB 
under this restriction. 

We may equate the change of momentum of the mass mi during 
that part of the interval of impact which follows tho instant 
of maximum deformation to e times the change of Wi's momentum 
during the time which precedes the instant of maximum deforma- 
tion. The validity of the equality is based upon tho definition of 
€ and the impulse — momentum equation. In symbols for both 
rrii and W 2 we may write 
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mi(Fi - F) = aniiV - Ih) iriiiVz - F) = tniiCV - U 2) 

(7-36) 

A relation bet ween tho volocitics may now be obtained by 
canceling the mass factors in each equation and eliminating V, 
Hence 

Fi- F 2 = -6([/x- U 2 ) (7-37) 

From this equation, additional information may be obtained as 
to the meaning of the coefficient of restitution. This detail 
will be left to the student. It is also profitable to convert 
Eq, (7-37) into one which shows that e is tho ratio of the impulses 
as given in the definition. 

There are two other equations needed in order to complete 
tho present development. These are equations expressing the 
velocities after impact in terms of the masses, coefficient of 
restitution and tho velocities before impact. Substituting the 
value of F as given by Eq. (7-35) in Eqs. (7-36) and writing 
tho resulting expressions so that they are explicit for the velocities 
after impact gives 


~h vijU 2 _ vi2{Ui — U 2 ) 
vii ~h ^2 mi 4- m 2 

y, ?nil7i “h , mi(C/i “ C/j) 

j- g 

mi -- m 2 mi 4- m 2 


(7-38) 

(7-39) 


7-8, Kinetic Energy Changes during Impact, — While there is 
no cliango of momentum during a collision, there is usually a 
change in the kinetic energy of the system. If the two bodies 
are not perfectly clastic, some of tho kinetic energy which tho 
system possesses before impact is converted into other forms 
of energy, such as heat, sound, and mechanical work. If Ei 
and E 2 are used to express the kinetic energy of the system before 
and after impact, then 

Ei = I miUi^ + i E 2 = wiiFi® 4- ^ maFa® 

The change in kinetic energy is therefore 


Ei - E2 = mi (Ui^ - Fi^^) ma (fV - Fa^) (7-40) 


In order to see just how tho change in kinetic energy depends 
upon tho coefficient of restitution, it is desirable to oliminate 
Fi and Fa from 'Fq. (7-40) by tho use of Eqs. (7-34) and (7-37). 
The details of tho algebraic process will bo left to the student. 
Equation (7-34) sho\ild bo written as a scalar equation, t'.e., for 
tho case of a central impact, since Eq. (7-37) is written with this 
limitation, Tho final result is 
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An inspection of this equation will show that, if tho bodies are 
perfectly elastic (e = 1), the right-hand member bccomoa 
equal to zero and hence we may conclude for this special case 
that there will be no change in the kinetic energy. In other 
words, no kinetic energy is converted into other forms of energy 
for collisions between perfectly elastic bodies, It is also to bn 
noticed that, if the bodies are inelastic (e ~ 0), a maximum amount 
of kinetic energy will be converted into other forms of energy. 

Problems. — 1. Two spheres of masses 60 and 100 g. ai’o moving pnrnllol 
to a fixed line and toward each other with velocities of 30 and 20 cm. p<5r 
second, respectively. If the coefficient of restitution is 0.6 and tho ini pact 
is central, find the velocities after impact and tho change in onorgy duo lo 
impact. 

2. Two bodies having masses of 2 and 6 lb. are moving with con tors 
constantly in the same straight line. Tho larger mass is in front of tho 
smaller and has a velocity of 10 ft. per second. Tho velocity of tho smaller 
body is 16 ft. per second. The coefficient of I’estitution is 0.6. Find tho 
velocities after impact and the change in kinetic energy. 

7-9. Consistent Units. — In using any of the three dynamical 
equations in the solution of numerical equations, it is necessary 
to express all of the symbols involved in units of a single con- 
sistent set. There are four consistent sets of units whicli aro 
in common usage. In both the c. g. s. and English systems 
there are two sets of units — ^the absolute units and tho weight 
units. Some of the units have received special names; others 
have not. The four sets of consistent units aro listed in the 
table below. 


Table of Consistent Units 


Quantity 

1 C. g. a. 

1 English 

Absolute 

Weight 

Absolute 

Woiglit 

Displacement. , . . 

cm. 

cm. 

ft. 

ft. 

Velocity 

cm. /sec. 

cm. /see. 

ft. /sec. 

ft. /see. 

Acceleration 

cm. /sec.® 

cm. /sec.® 

ft./soo.* 

ft.^cc.^ 

Force 

dyne 

gram weight 
(g.w.) 

poundnl 

pound woiglit 
(lh.w,) 

Mass 

Time 

g. 

g.w./fl' (980) 

pound 

lb.,v./ff (32) 

sec. 

sec. 

SCO. 

BOO. 

Momentum 

g. cm. /sec. 

g.w. cin ./(7 sec. 

lb. ft./soo. 

lh.,v. ft./{? ft. 

Energy 

g. cm.Vseo.® 

g.w. om.*/( 7 sec.® 

Ib. ft.®/seo.® 

ib.„.a»/j?/t.» 
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In the foregoing table the symbol g is used to express the 
acceleration due to gravity and has a value which depends upon 
the particular place at which the weight forces are to be used. 
The given values, 980 cm. per second squared and 32 ft. per 
second squared, are approximate only. 

Problems. — Certain aspects of the use of the fundamental 
equations in translational motion may be illustrated by a few 
numerical problems. 

1. Two masses, 200 and 250 g., are hung, by means of a string, 
over a massless pulley. If the friction opposing* the motion is 
constant and is equal to a 5-g. weight and acts only at the 
pulley, find the acceleration of the system and the tension of each 
cord. 

The two masses must move with the same acceleration because 
they are fastened together with the cord. The fact that the 
lighter body moves up and the heavier one goes down does not 
present any difficulties. We may select a convention of signs 
which will take care of this peculiarity. 

Let the signs of the forces, accelerations and velocities bo 
taken positive when acting downward on the side of the heavier 
body and upward on the side of the lighter body. The assigned 
positive direction does not need to be in the actual direction 
of motion but it always seems easier to take it so, If a selection 
of positive direction is made and then after solving the equations 
for the acceleration, say, it turns out to be a negative quantity, 
this merely means that the acceleration is opposite to our assigned 
direction. 

To express the resultant force F in the given case, wo must 
add all the existing forces which are in the line of motion. If wo 
express the force in dynes, we may write 

F = 25017 -I- T ~ T ~ 200(7 - % -h T' - r 
~ <15(7 dynes 

whore T and T' are the tensions in the cord between the heavier 
body and the pulley and between the lighter body and the pulley, 
respectively, and g is the gravitation constant. If there were 
no friction, then the tension in the cord would bo the same on 
both sides of the pulley, In this case, however, the tensions 
must differ by 5 g. weight. Wo are at liberty to regard the 
cord on either side of the pulley as producing two tensions; 
e.g.f on the side of the heavier body, the cord pulls up with 
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a force of —T on the 250~g mass and also pulls on the pulloy 
with a force of -{-T. In such a case as this the tensions aio 
internal forces m the system taken as a whole and therefoio 
cannot aiEfect the acceleiation of the system as a whole They 
cancel out m the expression for the ic&ultant foico as they should 
The total mass of the system is the sum of the two masses 
Since we now know two quantities of the foico equation, the thud 
may be determined By expi easing the foi cc in dync'f, the masses 

in grams, and the acceleiation m centimeteis pci second squaicd, 
the units are consistent, hence 


_ F_ 
M 


= 45 y 

^ 450 


= 98 cm per second squaied 


Having found the acceleration of the system and henco of 
either mass, we may now deteimine the tension in the coid on 
either side of the pulley This may bo done only by applying the 
force equation to a part of the system in such a way that the 
desired tension becomes an extcinal force. If wo now write 
the force equation for the 250-g mass alone, the tension T 
becomes an external force and may theiefore be deiormmed 
The resultant foice on the 260-g mass is 250^/ -- T, hence by 
substituting in the force equation, since the^mass and acceleration 
are known, we have 


250ff - y = 250 X 98 

T = 220,600 dynes or 225 g 

In a similar manner the tension on the other side of the pulloy 
may be found and it comes out to be 220 g 

2, A variable force of magnitude (50 — 10 /) poiindala is 
acting on a mass of 10 lb for 6 sec. If the body is initially at 
rest, what will be its final velocity? 

In this problem the force, time, initial velocity, and mass 
are given and the final velocity is to be dctci mined,* henco tho 
impulse equation may be used. Since the force is vaiiablo but 
is expiessed as a function of the time, wo may use tho gcnoi'al 
expression 

dt ~ m{V ~ XJ) 
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Substituting the given values and integrating gives 

J^^(50 — lCit)dt — lOV or V = 12.5 ft. per second 

3. A variable force is acting upon a 320-lb. mass. The 
force is expressed by the equation F = (10 — 0.01 s) Ib.^., 
in which s is a coordinate measured in feet and parallel to the 
direction of the force. If the body has an initial velocity of 
50 ft. per second in a direction parallel to the force, find the 
velocity which the body will have after it has moved 200 ft. 

The data given introduce those quantities which are contained 
in the work equation; hence it is to be used here. Since the 
force is variable but is expressed in terms of the displacement, 
the general equation to be used is 

J^Vds = 1/2) 

Substituting the given quantities for the symbols, and converting 
the given mass unit to that consistent with the 'other quantities, 
i.e., in == integrating gives 

J^^“®(10 -- 0.01 s)ds = I X " 60®) V = 63.6 ft. per second 

ProbloniB.— 1. Two masses, 160 and 100 g., arc supported by a light cord 
over a massless pulley. Find the accolcration of the system and the tension 
in the cord. 

2. A eO-g. mass is restricted to horizontal motion on n table. It is con- 
nected by a cord to a 100-g, mass. The cord passes over a massless pulley 
at the edge of tlie table and supports tlio 100-g, mass at some point vertically 
below the pulley. If the friction is 1,000 dynes, find the accoloration and 
tlio tension in the cord. 

3. Threo masses, 60, 100, and 76 11)., are arranged to move in tho same 
vortical plane. Tlio 100-lb. mass can move only on a smooth horizontal 
table top. Strings attaclicd to tlio mass support the other musses over 
opposite edges of tho table, so that vortical motion only of tho 60- and 76-lb. 
masses is possible. Neglecting all friction and masses of pulleys, find tho 
accelomtion and tensions. 

4. A mass of 26 g. is made to rotate in a circular path having a radius of 
60 cm. at tho rate of 2 r.p.s. What force is roquivod to keep tho mass in 
tho path? 

6. A 100-g. mass, initially at rest, is subjected to a variable force for 
10 see. Tho magnitude of tho force is given by tlic expression 60 a// dynes. 
A force of resistance expressed by (16 - 0 dynes is also acting. What is 
the velocity at tho end of 10 sec.? 

0. Two electrically charged bodies .are arranged so that one of them is 
fixed and tho otlior (mass, 2 g.) may move in a horizontal lino without 
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friction. Initially they are 20 cm. apart and the force between them is ono 
of attraction and is equal to 100 dynes. The force varies inversely as tho 
square of tho distance, Determine the velocity of the movable body after 
it has moved a distance of 16 cm, 

7. A 3j000-lb. automobile can bo accelerated from 6 to 30 m.p.h. in 6 see, 
What force is necessary? 

8. A 3,000-lb, automobile is moving at a speed of 30 m.p.h. What brak- 
ing force is required to stop the automobile in a distance of 40 ft.? 

9. A 1,000-lb. elevator starts upward with an acceleration of 6 ft. per sec.® 
Find the tension in the supporting cable. WImt would be tlio force exerted 
by the floor of the elevator upon a 100-lb. pereon standing in the elevator? 

10. A spring, which is normally 3 ft, long wlion in an unstretched position, 
has a stiffness such that a force of 10 lb. weight will stretch it a distance of 
1 ft. One end of the spring is attached to a rigid support and tho other end 
is fastened to n 6-lb. mass, tho arrangomont being such that horizontal 
motion only is possible, If the spring is stretched so that its normal length 
is increased to 6 ft. and the mass is initially at rest when tho siu'ing is released, 
what will be the velocity of the mass when tho spring returns to its normal 
length? (Neglect the mass of the spring and friction and assume that tho 
force exerted upon the 6-lb. mass is proportional to tho elongation of tho 
spring.) 

11. Two spheres of the same size but of unequal masses are droppocl 
simultaneously from some point above the ground. Assuming that both 
are subjected to the same force of friction, prove that the heavier mass will 
reach the ground first. 

12. A mass of 200 g, is hung from a massless spring, the upper end of 
which is attached to a rigid support. If the stiffness of tho spring ia such 
that a load of 60 g, produces a displacement of 10 cm., what would bo tho 
period of the simple harmonic motion which will take place when tho 200-g. 
mass is released from a small vertical displacement? (Assume g ~ 980 cm. 
per second squared.) 

13. TSvo masses, 200 and 260 g., are suspended by a cord which passes 
over a massless pulley* as in the Atwood’s machine. An arrangement is 
provided so that the moving system picks up an additional mass of CO g. 
(which 18 at rest before the impact) after the two masses have gone a distniico 
of 40 cm. If the system is initially at rest, what will the vclooities bo just 
before and after impact? 

14. A flexible heavy chain is hung over a massless pulley. Its linonr 
mass is 10 lb. per foot. It is at rest initially witli one side slightly longer 
t on the other. Write an expression for its acceleration in any position. 

16. A leaky bucket filled with water is held initially in a position of cqui- 
Iibnum by a cord which passes over a massless pulley to a counterpoise on 
the other side. If the leak is m g, per second, what is tho acceleration in any 
position? 



CHAPTER VIII 

THE DYNAMIC EQUATIONS FOR PURE ROTATION 

8 - 1 . Introduction. — In order to introduce the student to those 
dynunucal quantities which are fundamental in rotational motion, 
\vc shall consider the effect which an external force will produce 
in the motion of a rigid body mounted on a fixed axis. Let us 
select a reference system with OZ the axis of rotation and 
porpondicular to the plane of the diagram (Fig. 84). An external 
force F is to bo supplied to the body. For convenience, let F 



bo in the XY plane and let it not intersect the ^-axis. Experi- 
ence teaches us that, under the assigned conditions, the body 
will have an angular acceleration. 

How wo may consider that the body consists of a large number 
of particles and that to each particle is allotted its particular 
share of the external force F. Let the components of the force, 
assigned to the parti do of mass m at the point xy be E* and 
Ey. In addition to the external force upon each particle there 
will be an internal force which, for the particle at x y z, may be 
represented by the components E* and Ry, The internal forces 
are supplied by cohesion. 

The force equations for the selected particles are 

A’. + K. = K + A. = (8-1) 


1C3 
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We may sum up such equations as may be written for all particles 
of the body with the following results: 

S‘-S(-S) 2''.-S("S) M 

The sums of the internal forces and 2/2 y taken over tho 
entire body must be zero. The proof for this statement is loft 
to the student. 

Up to this point we have used only translational quantities. 
To introduce the rotational quantities let' us examine the clTcct 
of changing the position of the external force F, Experienco 
teaches us that not only does the magnitude of the force influence; 
the motion of the body under consideration, but the perpend ieular 
distance (the lever arm) from the axis of rotation to the lino of 
the force is also important. A single quantity, tho force moment 
or torque, has been designed to combine these two factors. Wo 
may define the force moment {M) by the vector equation 

M (8-3) 

in which Yu- is a vector which is drawn from tho origin of tho 
reference system to the point of application of the force F. 
The moment of force is a vector quantity whose direction is 
perpendicular to the plane containing Yf and F and whose mag- 
nitude is rrF sin a if a is tho angle measured from Yp to F. Tho 
vector Yf becomes the so-called lever arm when a is a right angle. 
A more detailed discussion of the force moment is reserved for 
Sec. 8-13 (below). 

To introduce force moments into Eq. (8-2) and to obtain, 
thereby, equations which will serve to supply us with information 
about other rotational quantities, we shall multiply both member.^ 
of the first equation by -y and the second by x and then by add- 
ing obtain 

2(» - !/ a) = - yw)] ^8-^^ 

The left-hand member of this equation is equivalent to tho 
moment of the external force F about the 2-axis, The right-hand 
member must therefore express the effect of tho force moment 
upon the body as a whole. To effect the summation of thia 
member some manipulation is necessary, The clue to tho 
transformation is to be found in introducing the angular velocity 
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(to) of the body, since it is common to nil piiv tides of tho body. 
This may be done by means of the relations l)Ot\v(?(m aiij^ultu 
velocity and linear velocity, of the type form V (>) X wln'io 
r is the vector giving the position of the parti (de wlmse veil ad (v 
is V. 

Since the mass w of Blq. (8-'l) is constant, we may write 

^(liy 

In the vector expression r ~ ix '] • jy, Tlie Hubseript z is uhimI 
to indicate that we are using here only thi^ z componmit nt ili(' 
more general quantity m (r X V')- 
Wo may put K = w X r in Kq. (8-0) and ihini equaici IIOh 
expression to tho first member of J'lip (8-'i), wliieli is in reallly 
the z component of tho force moment Xy X wriitmi hero mh 
I r, X Fh. 

[rr X f|, - ^ ^ 

“ I (/«), (K-H) 

In obtaining tho last expression we must nanemlx'r tlmt m in 
common to all particles (since the body is rigid) and we Inive put 

/ « il(mr“) i>WA) 

Tho student should carefully go over th(i derlvatuin of Mip (H^H) 
to make sure that ho understands why the introduelimi of ihi* 
z component in the vector expressions (Mq. (H-(l) and fnlluwlmgl 
is necessary. 

From Eq. (8-8) wo may write tli(‘ following nmr(* gi'iirniil 
expression 

M ^ XyX F (/w) (H4U) 

in which M is tho resultant force moment. 

The quantity I is a very important rolationnl (pumlily. An 
shown by tho defining equation, it is obtained by Humming up 


„ lx 

(U 


m 


( dy <ix\ 

Vri >^dl) 


(H-ro 


160 


ANALYTIC AND VECTOR MECUANWi^ 


( 8-3 


the products formed by multiplying tho miuis of each partiolo 
by the square of its distance from the rotation axis. It is callt'd 
the moment of inertia. In place of the Hummatioii sign \vi) may 
use the integration symbol, which giv(!H 


/ = (K-M) 

which moans that eacli mass element dm is to bo multi pli(i(l 1 >,v f ho 
square of the distance of the element from a sehuilcsl axis, 'rtio 
axis from which r is to bo measured may be any lituj lixed in 
tho body, In any particular case tho i)OHition of tlu! axis mnsi 
bo specified. 

Moment of inertia is a scalar quantity. It (Xicupies a posil ion 
in rotational motion which is analogous to mass in tranHlatiorml 
motion. It is a quantitative expression for what wo may eali 
rotational inertia, or a measure of the tendency of a body, whiidi 
is rotating, to continue to rotate with no change iit its angulnr 
velocity. 

Another rotation quantity is introduced by Mq. (M-IO). 'HiiH 
is the quantity Zw which is called the rotational or (mduUir 
momeninm or sometimes moment of momentum. It is a vtuHcu* 
quantity and tho direction of it is that of the angular volmaty. 

Equation (8-10) is ono of the three important dynamienl 
equations in rotational motion. It is called th(^ forccrmomeut 
equation. It expresses the important fact that tlu^ (ilTeet ol; a 
force moment applied to a body is measured by the tinier 
of change of tho rotational momentum of that body. In many nf 
tho oases oncountorod, tho moment of inertia of th<^ ixaly in 
constant. In such a case tho forcc-momont (Ujuation may 
written 


M 



( 8 - 12 ) 


introducing the angular acceleration din/dl, which is the time rale 
of change of tho angular velocity. 

All of these rotational quantitios are to bo examined in inon^ 
detail in the work which follows, 

8-2. The Moment of Inertia.— Tho particular value Ihu 
moment of inertia for any given case doponds upon the distribu- 
tion of tho mass of tho body with ref cron co to some given Him 
about which tho moment of inertia is desired. If tho body is a 
regular solid or has a form which may pormit an analytical expriui-' 
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sion of the distribution of its mass, then the moment of inertia 1 
may be determined by a direct integration of the formula 
(repeated here for convenience) 

r^dm ( 8 - 11 ) 

where r is the distance of the particle dm from the selected axis. 

This integral may bo converted into a volume integral by 
replacing djn by its equivalent expression pdx dy dZy if p desig- 
nates the density and dx dy dz the vohiino of the differential 
particle. Now if p is constant throughout the entire volume, 
then it may bo placed outside the integration sign. If, however, 
the density of the body is not constant but may be expressed as 
a function of the coordinates of dm referred to some reference 
system, then this function must be written for p. If the density 
cannot bo expressed as a function of the coordinates of dm or if 
the body is too irregular to permit integration, then the only way 
in which the moment of inertia may bo found is by the use of some 
experimental method, one of which is described later (Sec. 8 - 19 ). 

In general, the volume integral used for finding the moment of 
inertia involves a triple integration. In case one dimension of 
the body is small in comparison with the two others, as in the 
case of a shectlike body, the integration may bo simplified by 
confining it to two dimensions. If the body is essentially a 
one-dimensional solid, a single integration is usually sufficient to 
give n result which is accurate enough for practical purposes. 

Even though all the dimensions of the body must bo taken into 
account, it is frequently possible to select a differential mass 
or volume in such a manner that one or two integrations may be 
eliminated. For a good working rule, applicable in many eases, 
it is best to select the mass clement as large as possible, the 
selection being subject to one limitation, viz,, that all parts 
of the mass element must bo situated at one common distance 
from the axis of rotation. This may be stated in another, 
perhaps clearer, way. The differential mass may be the locus of 
all mass points which are equally distant from the axis of rotation. 

Illmtraiion. — a. Find the moment of inertia of a thin rod 
of length L and of uniform cross section, about an axis which 
passes perpendicularly through one end. The density of the 
rod varies uniformly from zero at one end to a value K at the 
other, 
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Let the axis about which the moment of inertia is desired 
pass through the less dense end of the rod. Also lot rr (I'’ig. 85) 
be a coordinate measured along the rod from tlio less donee end 0 
as the origin. The density at any point of the rod may thoroforn 

be written 



Substituting this value in the general expression for the moinout 
of inertia and replacing the mass limit by the limits for tlm 
coordinate gives 


L Jo 

(8-14) 

KA 


L 4 



(8-15) 


in which M is the mass of the rod and is equal to | KLA . 

If the axis of rotation passes through the other oncl, then by 
the use of the same figure, the 
density would be (L -* x) K/L, 

With this change the details 
could be carried through as 
indicated above, The final 
result would be AfL^/G, 
h. Find the moment of inertia 
of a homogeneous right circular 
cylinder about the longitudinal 
axis. Pio- 80. 

In this case one might select pdx dy dz as the difforcntial masa 
and, with a reference system having the origin situated at tho 
center of mass as shown in Fig. 86, perform the triple intograticui 
indicated by the expression 

^ pdx dy dz (8-lG) 

A much simpler method would be to select a larger mass eleinGfit. 
We may take a cylindrical shell concentric with the oylindor, 
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having thickness dr, length L, and base of variable radius r, for 
the differential mass, because all parts of such a shell are at 
the same distance from the axis. If the radius of the cylinder is 
a, then the general expression and final result may be written as 
follows: 

I = 2;rr L dr 
= I M (8-17) 

c. Find the moment of inertia of a 
thin, uniform, circular lamina about a 
diameter. 

Let the selected axis be 7' 07 (Fig, 87) 
and lot a be the radius of the disk. For 
the differential mass- we may use a strip of width dx situated 
parallel to the axis 7'07 and at a distance .i: from it. If we 
represent the thickness of the lamina by t, then the mass of the 
strip will be 

dm — 2pi'\/ dx (8-18) 

The general expression then becomes 

I = x^’s/ dx 

^\M (8-19) 

d. Find the moment of inertia 
of a homogeneous rectangular 
parallelepiped about a diagonal. 

Lot the dimensions of the 
parallelepiped bo 2ft, 2b, and 2c. 
Place the reference system as 
shown in the Fig. 88. In this 
case a triple volumo integration 
will bo necessary. The differen- 
tial mass is pdx dy dz and its 
coordinates are a;, y, Z. The 
distance r of this differential element from the axis OA, about 
\Yhicli the moment of inertia is to be found, is given by tho 
expression 

^.2 _ ^2 yt _|^ .p ^ 2 yi ^ .p 2lmxy H- 2lnxz -{- 

2mnyz) (8-20) 

in which I, m, and n arc the direction cosines of tho axis OA. 
The values of I, m, and n are given by the equations 
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(8-3 


I = 


a 


•\/ “h h'^ -}- 
n 


m 


■s/ii'' I* -I- 0^ 


( 8 - 21 ) 


a/ ' h M -j- fr’ 

The expression for tlio moment of inertia about OA in then 

^ = d^rT’'' "* “« 

If we substitute in this equation the exprcission for r" and 
perform the integration, tlio following result is ol)taino(l: 


/ = 


2M {aH)^ H- 

3 «“) 


(8-211) 


8-3. Radius of Gyration, — In tho preceding section, forjnuliiM 
were developed which express tho moin(mtH of inertia of a few 
selected bodies about certain Hpeoiiied axes in ttirms of tli« 
masses of the bodies and ono or more of tluur dimonsional (num- 
tities. It is sometimes more convenient to express tlio monienl, 
of inertia by tho simple relation, 


7 = ilf 


in which Its tho moment of inertia about a Hpooified axis, il7 is Ihtv 
mass of the body, and G is tho so-csalled radius of gyration, 

Tho quantity is simply a symbol for expniHsing collectively 
the geometrical elements (together with numerical factors) of 
the more fundamental expressions for tho monuiut of inertia. 
For example, tho moment of inertia of a homogoneous sphere of 
radius r and of mass M about a diameter is In tluH 

case the square of tho radius of gyration is (upial to (8)?’’. 
For tho rectangular parallelopipod with tho diagonal as ax in, 
the square of tho radius of gyration is tho co<dUoient of tho 
mass M in the right-hand mombor of Fq. (8-28), 

8-4. Moment of Inertia about Parallel Axes.*-* -A thooroin is to 
be developed which expresses tho moment of inertia of a bo<iy 
about any axis in terms of tho moment of inertia about a par ailed 
axis passing through tho contor of mass of tho body, ThiM 
relation is a very convenient ono for simplifying Homo determina- 
tions which might otherwise bo troublesome. 

Let a cross section of tho body bo roproHonted as slipwii in 
Fig. 89 with 0 the center of mass of tho body. Tho moment of 
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inertia is to be expressed for an axis which passes through any 
point P, and which is perpendicular to the plane of the diagram. 
Let dm be the differential mass situated at distances b and r from 
0 and P, respectively, and let R bo the distance between 0 and P. 

The moment of inertia 7^ of the 
body about the axis through P is 
expressed by the equation 

Ip - (8-24) 

If we replace by its value Fiq, go. 

y 2 ~ ^2 jrja _ 2J)Ji cos ot 

where a is the angle between the linos 6 and P, the expression 
becomes 

i*M i*M f>M 

^ Jo Jo ~ ^fo (8-26) 

The first integral of the right-hand member expresses the 
moment of inertia (7o) about an axis through 0, the center of 
mass, if the axis is perpendicular to the plane of the diagram. 
The second integral becomes MR^, where M is the mass of the 
body, since R is constant. 

The third integral reduces to zero. This is readily seen if li 
is placed outside the integration sign and the integration of the 
remaining quantity considered. If wo select a reference system 
XOY in the plane of the diagram with the origin at 0, the center 
of mass, and with the axis OX coincident with OP, then it may bo 
readily seen that 

IT"* 1 1*”* 

^ J b cos a dm = j^\ x dm (8-26) 

which expresses the x coordinate of the center of mass in the 
selected roforonco system. Since 0 is the center of mass, the inte- 
gral must be equal to zero. Ifiquation (8-26) therefore reduces to 

7j. = h + MiP (8-27) 

By means of this equation we may determine the moment of 
inertia about an axis through any point, provided that we know 
the moment of inertia about a parallel axis which passes through 
the center of mass, the distance between the two axes^ and the 
mass of the body, 
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(84 

In oiiso fcbo point 0 is not tho ccntor of mass, then the last 
in (8-25) is not equal to uoro, In any such case 
tln^ viilu(5 of tiio third integral might be determined from a 
knnwle,clg(! of the distribution of tho mass of tho body^ Tho 
gi'imi’iil (ixprcissiori would tlnm not reduce to tlie simple expression 
giv(m l>y M(|. (8-27) and lienco would probably be of litUo vnhio. 
'rhe moment of inertia /g for any other lino parallel to the 
HtdiMited axis through 0 and passing through some point Q could 
bo expr(!Hsed as follows: 

Iq - /« -h MIV^ (8.28) 


if W is tho (listaiuio between tho two axes. Combining this 
(Mpiatiou with M(|. (8-27) by eliminating h gives 


/r - /g d- Miir^ - R'^) (8^29) 

An examination of this e(iuation shows thah, if h! = R\ then 

We may conclude, 



Vtu. W) 


/„ - Iq. 
tlioroforo, that tho moments 
of inertia about all axes, equally 
distant from tlio axis through 
the center of mass and parallel 
to it, are equal. 

If one returns to 12q. (8*27), 
it is to bo noticed that, einco 


all tln^ Mm iuh of this (Mpiation are always ixmitivo, tho moment of 
inertia tiboul. a giv(m axis passing through tho ccntor of moss 
is IV mtuimuui f(U' all uunneuts of inertia of that body about axes 
whieh ar<i i)arallel to the given axis. 

///asbvdmn. Find tho moiiieiit of inertia of a homogeneous 
riglil, eirenlar cylinder alxmt an axis passing through its center 
of ma.ss and pco’pendieular to the geomotric axis. 

bet {\h) lengi.h of the cylinder bo 2/v, its mass M, its density ji, 

am I its rndiUH a. 

Mtihuit the n^fenmee system as shown in tho diagram (I'lg. ) 
wM h or the axis ,ibout which the moment of inertia is tube found. 

W'o may inmgiue Unit tho cylinder Is mado up of a very Inigc 
number of thin circular dlskH all perpendicular to tho OA axis. 
'I’Ue mmueut of Inertia of a thin disk about a diamotor is given 
i,v I'hi (H-W). IlHiug the theorem expressed by Fq. 
we msy write tln^ moment of inertia, of any circular disk, about 

Die axis (iV as follows: 
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dl = dl, -h dm a:^ (8-30) 

in which dh is the moment of inertia of the disk about nn axis 
which passes through its center of mass and is parallel to OY and 
X is the distance between the parallel axes, 

The moment of inertia of the cylinder may now bo found 
by integrating the foregoing expression over the entire body. 
Hence 





8-6. Perpendicular Axes and a Lamina. — The moment of 
inertia for a lamina about any axis 
which is perpendicular to the piano of 
the lamina is equal to the sum of the 
moments of inertia about two mutually 
perpendicular lines which arc in the 
piano of the lamina and which intersect X 
the perpendicular axis at a common 
point. This theorem may bo proved 
in the following manner. 

Suppose that the lamina lies in the Y/j plane (Ij'ig. 91) of tlio 
reference system XYYj. It is desired to exproHs the moments 
of inertia /#, about the axis OX, in terms of the moinontH of 
inertia 7y and /*, about OY and OY, rospoctivoly. Tho coordi- 
nates of any differential particle may bo taken as y and If dm 
is situated at a distance r from tho axis OX and M is tho mass 
of tho lamina, then 

«= x^^^ * 

Since ?’® « y^ -|- 

« d- h (8-32) 

This relation is obviously also true for any other pair of axes, 
Y’ and Z', in tho YZ piano as long as they intersect at tho point 
0. Henco wo may write 
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iy -\- h = ly' + /*' (8-3:3) 

llhisiration , — Find the moment of inertia of a homogeneous 
sphere of radius a about any diameter. 

Select a reference system XYZ with the origin at the center 
of the sphere and the axis OX about which the moment of iiiortia 
is to be found. 

We may imagine that the entire sphere is divided into a 
large number of circular disks each of differential thickness (da?) 
and all perpendicular to OX (Fig, 92). 

Since each disk is a circular lamina, the moment of inertia of a 
disk about any of its diameters is equal to ^ dm whore r is tlio 
radius of the disk. Applying the theorem expressed by IDq. 

(8-32), we may write the expression for 
the moment of inertia (d/®) of any disk 
of differential thickness d:r about the OJl- 
axis as follows, if dlyt and are tho 
differential moments of inertia of tho 
disk about two mutually perpendicular 
axes which are in the plane of tho disk 
and the intersect on OZ-axis: 

dix ~ dly' + dli> 

^\dm C8-3‘l) 

If r is tho radius of any disk and p is tho density, then 

dm — ttv^p dx 

» Trp{a^ — ft:®) dx 



We may substitute this value of dm in Eq. (8-34) and intogralo 
over tho entire mass because the axes of all such laminaa colncklo. 
Hence 


I. = ~ ft:®)® dft? 

2Ma® 

6 


(8-36) 


Problems. — Determine tho moment of inertia for each of tho followiiiR 
homogeneous bodies about the axis indicated: 

1. Sphere of radius a about a diameter, using tho method which involves 
tho theorem of porallel axes. 

2. Sphere of radius c about a tangent, 

3. Right circular cone of height h and radius of base a about tho axis of 
tho figure. 
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4. Right circular cono of height h and radius of base a about a diameter 
of its base, 

5, Hollow circular cylinder, length L, external radius ri and internal 
radius rz about the geometrical axis. 

8. An ellipsoid having axes 2c, 2b, and 2c about the 2c-axi8. 

7. Rectangular parallelepiped having sides a, b, and c about an axis 
through the center perpendicular to the face cb. 

8. Spherical shell, external radius n and internal radius r 2 about n 
diameter, 

9. An elliptical lamina having axes 2a and 2b about a normal to the 
lamina and through the center. 


8--6. The Principal Axes of a Body. — It is to be seen in the 
foregoing theorems and problems that the lines through the center 
of mass are of peculiar value in 
expressing the transfer of moment 
of inertia from one line to a parallel 
line. By a judicious selection of 
three mutually perpendicular lines 
(the principal axes) which pass 
through the center of mass of the 
body, the moment of inertia Jiboiit 
any other lino through the center of mass may bo expressed in 
terms of the moments of inertia about those three principal axes. 

Given the reference system XY'Z (Fig. 93) with origin at 0, 
the center of mass, and any line OP having direction cosines 
I, m, and n. Let a d iff cron tial mass be located at Q (.n y z) and 
let R be a point in OP situated so that QR is perpendicular to 
OP. If QR = r, then 

,.2 ^ 0Q2 _ OR? 

_ ,J.2 y2 ^ ^ ^25)2 (8-36) 



since OR is the projeotion of OQ upon OP, 
Since 


P 4 - dP tP = 1 


we may introduce it as a factor into the equation above and then 
rearrange the terms as shown. 


P = {P 4 -I- 4 4 «") - {h 4 my 4 nzY (8-37) 

= P {y'^ 4 P) 4 mP 4 .'r*) 4 4 y"^) — 2lmxy — 

2mnyz — 2nlzx (8-38) 
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The moment of inertia of the body about the axis OP is 
therefore 


Z, = ^ r’ dm 

= 4 - ^^)dm + + x'^)dm + -V y'^)dm 

X M I'M (*M 

yzdm — 2nll zx dm — 2lml xydm 
= PA + mm + rPQ - 2mnD ~ 2nlE ~ 2lmF (8-39) 


in which the letters A, B, C, D, E, and F are used to designate) 
the integrals in the right-hand members in the order in which 
they are written. 

The quantities A, B, and C are moments of inertia about the 
axes OX, OY, and OZ, respedtively. The quantities D, E, and 
F are spoken of as products of inertia. These are dimensionally 
similar to moments of inertia but possess the distinguishing 
characteristio of having a product of two different coordinates in 
place of the square of a single coordinate. 

If Ip is to be expressed in terms of yi, 5, and C only, then it will 
be necessary to select the positions of the reference axes in 
the body in such a manner that the products of inertia are 
each equal to zero. This may be done by inspootion if the 
solid possesses a sufficient degree of symmetry. If tho XY 
plane is one of symmetry, then D and E will both bo equal 
to zero, because each contains the coordinate z. If either of 
the two other principal planes is one of symmetry, tlien F will 
also be equal to zero. For any selection of the axes which inakcH 
two of the principal planes occupy symmetrical positions in 
the body, all three products of inertia reduce to zero and tho 
three coordinate axes are then called principal axes of tho body. 

Equation (8-39) is valid for a reference system .situated any- 
where in the body and may be used for determining the moinent 
of inertia about any line, such as OP, which passes through tho 
origin, provided that the direction cosines of OP, tho momontrt 
of inertia A, B, and C, and the products of inertia D, E, and F 
may be determined, 


Problem. Using Eq. (8-39), determino the moment of inortia of a 
rectangular parallelepiped about a diagonal. Tho sides of tho figure am 
to be taken equal to 2a, 2b, and 2c. Tivo methods are to be used, one making 
use of a reference system with origin at the center of mass and axes namllel 
to the edges of the body and the other with tho origin at n vortox and axes 
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forming tho sides of the solid. Obviously the results should be independent 
of tho position of the axes, 

8--7. The Momental Ellipsoid. — From tho foregoing results 
it is seen that tho moment of inertia Ip about any line such as OP 
whioh passes through the point 0 may be expressed in terms of 
the six constants A, B, C, D, E, F and the direction cosines of 
the line GP referred to the axes of reference. For every lino 
OP there is a definite value for Ip, If now wc draw a radius 
vector along OP from 0 as origin and make the length such that 
its square is inversely proportional to Ip for the particular 
position, the locus of the end points of all such vectors drawn 
for all possible positions of OP will describe a surface which 
can be shown to bo an ellipsoid for any particular body. This 
surface must be a closed surface, for 7,, cannot bo zero or infinite 
for any rigid body. 

Let the length of the radius vector bo expressed by r. Since 
r® is to be inversely proportional to Ip, then we may write 

Ipv^ = K (a constant) 

If WG now multiply each term of Eq. (8-39) by and replace 
rH^ by etc., and r^mn by yz, etc., where .r, y, z are the coordi- 
nates of the end point of the vector r, the equation becomes 

K = Ax^ -h - 2Di/« - 2Fzx ~ 2Fxy (8-40) 

The locus of tho terminal point of tho radius vector r is given 
by this e{] nation which is a closed quadric and mu.st be tho 
surface of an ellipsoid. 

This ellipsoid is called the viomenial ellipsoid. Tho center 
of tho ellipsoid is tho point 0. This point may be any point 
of tho body, but it is usually taken at tho center of mass for 
convenience. Tho axes of tlie ellipsoid are called the principal 
axes at tho point 0. The quantities A, B, and C are the principal 
moments of inertia at the point 0. If the geometrical axes 
of the ollipsoi<l are taken as tho axes of the reference system, 
then the equation becomes simplified by that choice and reduces 
to 

K = -I- Bjf^ -I- Cz^ (8-41) 

If the equation of tho ellipsoid, referred to a coordinate system 
with origin at tho center of the ellipsoid, is given, the positions 
of the axes of tho ellipsoid may bo determined by tho following 
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16-7 


process. Since each axis of the ellipsoid must be perpencUcular 
to the surface of the ellipsoid at the point where it cuts tUo 
Hurfaco, the direction cosines of that axis must be proportional 
to the corresponding partial derivatives of the equation of 
the ellipsoid. Now if ?’i is a radius vector which is one of the 
semi-axes, its direction cosines h, m\, 7ii must be proportional 
to tho corrosponding partial derivatives. If F{xyz) is tho 
(upiation of the ellipsoid, then this condition may be expressed 
ns follows' 


dF{xyz) O Fjxy z) d F{xyz) 
Ox _ Oy _ Oz 
h ” m\. ni 


( 8 - 42 ) 


If F (.r y z) is tho equation for tho ellipsoid as given in Eq. (8-40), 
then taking tho indicated partial derivatives and substituting 
in I'lq. (8-42) .gives 


yi;i: — Fy — Ez _ 

... 


Cz - D y ~ Ex 

71 \ 


( 8 - 43 ) 


Siiioo x/ri == h] y/ri - Wi) z/ri = ?ii, if wo divide each member 
of hlq. (8-48) by rj. wo may substitute these equivalents ami 
tlioroby ol)taiii 

Ah Fnii -- Fh^C ui - Dvh ~ Fk .g 

u * ' ^ ^ 

In iinticipalion of tho value of these fractions, let us put each 
member (upial to / and write 

- All *“ Fmi “ Eni 
hill - Bmi Dny — Fly 
Illy ^ (hly -- 1)7)11 “ Fly (8-46) 

Multiplying tho first of tlmso equations by h, tho second hy 
and the third by 'm, adding, and eolleeting similar terms gives 

I Ah“ -I- Ihity^ + 27>»iini - ^PUyiiy - 2Ehwi (8-40) 

whleli sliowH that I is the monumt of inertia for tho lino whoso 
direction cosiueH are /i 7)ii and hence tho suggested test is 
valid for rletormining tlui axes of the ellii)Hoid. The student must 
not confuse tlio axes of the ellipsoid with tlie axes (XYZ) of the 
rof(jrenco systoni. It is to bo remembored hero that A, B, and G 
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are moments of inertia about the XF^-axes and Z), and F 
products of inertia for those axes. 

If the moment of inertia for an axis of the ellipsoid is to be 

determined in terms oi A, B, C, D, E, and F, then h, mi, and Ui, 

the direction cosines of that axis, must be eliminated from the 
three equations of Eqs. (8-45). Those equations may be written 
again in the form which makes the use of the determinant easy 
to apply: 

{I “ A') h -|- FfHi T Etii ~ 0 

Fli (/ — B) nil -f- Dtii = 0 

Eh + Dmi -f (/ - C) ni = 0 


On eliminating h, nii, and ni we have 


7 - .4 

F 

E 


F E 

I - B D 
D I - 



(8-47) 


This gives a cubic equation in 7, the roots of which we may call 
7i, Iz, and 2s> These three values of 7 are the moments of 
inertia about the three axes of the ellipsoid, 

After obtaining a solution of Eq. (8-47), if the positions of 
these axes are desired, their direction cosines may be deter- 
mined by substituting 7i (or Iz and 73 ) in Eq, (8-45) and solving 
for h, Wi, and n\. 

In general, these three moments of inertia will be all different. 
If two are alike, then the ellipsoid is one of revolution. If 
three arc alike, the ellipsoid is a sphere, with the consequence 
that all lines through the center have equal moments of inertia. 


Problems. — 1. Find tlio principal axes and tho equation of tho m omental 
ellipsoid for a, rectangular parallolopipcd, taking tlio center of the parallele- 
piped ns Uie origin of tlio axis of reforonec, and 2a, 26, 2c tlio edges of the 
solid. Take leforonco axes perpendicular and parallel to tho faces of tho 
figure. 

2. Dotermino the moniontal ellipsoid and tho principal axes of a cube 
whose edge is n, taking the origin of tho reforciico system at one vortex, and 
three intersecting edges of tho cube as roforciice axes, 

3. Find tho momontal ellipsoid for a right circular cone of height h and 
radius of has a o, taking tho origin of tho reference system at the eon tor of 
mass, with tho geometric axes of tho cone one of tho reference axes. 

8-8. The Principal Axes of a Thin Lamina. — Given a lamina 
with the reference axes OX and OY (Fig. 94) about which tho 
moments of inertia 7* and ly are known. Let a second pair of 
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axes X'OY'i also in the piano of the lamina with 0 the comnioi 
origin, make an angle a with XOY. To find the relation botvveci 
I It) lyt ^x'} ^v' y nnd 01% 

Let the differential mass dm (or p dx dy) be situated at ? wit] 
coordinates x and y. Draw the lino PQ perpendicular to OA 
with Q on the lino OX ' ; then wo may put 

PQ ^ y cos a — X sin a 


Using this relation, the value of J/, may bo expressed o 
follows: 

Is' = COB 05 — a; sin aY dm 

J ^M 

^ sin a cos 05 dm 

- Ix cos® « + Jy sin® 0 ! “ sin 2a (8-11 

whore E is the product of inertia with respect to the axes OX nil 

OY, 



h> - ly' ~ ih *“ 


By replacing a by a + woiiw 

write the moment of inertia aboi 
OY'. Hence 

/y' = h sin® a + Jv coa® a -h 

F sin a (Sd' 

Subtracting Iy> from hi gives 
I„) cos 2a — 2F sin 2a (8*6 


Obviously the lamina is a special case of a solid body, w 
ono in which ono of the dimensions is made very small, Bo 
Eqs. (8“d8) and (8-d9) could have been found from tho mti 
general equation [Eq. (8-89)] by putting say, equal to Koro ai 
writing cos a for I, sin a for m, and zero for n. 

Equations (8-48) and (8-49) may bo changed into slIgKl 
different forms by replacing tho functions of a single a by or 
containing 2a. The altored expressions are 

“ Hh + h) “h - h) cos 2a - F sill 2a (84 
h> => ^{h “h h) “* a(^* h) COS 2a -f- F sin 2a (84 

8-9, Maximum and Minimum Moments of Inertia of 
Lamina. — It is somotimos necessary to find tho axis for a liuni 
about which there is a maximum or a minimum value of t 
moment of inertia. By using tho notation and figure of I 
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preceding eeotion it may be seen that, since or Iy> varies with a, 
the first differential of these quantities with respect to a gives 
the value of a for which the corresponding moment of inertia is 
maxijnum or minimum, Differentiating Eq. (8-61) with respect 
to « gives 

^ = ih ■“ -^a) sin 2a — 2F cos 2a 


If we designate by a' the particular value which the angle has 
for a maximum or minimum position, then 


(Jy “ h) sin 2a' — 2P cos 2a' = 0 


Of? 

tan 2a' = j ^ (8-53) 

\Iv I- x) 

By substituting the values of 7„, 7*, and 2F in this equation 
the desired values of a' are obtained. The two values of the 
angle which satisfy this equation are 2a' and 2a' -b tt. The 
significance of the two values of a' is to bo found in the fact 
that, when 7*/ is a maximum, Iy> is a minimum or vice versa, for 
Ig/' It/ ~ constant. From this it is obvious that, if 7a/ is 
a mfi.ximum, then ly' which is per- 
pendioular to OX' must be a 
minimum. 


20 


cm, 


30 cm, 


5 cm 


Problems. — 1. Find tho position of tho 
axis for maximum and minimum moment 
of inertia of a right trinnglo whose sides are 
6 and 10 cm. Find also tho equation for 
the momcntal ellipse and dotovmino tlic 
Ijosition of the axis. 

2, Find tho momontal ollipso of tho unsym metrical lamina given in tho 
figure (Fig. 06). 

3. Show that the momcntal ollipso of any regular polygon is a circle. 


Fio. 06. 


8-10. Theorem of the Product of Inertia of a Lamina and 
Center of Mass. — The theorem for product of inertia of a lamina 
is analogous to the theorem of parallel axes for momenta of 
inertia. If the product of inertia for any two intersecting 
perpendicular axes in the plane of a uniform lamina is known, 
then the product of inertia for any other pair of perpendicular 
axes which are respectively parallel to the axes of tho given 
pair may be determined. 

Given tho axes OX and OY (Fig. 96) with origin at 0, tho 
center of mass of tho lamina, and tho product of inertia F with 
reference to these axes. Let O'X' and O'Y' bo any other pair 
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of axes parallel to OX and 0 F, respectively. Let the coordinates 
of 0 in the coordinate system X'O'F' be p and q and let dm bo 
any differential mass of the lamina. If P’ is the product of 
inertia of the lamina with respect to the X’O'Y' system, and M is 
the mass of the lamina, then 


Yi 


r 




Fig. 96. 


/•M 

~ Jo 

* pq/^^dm + q£^x dm + dm + dm (8-64) 

Since 0 is the center of mass of the lamina, then, because of 

symmetry, the second and third 
integrals of the right-hand mem- 
ber are equal to zero, and hcnco 

r « va M + P ( 8 - 55 ^ 

The equation is similar to that 
for parallel axes in moments of 
inertia except that in place of Iho 
square of the distance between 
the parallel axes wo have the prod- 
uct of the coordinates of the origin 
of tho new axes. 

8-11, Rotational Momentum. — The quantity rotational 
momentum is equal to the product of the two fundamental 
quantities moment of inertia and angular velocity. If I is used 
to represent the moment of inertia and w the angular velocity, 
then the product Zo expresses the rotational momentum. 

The term moment of momentum is frequently used to designate 
this quantity. The reason for using this name becomes apparent 
if we develop the expression Zco for the rotational momentum. 
Suppose there is a rigid body in a state of rotation about some 
fixed axis. Each differential particle dm of the body will havo 
a linear velocity (F) which may be expressed in terms of 
the angular velocity («) of the body and the distance (r) of tlio 
particle from the axis of rotation by the relation V « car. Tho 
momentum of the particle is d'nuar and its moment of momentum 
is dm<ar\ To express the total moment of momentum of tho 
body, it is necessary to integrate the expression for tho moment 
of momentum of the particle over the entire body. This may bo 
written as follows: 
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J^”V® dm w = CO dm = lo) (8-66) 

The angular velocity w is common to all differential particles 
because the body is rigid and hence may be placed outside the 
integration sign. 

The term angular momentum may bo applied to a nonrigid 
body. If the body is not rigid, the angular velocity of the differ- 
ential clement would not bo common to all other elements and 
henco in this case the simple expression I (a could not be used. 
The integral given in the left-hand member of the foregoing 
equation would, however, be the angular momentum of the body. 
The integration could not be effected unless to could be expressed 
in terms of the coordinates of a selected reference system. 

The units in which rotational momentum may be expressed 
are grams centimeter squared per second or pounds foot squared 
per second. 

8-12. Rotational Kinetic Energy. — The kinetic energy of a 
body rotating about some axis may bo expressed in term.s of its 
moment of inertia and the square of its angular velocity. Using 
tho symbols introduced above, we may write 

KE == (8-67) 

In this expression the angular velocity and moment of inertia 
are to bo referred to tho same axis. 

Tho validity of the expression given in Eq. (8-57) for the rota- 
tional kinetic energy may bo established in a manner somewhat 
similar to that used in tho preceding section. If we again con- 
sidor a rigid body rotating about a fixed axis, tho kinetic energy 
of a differential mass may be expressed in the form dm or 
^ dmrW. Since o> is common to all differential elements of tho 
body, tho total rotational kinetic energy of the body is /a>®. 

The term rotational icinotio energy may also be applied to 
a nonrigid body, but tho simple expression used above for tho 
rotational kinetic energy would not be obtained. 

The units in which the kinetic energy is to bo expressed will 
depend upon tlioso of its constituent elements. Ordinarily, in 
tho metric system, the moment of inertia is expressed in grams 
centimeter squared and angular velocity in radians per second. 
In this case tho energy is expressed in grams centimeter squared 
per second squared or ergs. 
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8-13, The Force Moment. — A force inoinonl. oonfliHtH of two 
olomonts, aforco and a cliHtanco factor. If the forco ia (((iaignated 
by the aymbol F and itn point of application from «onm roforonco 
point ia given by tho radiim vector r, then th(! niomont of the 
forco with rospoct to tho iHifoiumcc point in r X F. Tho axis 
about which rotational olTectH iniglit be prodmual is perpimdicular 
to tho piano dotorinined by r and F, 

A force moment ia a vector (pmntity of th(^ axial l yp*'. Graph- 
ically, then, tho moment of a forco may be roi)roHont(ul by a lino 
Hogmont, drawn to Home convciu(mt Hcale, whiidi ia ixu'iumdicular 
to tho piano containing tho forc(i and tho dintaiKas factor. Its 
direction iH detcrininod by the convention of nigtia for axial 
vectortt. It is convenient to uho tho rot a (ion axia for thin pur- 
poHO, provided that tho rotation axin Ih p(n'p(m<liciilar to tho 
piano of Uio momei\t. There in a tond<m<;y for Mkj ntudont to 
forget that tho moment of forco in an axial v(i<5tor and honco to 
confuse the direction (tf the forcio with that of its nioinent. 

In tranHlational motion it iH fro(|uentIy doHinildo to oxpross 
tho mbtion of a body in torniH of a com poi unit of (lie ajipllod 
forco, art in tho oaso of a body sliding witliout frietioii down an 
inolinod plane under the iniluence of its w(nght. In Huch a caso, 
owing to tho coiiHtraint olTonsd by tlui inclined phiiie, (,ho motion 
ia boHt dotormined by tho comiionent of (ho weight which is 
parallel to tho inolinod piano, Bo, nlao, in rotational motion a 
body may have a lixed rotational axia, and tlu! mommit may be 
applied to tho body ho that tho direction of tho i mini out is not 
parallel with tho rotation axis. In such a cuho il. would bo 
oonvonient to project tho moment into (Jio ro(a(,ion uxIh in order 
to dotormino the rOHulting motion of tho body. 'Pbe other coni" 
ponont of tho moment in thin caHo in noutrali/ed by momonta 
oxorted by the HUpporting frame which lioldH tho bearIngH. 
ThiH iH entirely analogous to tho fact that in tho tninHlational 
COHO tho other component of the weight in neuiraliKod by tho 
inclined piano. 

8-14. The Couplo.—Tt fre(]uently ImppenH that, tho total or 
roHultant moment consiHts of Hoveral forcoH togidber with their 
respective lover armn. If there bo Imt two forces and t h(.‘.Ho are 
equal in magnitude, jiarallel but nol, collinear, tho humi of their 
mornontH about an axis perpendicular (,o (he idaiu^ containing 
tho forcea is constant as long as the distavu^e bet weoii (he two 
forces is constant. Because of this fact and because HUch oases 
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are frequently cncountored, the name couple has been applied 
to the sum of the separate moments. The couple is then merely 
a special case of moments. 

Tlic magnitude of the couple is the magnitude of either force 
multiplied by the perpendicular distance between the lines of the 
forces. If each force has a magnitude F and the distance between 
them \s h, then JiF is the magnitude of the couple. 

Tliore are three theorems describing the characteristics of a 
couple which arc of use in some of the later work. The student 
should prove the validity of each. 

a. The moment of a couple is independent of the position of 
the axis of rotation as long as it is perpendicular to the plane of 
the couple. 

b. Tho moment of a couple is not altered by rotating the couple 
to some new position in its plane. 

c. Tho moment of a couple remains unchanged if the magnitude 
of the forces is changed and at the same time the distance between 
the lines of forces is also changed to such 
a value that tho product hF remains 
constant, 

8-16* The Off -center Force. — Wohavo 
.seen in Sec. 7-6 of the preceding chapter 
that tho cITect of a force which is applied 
to a body along a line which does not pass 
through the center of mass of the body is 
to produce a resulting uni planar motion which may bo regarded 
ns consisting of two distinct parts, one of which is translational 
and is described by the motion of tho oontor of mass and the other 
is rotational and is motion relative to the oenter of mass. 

Tho double olfect of an off-center force may be analys^ed by the 
clovLCG of introducing a pair of forces which are each equal to tho 
existing force, and parallel to it, oppositely directed to each 
other and acting through tho center of mass. In tho diagram 
(Fig, 97) F is the oif-center force, C is tho ceivtor of mass., and ~\~F' 
and ~F' constitute tho canceling pair of forces. This addition 
does not change tho character of the motion, because tho result- 
ant force and its position remain tiio same, Tho translational 
part of the motion may now be described in terms of tho oifocts 
of -fF'. Since 4-.^' is applied to tho center of mass, tho transla- 
tional acceleration of the body will be exactly the same as though 
under tho influence of F, for -\-F' cannot produce any rotational 




186 


ANALYTIC AND VECTOR MECHANICS 


1846 


effects The remaining foices F and — F‘ conatituto a couple 
which pioduces the rotational nccoloiation of the body and noth- 
ing else The magnitude of this couple, pioduced by and 
IS equal to the moment of F about an axis drawn through C and 
perpendicular to the diagiam 

Using this device, we may dotoimiiie the complete motion of 
the body by means of two separate sots of equations, the tians- 
lational equations developed in the piccoding chapter and the 
lotational equations which aie to bo developed in this chapter 
The two sets of equations may be applied mdopcndently of each 
othei. In fact, we are at liberty to logaid the motion as though 
the translational part took place fiist and then the rotational part 
followed it, 01 vice vei sa 

8-16. Analogies in Dynamics —In studying the dynamical 
quantities and their equations m lotationnl motions we aio 
assisted by the similaiitics which exist between these quantities 
and the corresponding quantities and equations in tianslational 
dynamics This conespondenco has alicady been utilized in 
developing lotational kinematics fiom translational kinematics 
Many of the expicssions foi lotational motion may be written 
directly by substituting in the translational equations the coi re- 
sponding rotational factois Foi example, wo may write the 
force-moment equation by replacing the force (in the force 
equation) by the moment of foico, the mass by moment of 
inertia, and the linear acceleration by its corresponding quantity, 
angular acceleiation This substitution would givo the equation 

Force moment = moment of inoitia X angular nccoloiation 

which is a proper expression for the lotational effect of a constant 
force moment upon a rigid body. 

While this pioceduro is a valuable short cut for romombeiing 
the fundamental equations m puie rotation, it is not sufriciontly 
illuminating to reveal those chaiactoiistics which aio essential to 
a complete understanding of the subject. The fundamental 
translational and rotational quantities are ai ranged in the follow- 
mg table so that the conespondenco may bo leadily obscivcd 
ihe symbols used foi these quantities are also introduced 


Translation 
Force (F) 

Mass (M) 
Displacement (s) 
Velocity (F or U) 


Rotation 
Foico moment {M) 
Moment of inertia (7) 
Angular displacement (t) 
Angular velocity (« or wo) 
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Translation Rotation 

Acceleration (J) Angular aocoloration {dw/dl) 

Momentum (^kF) Angular momentum (/«) 

ICinotio energy Rotational kinetic energy (Kw®) 

It is of interest to observe that all of the rotational quantiticH 
may be obtained from the corresponding translational quantitioB 
by some use of a distance factor. In other words wo may express 
mathematically each translational quantity in terms of tho 
corresponding rotational quantity by introducing a length 
usually designated by the symbol r. For example, as already 
shown, M ^ r X P and I ~ mG'^ where 0 is the radius of gyra- 
tion (Sec. 8-3). 

The physical basis for tho relations between the two sots of 
quantities is to be found in the motion of a particle moving in a 
oircular path. We may accurately describe such a motion from 
either viewpoint. It is well to observe that these equations, 
which we may speak of as ivansJormaUon cqualio7is, mathemati- 
cally depend upon the fact that tho distance factor remains 
constant. This condition is expressed physically l)y stating 
that the path of the particle is a circle or tho motion is pure 
rotational. Tho student is asked to write the transformation 
equations for the last five pairs of quantities listed above. 

8-17. The Impulse of the Force Moment. — Tho throe dynam- 
ical equations in rotation and their corresponding equations in 
translation are 


Rotation Translation 

«. Force moment Force 

Impiileo of tho forco^moment Impulso 

c. Work of tho force momont Work 


The force-moment equation was derived in See. 8-1 above 
[see Eqs. (8-10) and (8-12)]. In this and tho following section 
wo shall develop the two other equations. 

The impulse of a force moment is a quantity which is measured 
by the product of tho momont and tho time during which it is 
acting. To obtain an expression for tho oITcot of tho impulse of 
the force moment, wo may multiply Eq. (8-10) by tho time di. 
If wo desire tho effect of the resultant impulse M for any finite 
time if tho equation becomes 


( 8 - 68 ) 
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If the moment remains constant during the timo over which 
the integration is extended and if the body is rigid, the equation 
may be written in the form 

ikfi = 7 (o> ~ wfl) ( 8 -m)) 

in which w and wo are respectively the final and initial values of 
the angular velocity. The left-hand member of I'lcp (8-59) ia 
the impulse of the resultant moment. Tlio other member of Clio 
equation expresses the change in angular momentum. Ihitli 
members of Eq. (8-69) are vector quantities and hence the direc- 
tion of Ml must be the same as that result ing from the vector 
sum of 7(i) and — 7o>o. It is not necessary for the direction of tho 
resultant moment to bo parallel to either w or w^. If the direction 
of M coincides .with that of wo, then the direction of w will remain 
the same as that of wo. It is only when there is a component of 
JVf in a lino which is perpendicular to wo that the direction of tho 
angular velocity may change. 

8-18. The Work of the Force Moment. — Tho quantity in 
rotation which corresponds to displacement in translation is tho 
angle. To obtain tho work done by a moment of force, wo nniKt 
therefore multiply tho moment of force by tho angular displace- 
ment which it produces. 

In order to develop an oj^pression for tho work of tho f(n‘<50 
moment we may use Eq. (8-10) as a starting point. 

For the sake of generality wo may assumo tliat the body is a 
particle, attached by a massless frame to a rotation axis. To 
extend tho equations, obtained on tho basis of this assumption, 
to the case of a body or system of particles, we may regard tho 
particle as a differential mass clement and then integrate over iJm 
entire system. With this interpretation of blq. (8-10), in mind, 
we may regard 7 as constant and may introduce the alteriuitivo 
form wdw/d 7 for the angular acceleration do/dt. After changing 
the altered equation to a scalar equation, we have 

M = (8-0(1) 

Multiplying both sides by dy and Indicating tho integrations 
gives 

JJm dy =s (8-1 Jl) 

if we assume that w == «o and 7 - 70 in the initial position, 
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If the moment remains constant and th(5 body is rigid, llio 
equation may be written as follows: 

My = I (co3 -- wo^) (8-02) 

This equation expresses the work done by the moment aa it turna 
the body through the angle y and indioatoH a inoasure of the work 
in the change of rotational energy produced. 

8 - 19 . The Torsional Pendulum. — For the sake of aimplicity 
wo may regard the torsional pondulum aa consisting of a cylin- 
drical-shaped disk, hung by a steel wire from some rigid support. 
If the disk is turned from rest through an anghi 7 by mojuis of an 
external force moment acting about an axis containing the wire, 
the wire is twisted and will therefore exert a restoring moment 
or torque upon the disk. The value of the restoring moment will 
depend upon the angular displacement, the coellieient of (das- 
ticity, and the dimensions of tho wire. If the wire is not twisted 
beyond its elastic limit, tho restoring moment M may be put 
equal to some constant, say C, times the angle of displacement; 
i.e., M = ~~Cy, The minus sign must bo included l)eeaus(i tho 
restoring moment tends to redueo the angle. Trom this e<iuatiou 
it is obvious that C is tho torque I’oquhfid to produeo a disphuui- 
ment of 1 radian, 

If tho disk is rotated through an angle and tlmn rehaised from 
the external moment, the ehisti(5 moment will prod mas an angular 
acceleration of tho disk which is expressible as follows: 

M = = («-<«) 


Under tho conditions of no external forc(! moimmt this (equation 
shows that angular acceleration is' proportional to th<> displace- 
ment angle 7 , Wo have seen above [Mq. (5-111)1 that uiuUu' 
theso conditions the motion will be simphi harmoni< 5 . The 
condition for simple harmonic motion in puro rotation 


(Py 




is rewritten here for convonionco. Ilvidontly, in this ease, 
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The period for the motion is therefore 



We may use this equation as a means for detormininp; the 
moment of inertia of any body. In such eases, whoro the inte- 
gration is difficult or impossible to effect, the torsional pendulum 
affords a way for an experimental determination of the moment 
of inertia. The procedure may bo varied but the usual course 
is to attach some body like a homogeneous cylinder to a siiring 
steel wire so that it may execute rotational simple harmonic 
motion about an axis for which the moment of inertia is known. 
If the period of the motion is determined, then the constant C 
may be calculated. The solid for which the moment of inertia 
is desired is then attached to the wire alone or iogethor with the 
cylinder in such a way that the axis about whicli the moment of 
inertia is desired coincides with that of the wire. Tho period is 
again obtained by measurement and the moment of inertia may 
then be calculated. 


Problems.— 1, State two consistent sots of units for each of tlio llinM) 
fundamental equations [Eqs. (8-10), (8-59), and (8-02)] ono of these in tho 
c. g. s. system and the othei* in the English system of units. 

2, A homogeneous right circular cylinder rolls down an inelinod piano 
(angle 30 deg. with the horizontal) under tho innucnco of its weight. Tho 
cylinder rolls without slipping. If tho mass of tho eylinclor is 600 g. iind 
the radius of its base is 5 cm,, determine its linear accoloration and aitgiihir 
acceleration. If the center of mass moves a distance of 100 cm., starUiiK 

rom rest, what will bo its linear velocity, angular velocity, and total kiaeliis 
energy? 

3, A flywheel, mounted to turn, freely on its axis, is subjected to a forno 
moment of 100 Ib.„. ft. If the moment of inertia of tho whcol is 500 ll>. 
ft. what will be the angular velocity at tho end of 6 sec. if tho whcol in 
initially at rest? 


4. A oylmder of mass 100 g. and radius 6 om. is arranged to rotate about 
Its geometric axis. A massless cord is wrapped around tho cylindor. (n) 
If a constant force of 1,000 dynes is applied to tho cord, what will lie tho 
angular acceleration of the cylinder? (5) If the force is variable and in 

ZIT fi ^ ^ ^ is tho time in 

I'vimri**’ velocity at the end of 10 sec., assuming that the 

cylinder is initially at rest, (c) If the force is expressed by tlio equatioi, 

fhMW coordinate measured in eentimotors iilong 

the angular velocity when the cylinder has tumetl 
tnrougn five complete revolutions. 
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6. A certain govornor-Iike body (Fig. 98) consists of a cylinder (mass 
10 lb., rndins of base 2 in.) and two 6-lb. balls (radius 1 in.) which nro 
attached by thin uniform rods (mass 1 lb. each). The rods, each 4 in. long, 
measured from surface of cylinder to surface of ball, are connected by hinges 
to points on opposite sides of the cylinder so that the balls and rods must 
move in a plane which contains the axis of rotation of tlic cylinder. 

Initially the rods make an angle of 90 deg. with the axis of the cylinder 
and tho angular velocity of the body is 47r radians per second. By some 
internal mechanism tho balls are brought into contact witli tlie surface of 
the cylinder without the application of any external force moment. Find 
the resulting angular velocity. {Hmt: If no external force moment is 
applied, the angular momentum must remain constant.) 

0. A sphere of mass 160 g, and radius 3 cm, is supported by a wire which 
passes through its center, The period of the simple harmonic motion pro- 
duced was found to bo 6 sec. A second object 
nltachcd to the sphere gave harmonic motion 
with a period of 8 sec. Find the moment of 
inertia of tho second body. What was the 
value of the constant C in this case? In what 
units is it expressed? 

7. A uniform meter stick (mass 80 g.) is 
clamped at one end in horiaontal position in a 
vise. Five centimeters of its length are hold 
in the vise. Horizontal motion in the direction 
of tho smallest dimension only is to bo eon- 
sidored. A force of 100 g. weight applied per- 
poiidioxilnrly to tho stick nt its free end ])roduecs 
a displacement of 2 cm. of that end froin tho rest position. Find tlie period 
of the simple hnrmonio motion winch takes place when the free end of tho 
stick is released from a small initial di8])lacomcnfc. (Assume that Hookers 
Inw applies.) 

8. A rectangular block having a mass of 1,200 g. and dimensions 6 by 10 
by SO cm. is hung, with its largest surfaces horizontal, by two parallel atriiig.s 
6 m. long. The strings are 20 cm, a])art and aro attached to symmoti’ically 
situated points on tho upper surfaces. If tho block is rotated through a 
small angle about a vortical axis whieli passes through tlie center of inass and 
is then roloasod, is tho motion strictly simple Iiarmonic? What approxi- 
juntions, if any, may bo made in order to regard tho motion as simple 
harmouio? What would tho period of tho motion l)o? 

0. A 60~g, mass is hung by n string which is wrapped several times around 
the rim of a wheel, Tho axis of tho wheel is fixed in a horizontal position. 
Ff tho moment of inertia of tho wheel is 200 g, cm.* and its radius of 6 cm., 
find tho acceleration of wheel and of tho falling mass and tho tension of tho 
string. 




CHAPTEE IX 


STATICS 

9-1. Introduction. — We have already Reon tliat the motion of 
a body may, in general, be described in terms of a combination of 
translational and rotational motions. ICithor typo of motion may 
exist in a particular body without the other. A body may have 
translational motion only or it may bo in a state of pure rota- 
tional motion. Wo have also learned that linear aoeeleration 
is produced by a force and that angular acceleration is producc<l 
by a force moment. If tho resultant force, in a particular 
case, is zero, then tho linear aecoloration must be also zero; a 
corresponding statement may bo made for the resultant force 
moment. 

There are many important relations winch exist between tlioso 
forces and force moments which may bo applied to a body or 
system of bodies in those special cases where tho resultant force 
and force moment are zero. These relations are presented in 
this chapter. 

9-2. Definitions. — There are a number of teclinical terms to 
be introduced in this chapter which, to avoid inaccurate concoi>- 
tions, require definition. 

The term statics Is applied to that part of moohanics which 
deals with bodies at rest or in a state of motion with const an I 
velocity. It is concerned with those relations Which must 
exist between the forces or force moments or both quantities 
in order that the particular body or bodies may remain wJtli no 
acceleration. The time factor does not enter into considerations 
dealing with statics. 

Equilibriuin is a state in which a body exists if it has no acceler- 
ation. Consistent with this definition a body may bo at rest 
or it may be moving with constant velocity, 

A body is said to bo rigid if under tho influonco of applied 
forces, the relative distances between tho various parti cioa of 
which the body is composed remain imaltorcd. Wo do not 
know of any body which is perfectly rigid. If, howovor, tlio 

m 
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relative cUsplacoinents of the particles of the body are small 
in comparison with other essential dimensions, we may say that 
the body is rigid. 

In statics as well as in dynamics we may be concerned with 
internal ns well as external forces. When dealing with a system 
of bodies joined together in some way or other, a certain force 
may bo internal as far as the system as a whole is concerned 
bvit at the same time it may be external to a given part of the 
system. Internal forces in a rigid body always occur in pairs 
of equal but oppositely directed forces. In studying the statics 
of rigid bodies, it is important for the student to distinguish 
between the two forces of a given pair which may be brought 
into oxistoncG at tho point of contact of one body with another. 
If the interest is centered specifically upon one of the bodies, the 
particular force of the pair which acts upon that body is to be 
used and not its oppositely directed “twin,” 

&-3. Equilibrium of a Particle, — It is to bo remembered that 
a particle is a body or part of a body the dimensions of which 
may bo neglected in comparison with other dimensions or dis- 
tances which may be involved. When this limitation is imposed, 
all the forces applied arc i*egarded as passing through a common 
point of tho body usually considered to bo the center of mass, 
or, In other words, tho forces are concurrent. Under such 
circumstances, in order for a particle to be in equilibrium, 
tho forces applied to the particles must be of such magnitudes 
and have such directions as are necessary to prevent linear 
(or translational) acceleration. 

a. Case of Two Forces . — When two forces are applied to a 
particle and tho particle is in equilibrium, the only possible 
arrangement is that tho two forces must be equal in magnitude 
and oppositely directed. Any other relation would give a 
resultant force which would produce an acceleration of the 

partlolos. , ^ 

1>. Case of Three or More Forces.~~ln order for the particle 
to be in equilibrium, tho acceleration must be zero; hence we 
may conclude that the vector sum of the applied forces must be 
zero. Tlris is the one necessary and sufficient condition for the 

equilibrium of a single particle. 

Suppose that there are n forces acting upon the particles 
Fi, Fi . , , -Fn, Symbolically, the condition for equilibrium 
may then bo written 
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+ + (9-i) 

This condition may be expressed in terms of the components of 
the several forces taken along the axis of any selected reference 
system. If the components of Fi are designated by the symbols 
Fu, F\y, and Fu and a similar form of expression is used for the 
other forces, then we may write: 

{F iz + Fzx -V ' ' ' F nx)i + 4" Fzy 4* ‘ * Fni/)j 4" 

(F 1* 4“ Fin 4* ' ■ ' Fn*)k w 0 

In order for this equation to be satisfied it is necessary for the 
coefficients of the unit vectors to be separately equal to zero; 
hence 


X Fi, = 0. X ‘‘“d X^“ = ° (‘>-2) 

n n n 

In case there are only three forces acting upon the particles, 
a corollary may be deduced from the preceding relation. Sup- 
pose the plane determined by any two of the given forces is 
selected as the YZ piano of the reference system, then these 
two forces will have no components along the X-axia, The 
third force must therefore also lie in the YZ plane in order 
for the first of Eqs. (9-2) to be satisfied. From this we may 
conclude that, if there are three and only three forces acting upon 
a particle, the three forces must be coplanar. 

c. Lamias Theorem, — Lami's theorem includes the proocdlng 
corollary as well as the familiar trigonometric relation which 
exits between the three sides of a triangle and the sines of the 
opposite angles. Since the vector sum of the three forces is 
equal to zero, the graphical representation of the vector sum is 
a triangle, the sides of which represent the three given forces. 
If the magnitudes of the three forces are designated by tho 
symbols A, B, and C and the interior angles of triangle opposite 
the sides are expressed by the corresponding small letters, then 
we may write 

A- = -A, ^ (9-3) 

sin a sin & sin c 

9-4» Strings. — In mechanics it is frequently convenient to 
employ strings, ropes, or chains as a means of applying a force 
to a particle or a body, A digression will be made at this point 
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in order to introduce some of the essentials characteristic of 
these mechanical tools. 

Ordinarily the weight of a string or rope is sufficiently small, 
in comparison with the other forces involved, to permit one to 
neglect it. Unless explicitly stated to the contrary we shall 
omit the weights of strings or ropes in the following considera- 
tions. The weights of chains, on the other hand, are not usually 
small enough to neglect. 

Strings, ropes, and chains are considered to bo perfectly 
flexible; i.e., they can be drawn around a pulley or some other 
similar object without requiring the application of a force to 
effect the change in linear form. This is not to be confused 
with the fact that tangential forces of resistances may be pro- 
duced when the strings are in contact with surfaces of pulleys 
and the like. 

If forces are applied to the ends of a string so that there is 
a tendency to stretch it, the string is in a state of tension. With 
strings of negligible weight the forces applied to the two ends 
are of equal magnitude but are oppositely directed. It is 
legitimate to consider the string to bo made of a largo number 
of particles joined together like links of a fine chain. Any 
single particle of the string, like a single link of the chain, is 
under the influence of a pair of equal and oppositely directed 
forces. In speaking of the tension of a string wo refer to the 
magnitude of the force applied to either end of the string. 

Strings are usually classified as elastic (extensible) or inelastic 
(or inextensiblo). Elastic strings become elongated when 
subjected to tension. Inelastic strings do not have a ohango 
in length when in a state of tension. Perfectly inelastic strings 
do not exist but in many oases the elongation is small enough to 
neglect. 

If not stretched beyond their elastic limit, the elongations 
of strings may bo expressed quantitatively by Hooke's law, which 
states that the strain is proportional to the stress. Strain is 
the increase of length per unit of length. Stress is the tension 
per unit of cross-sectional area, If F is the applied force, A 
the cross-sectional area, o the incroaso of length, and L the 
length of the unstrotchod string, then 

e 
L 


Strain 


Stress « 

A 
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Hooke’s law may then be written 


Young's modulus {E) 


stress _ F/A 
strain e/L 


In the case of strings, wires, etc., the terms tensile stress aiuJ 
tensile strain are frequently used. 

It may be readily shown that for any given string the rntiti 
of the applied force {F) to the increase in length per unit lengtii 
{e/lt) is a constant within the elastic limit. It has been proposed 
to call this ratio the modulus of stiffness, or in symbols, if wo let 
X represent the modulus of stiffness, 



(9-4) 


Illustrations , — Two problems will bo introduced in Ihia 
section to show uses of the principles given above. One of Ibcso 

deals with inelastic strings and Iho 



other with elastic strings, 
a. Inelastic Strings , — A particto/' 
of mass m is suspended by two 
inelastic strings which are attached 
to a rigid horizontal support at tho 
points R and Q. Find tho toiisioiiH 
of the strings. 

Lot the distance from 72 to (Fig. 
99) beZ/ and the lengths of tho fitringrt 
P R and P Q be r and a, roapootivcly. 

The particle is in equilibrium under 
tho influence of three forces, Iho 
weight of tho partiolo W (vi ff) and 


tho tensions of the two strings which 
we may call / and T taken along P R and P Q, respectively. Tlio 
simplest way to solve such a problem is by a graphical method , If 
the distances L, r, and s are known, then tho triangloP Q li may bo 
laid off to a convenient scale. From this diagram tho atiglca 
between any pair of forces may be measured. Since tho pariicio 
is in equilibrium, the vector sum of the three forces is zero and 
hence we may construct a second triangle which wo may call iho 
force triangle. The angles of the force triangle aro tho angles be- 
tween the forces as found from the triangle PQR and tho sides of 
the triangle are proportional (to a second selected scale) to Cho 
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magnitudes of the forces. The construction of the force triangle 
is possible because the length of one side and the two adjacent 
angles are Icnown. The force triangle is shown in the diagram. 
The accuracy of the results obtained depends upon the skill 
involved in mechanical drawing. 

A trigonometric solution may be made by the use of Lami's 
theorem. The angles between any pair of forces in the force 
triangle are first to be determined from the data which give 
the lengths of the sides of the triangle P Q R. With this infor- 
mation available, Lami's theorem may be used from which two 
trigonometric equations can bo written. The solution of these 
questions will yield the values of the tensions. 

A third method of solution of this problem may be used. 
The procedure involved makes use of Eqs.' (9-2). For this 
purpose we may introduce a reference system X P Y with origin 
at P and with the P X-axis vertically downward as shown in the 
diagram, 

With the angles of triangle P Q R determined, one may readily 
calculate the values of the angles a and /3 (see diagram) , Using 
the principle expressed in Eqs. (9-2), we may write the following 
force relations: 

mp — r cos « — i cos == 0 

r sin a — i sin ^ = 0 (9-B) 

Since these two equations contain the two only unknown 
quantities t and T, the tensions may bo found. 

&. Elastic Sitings , — In this problem we shall use the same 
arrangement as that given in the preceding problem but with 
clastic strings. Suppose that the unstretched lengths of the 
strings are r and s and that the modulus of stiffness X is known 
and is the same for both strings. We shall assume that a and /S 
are the angles, as shown in the diagram in the position of the 
equilibrium, between the strings P Q and P R, respectively, 
and the lino of the weight of the particle {i.e., the vertical line). 
Tlio problem is to find the tensions as before. The lengths 
of the strings (r and s) have been increased by the. tensions to 
values which we shall call t' and s', respectively, There are 
now six unknown quantities t, 7', a, p, t' and s'. We shall need, 
therefore, six independent equations in order to find the ten- 
sions. We are at liberty to use two equations written by the 
use of Lami’s theorem or two derived from the principle expressed 



198 


ANALYTIC AND VECTOR MECHANICS 


by Eqs. (9-2) but we cannot use all four equations, beoause 
the latter could be derived from Lami's theorem. Wo seleot 
those obtained from Eqs. (9-2) because they are already written 
[Eq. (9-5)]. The values of i, T, a, and /? of the present problem 
are obviously not those of the preceding problem. 

Two more equations may be written by the use of Eq. (9-4), 
which are 


T s *= X (s' ~ s) and = X (r' — r) (9-0) 

It is to be noticed that if the moduli of stiffness of tho strings 
were not alike, this difference would modify one of the preceding 
equations. If both moduli are assumed to be known no diflioiilty 
is introduced, but if one were unknown the problem could not bo 
solved. 

Two other equations may be written by using the trigonometric 
relations to be found from the triangle P Q R. These relations 
are 

s' cos a ~ r' cos and s' sin a = T — / sin /3 (9-7) 

By the use of the six equations of Eqs. (9-5), (9-6), and (9-7) it is 
possible to evaluate the tensions in any given problem. Tho 
algebraic details necessary to express the tensions in tho general 
case are uninteresting and will be omitted. The method of 
analysis of the problems is our present interest. 

Problems, — 1. Show that Eqs. (9-6) may bo derived by using Lnini'a 
theorem. 

2. A 100-lb, shot is suspended by an inelastic cord which is 10 ft, long, 
i.e,, measured from the point of support to tho surface of tho shot. How 
largo a horizontal force is needed to hold tho shot so that the upper I3nrt of 
the cord makes an angle of 30 deg. with the vertical, if the horizon tnl force 
is applied at a point in the cord 9 ft. below tho point of support? Wiiwt 
particle of the system is in equilibrium under throe forces? 

3. The following forces are applied to a single free particle: 

Fi =’3f + 4y + 6ft 
« 6 f - ay - 2 ft 

What single force will produce equilibrium? 

4. A 600-g. particle is to be suspended vertically by an elastic cord whioli 
is 1 m. long when under no tension. If tho modulus of stiffness of tho cord 
is 10’ dynes, what will be the stretched length of the cord? 

What horizontal force applied at the particle would bo needed to produce 
equilibrium with tho cord making an angle of 20 dog. with tho vertical? 
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9-5, Particle on a Plane* — When a particle is placed upon a 
horizontal plane and it remains at rest, two forces will act upon 
the particle. One of these forces is the weight of the particle 
acting vertically downward and the other is the reaction of 
tlie plane. Since the particle is in equilibrium, the two forces 
are equal in magnitude and oppositely directed. The reaction of 
the plane is therefore directed vertically upward. The origin 
of the force supplied by the piano is to be found in a deflection 
of the plane, although the deflection is usually very small. Such 
a deflection produces an upward force because of the elastic 
nature of the plane. 

If a third force, which is so directed that it has a horizontal 
component, is applied to tho particle and the particle remains at 
rest, the direction of the force exerted by the plane must change 
in order to neutralize the horizontal component of the applied 
force. The vertical component of tho plane’s reaction will also 
change to the extent which is necessitated by tho introduction of 
an additional component in the vortical line. Tho value of tho 
force exerted by the plane must bo equal and opposite to the vector 
sum of tho weight of tho particle and tho third force. This is, of 
course, consistent with the fundamental principle that tho vector 
sum of tho three forces must bo zero in the case of equilibrium. 

Tho sourco of the horizontal component of the reaction of 
tho plane i.? to bo found in tho friction between the two surfaces 
in contact with each other. If tho surfaces were ‘‘smooth,” 
i.e.t with no friction, then equilibrium could not bo produced with 
tho introduction of a single force having a horizontal component. 
In those cases in which there is no friction between tho particle 
and the plane, the reaction of tho plane is always perpendicular 
to tho plane, whether tho plane is horizontal or not. The term 
mooih is usually used to indicate the absence of friction, while 
rough indicates that friction is present. 

Suppose a particle is in equilibrium on a horizontal plane 
and that a variable horizontal force (H) is introduced. If tho 
magnitude of H is steadily increased from a zero value, simul- 
taneously with this increase tho neutralizing friction (F) increases 
BO that H ^ F continuously. There is, however, a limiting 
value of F in any particular case, the value of which depends 
upon tho character of the two surfaces, such as degree of smooth- 
ness and nature of materials, and upon the magnitude of the 
force perpendicular to tho plane, i.e,, tho vertical component 
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of the reaction of the piano, Tho ratio of the magnitude of tho 
maximum value of friction {F) to tho magnitude of tho verticu! 
component (N) of tho plane's reactions is approximatoly a con- 
stant and has been called the coefficient of friction. If wo lot ^ 
represent the coefficient of friction, then 

M = I (0-8) 

Numerical values have been determined experimentally for 
combinations of surfaces of various materials. 

It must be remembered that, when a particle is in equilibrium 
on a horizontal plane and there is a horizontal force applied lo 
the particle, the term reaction (R) of the plane inoludoa the 
friction (a force parallel to tho piano) as well as tho normal 
component. The direction which R makes with the normal lo 
tho plane is dependent upon the magnitudes of the tAvo com- 
ponents of i2. In those cases in which the friction F has its 
maximum or limiting value, the angle which R makes with tho 
normal to the surface is a constant for any given pair of surfaces. 
The tangent of this angle, usually designated «, is equal to tho 
coefficient of friction. 

If a particle is in equilibrium when on an inclined plnno 
with no forces other than tho weight of tho particle and tho 
reaction of the plane, then tho reaction of tho plane must Ixy 
vertical. The component of R parallel to tho piano (friction) 
is equal to the component of the weight in tho same lino but 
its direction is opposite. The component of R normal to Iho 
plane is equal and opposite to the component of tho weight in 
this line. As the angle of Inclination of the plane is increased, 
the component of the weight parallel to tho plane inorooscB, 
which requires a correspondingly larger value of tho friction 
in order to preserve equilibrium. At the same time tho normal 
component of the reaction of tho plane decreases, which roduces 
tho limiting value of friction. It is evident that there is a limiting 
angle of inclination of the plane at which equilibrium will servo 
unless an additional force parallel to tho plane is added. This 
is the angle e whoso tangent equals the oooffioiont of friotion. 
The fact just stated suggests a simple experimental method of 
determining the coefficient of friction. 

9-6, Equilibrium of a Rigid Body, — While a particle may 
have translational acceleration only, a rigid body may move with 
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a combination of translational and rotational acceleration. To 
maintain a particle in a state of equilibrium, all that is necessary 
is to prevent translational acceleration. This may bo clone 
by properly applying a single force. Since a rigid body may 
trnvo rotational as well as translational accolcratioii, a force 
moment as well ns a force must be used to produce equilibrium. 
It is possible in some casos to have a single force supply both 
needs by selecting a proper nuignitjulo, direction, and point of 
application for the force. This matter will bo discussed in more 
detail below. 

From the preceding statements and the definition of equi- 
librium It follows that there are two general conditions which 
are necessary and sufficient to maintain a rigid body in a state 
of equilibrium. These conditions may be written as follows; 

First Condition,— The vector sum of the forces must be equal to 
zero. 

Second Condition . — The vector sum of the 7nomenis of the forces 
about any axis must be equal to zero. 

The first condition hn- equilibrium of a rigid body is identical 
wltli the only condition for the equilibrium of a particle. In 
the case of the particle, all forces were regardocl as passing 
through its center of mass. In dealing with a rigid body the 
forces may or may not pass through tlio contor of mass, Each 
force applied to a rigid l)ody has what has been called a point of 
appUention. This is usually the particular imint of tho body 
at which some other body makes contact witli the body under 
consideration, such as the point it) wliicli a cord may be attached 
to the body, or it may lio tho central point of an area of contact. 
As far as tho first condition is concerned, it does not matter 
whore tho forces are appUo{l to tho body; if tho vector sum 
remains equal to zero, translatiomil neerfioration is provonted. 

Tlio second condition of CKiuilibrium is used in connection with 
oxtonsivo bodies (not particles) only. 

Ill order that there may bo no inisundorstancling about this 
condition, tlioro aro several aspects concerning the principle 
which will bo described in detail. 

To dotermino Uio vector sum of tlio moments in any given 
problem, one is not at liberty to compute tho sum of the moments 
about just one selected axis unless the ciiso is a special one 
in which tho body is o(»nHtrainod to rotate about some fixed axis 
and the selected axis is the fixed axis, At present wo are inter- 
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ested in a more general case, that of a free body. In such cases 
it is necessary to determine the moments about any three 
mutually perpendicular axes, such as the axis of a refer once 
system. It is immaterial where the reference system is located 
in the body, although the geometry of the arrangement may make 
one selection simpler to use than many othors. The following 
development will indicate the validity of the indicated pro co (hire. 

Give any reference system X Y Z and M the moment of any 
force. M may be expressed in terms of its components along the 
reference axes as follows; 

M - b Myj + Mtk (9'9) 

when Mai ^v) ill* are the components of M about the A'-, 
Y-f and ^-axis, respectively. If there are n moments and tlioy 
are designated M 2 , Ms , . . Mu, and Mi*, Mij,, Mu oLc., 
are their components, then the second condition of equilibrium 
may be written 

(Mis + M 2 * -f • • ■ Mnx)i 4* {Miy “h M*jy . Mnv)j + 

{Mu + MiK Mn»)k ~ 0 (9-10) 

For this equation to be satisfied it is necessary that the coofftcionta 
of the -unit vectors be separately equal to zero. 

In place of expressing the moments with roforonco to axes 
it is sometimes more convenient to express them with reference 
to a selected point. It will be remembered that the moment of a 
force with reference to a point is given by the vector product 
of the radius veotor, drawn from the roferonco point to tho point 
of application of the force, by the applied force. If r is tho radius 
veotor, F the force, and M the moment, then 

M ^ r X F 

If the reference point is the origin of an X Y Z reforonoo 
system and x, y, and 2 are the coordinates of tho point of applica- 
tion of the force, then 

M = (xi + yj + zk) X (FJ 4 FyJ 4 F,k) 

- {yF, - zFy)i + (zFa - xF.)J 4 {xFy - yFa)k (9-11) 

Written in the determinant from this becomes 

M - ! j k 
X y z 
F. Fy F, 


( 0 - 12 ) 
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Tho components of M are the coofTiciontH <jf tho uikit v<M 5 tnrH; 
hence 

It Is worth while to oxaniino each of tho pnMiotlinji; exprosnioiiH 
for Iho components of M witli ^ 

the information given in Fig, 

100. Tho direction of Af is per- /f 

pondicular to tho piano clotor- / 

mined by r and F. / 

C — 

Problem.~If r « 8/ -|- 7J -P 6* 

and f « 8f + 4^ + 2k, find tlio ^ ^ k X . 

dheotion and megnitudo of M \iKin|j; 

Eq. (0-11). X /; 

if f 

9-7» Shifting tlie Point of 
Application of Forces. — Con- ^ 

sidor a force F which is one of several forces applicMl lo a iHsly in 
equilibrium. We aro to dotcrinino the extent to \vlii<?h ( he tHdnl, 
of application of F may bo moved without (leHtniying einillilndiini. 
Obviously the direction of F could not bo nlt(?re<i wll houl. juddue- 
ing a change in tho vector sum of the fonsoH, If F is moved 
parallel to itself, then its moment with referorieo lo Juiy HeleeUMl 

point would he oliangisl and ln‘neo 

% J£ — the second condithm of tmullllunum 

/ would not bo HatiHfie<l. ^rhertj i*o« 
® N. ^ r mains only tho poHsibilily of irmv- 
ing tlio point of ap))liealion to Homo 
Fjo, 101. other point in the line of h\ Hueli 

a shift W(nil(l not idler Iho mng,nl- 
tudos or signs of tho components of F in any sidecleti refereneo nyrt' 
tom and honce, by Eq. (0-2), would bo allowiddo ns far aw tho 11 mt 
condition of equilibrium is concerned. This imncluMioii oiiiy be 
obtained from another point of view. Buppnwi F (Fig. loi) Ih 
applied at tho point F and it is (lesinul lo shift I lie j silnl of 
application to Q, any other point in the lino of F. VV »3 inny 
inlroduco a pair of equal and opposite forces — F and d-F sit Q 
with both forces parallel to the given F. T'Iiih addition covdil 
not affect tho vector sum of the forijos. Wo may now rogsird 
-F at Q oanceling F at l\ which loaves -hF ut Q. 
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The shifting of F from P to (3 will also produce no change 
in the moment of F with reference to any point 0. The moment 
of F (at P) is r X F, which is equal to I X P where I is the vector 
drawn from 0 perpendicular to the line Q P. Similarly the 
moment of i?* at Q is equal tol X F. lienee wo may conclude that 
shifting the point of application of a force to any other point in 
the line of that force does not affect the state of oquilibriiun. 

9-8. Rigid Body in Equilibrium with Three Forces. — Bociuiw) 
of the fact that there are simplifications made possible in the» 
general condition for equilibrium by limiting the numlier of 
applied forces to three, special attention is to bo dirocted to 
this ease. 

a. The Three Forces Are Coplanar. — ^This fact is roatlily 
deduced from Eqs. (9-2), The proof is identical with that used 
in proving that three forces applied to a particle must bo coplanar 
(Sec. 9-3) and will therefore bo omitted. 

h. The Three Nonparallel Forces Arc Concurrent, — We may uac 
the second condition for equilibrium to prove this stjitomnnt. 
Since the forces are coplanar, the lino of action of each force will 
intersect the lines of action of the two o thers, Imagine an axis to 
be drawn through the point of intersection of the linos of nay two 
of the forces. Neither of the selected pair of forces will have 
a moment about this axis. The third force would have a momcriL 
about this axis if it did not pass through the point of intorKoctlon 
of the first two forces. But the moment of the third force about 
the selected axis must bo ijero; otherwise tlio second condltUm 
would not be satisfied. Hoiico wo may c(mcludo that the throe 
forces must bo concurrent. 

9-9. Bodies with Parallel Forces. — Problems dealing with 
bodies in equilibrium under the iniluonco of parallel forcos 
present certain simplified procedures which warrant a separate 
treatment. Because of the fact that tliero are two coiiditioiis of 
equilibrium which must bo satisfied it is possible to have twc», 
but not more than two, unknown quantities. One of the 
unknowns must be a force, since the first condition is indopciuUuit 
of the positions of the forces. The first stop, then, is to ascertaiTi 
that sufficiont data are presented to make the solution posalijlo. 

As an illustration, we may consider a uniform straight hori- 
zontal bar, of weight 17, in equilibrium under the influence 
of the four parallel forces F, Fi, Fa, and Fn (Fig, 102) which 
with W make an angle 0 with the bar. Lot the length of tho bar 
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be 4 L, with Fi and applied at the ends of the bar and at a 
distance L from A , Find the magnitude and point of application 
of F if F is the only unknown force. 

Since the bar is uniform, W acts at a distance 2 L from A. 
Applying the first condition of equilibrium and letting the 
upward direction be positive gives 

~ Tf - Fs + Fs + F = 0 (9-14) 

Siiico there are two unknown quantities, two equations will 
bo needed. The second condition may be used to obtain the 
second equation. Before one 
attempts to apply this equation, 
it is necessary to select an axis 
about which the moments of the 
forces aro to be taken. It is 
immaterial whore the axis is to bo 
placed but it must bo specified in 
order to write the equation. Let 
the axis bo taken through A, perpendicular to the plane of 
the forces. If the point of application of F is designated by the 
distance x from A, the equation is 

{FiL + Fx ~ 2WL - iFzL) sin 0 « 0 (9-16) 

Notice that the signs of the terms are written with positive 
moments taken counterclockwise, The sign of the F is also 
written plus oven though we do not know its direction. The 
reason for this is to make the equation consistent with Eq. (9-14). 
With numerical values given for the known quantities, the two 
unknowns may be evaluated. 

If sin 0 is not zero, it may be taken out of the second equation. 
This faot Indicates that the relation is independent of the par- 
ticular value of 6, If 0 were equal to zero, the forces would be 
parallel to the bar and, by writing sin 0 with each distance factor, 
it is apparent that the moment of each force would be zero. 
In this case the point of application of F is immaterial to the 
equilibrium. 

The magnitude and direction (whether + or — ) of F are 
obtained from Eq. (9-14). If it is found that F is negative, 
this means that F is directed downward. The distance factor x 
is then found from the second equation. If x turns out to be 
negative, then the position of F must be to the left of the point 
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Problems, — 1. With the following values: F \ *= 600 g. weight, Ft » 200 g, 
weight, IF 1 kg. weight, F% => 160 g. weight, and ^ L — 100 cm,, find 
F and x, 

2, Considering the lengths I/, 2L, etc., as vectors from A, write Eq. (0-16) 
as a vector equation, 

3, Show how the position of the resultant of n system of parallel forena 
may bo found from the preceding development. 




9-10. Rigid Bodies with a Fixed Axis, — Motions of boditiH 
constrained to move about a fixed axis are limited to pure rota- 
tion. Some of the common appliances which are to bo included 
in this classification are levers, pulley mechanisms, wheel and 
axle, capstans, and others of like nature. Two illustrations will 
be given in order to show the details of the procedure. 

a. The Lever , — A straight 
uniform bar, weighing 10 11). 
and 6 ft. long, is in equilibrium 
in a horizontal l) 08 ition with tlio 
fixed axis at B (Fig. 103), 2 ft. 
from one end. Besides tho 
force which may bo exerted by 
the axis, there are four other 
forces! 26 lb, vertically down- 
ward at Af the weight of the bar, 10 lb. at 0 the center of tho bar, 
F, an unknown force at C 4 ft. from A and making an angle of 70 
deg, with the bar, and 30 lb. at Z, the other end of tho bar and 
making an angle of 60 deg, with tho bar as shown in tho diagram . 
All forces are coplanar. Find the magnitude of F and tho direc- 
tion and magnitude of i?, the force exerted by the axis upon tho 
bar. 

The magnitude of F may first be found by using tho second 
condition of equilibrium. Taking moments about tho fixed axis, 
since R is unknown and is thereby eliminated, wo may write tho 
following equation : 


Fiq, 


to 

103. 


2 X 26 - 1 X 10 -1- (2 sin 70) X F ~ (4 sin 60) X 30 = 0 

(9-10) 

The units used to express each moment are pound weight foot. 
Solving this equation, we find that F ~ 34 lb, 

The magnitude and direction of R may bo determined by 
equating to zero the sum of the components of all forces taken 
along the axes of any selected reference system. Lot the refer- 



STATICS 


207 


9-iO) 

enoe system be XOY with origin at the center of the bar and OX 
pamllel to the bar. Also let 0 be the angle which R makes with 
the X-axis, By using the first condition of equilibrium, the 
following equations may be written: 

7^ cos 0 + 34 cos 70 - 30 cos 60 = 0 
-25 + 7? sin 0-10 + 34 sin 70 - 30 sin 60 = 0 (9-17) 

From this we find that 

R cos 0 = 3.40 and 7J sin 0 — 29.03 

The magnitude of 72^ is readily found by adding the squares of 
the equations, from which we find that 72 == 29.2 lb. Divid- 
ing the second of the preceding equations by the first gives 
tan 0 = 8.66, from which 0 = 83° 20'. The direction of 72 makes 
an angle of 83° 20' with the X-axis. Attention should be called 
to tho fact that, for the purpose of writing 
Eqa. (9-17), 72 was placed in the diagram with 
6 in the first quadrant. 

h. Bar Hinged at One End.— A uniform bar 
A B, weighing 1,000 lb., is hinged at one end 
(A) to a rigid support (Fig. 104). The bar is 
iiold by a rope attached to the other end (77) 

BO that the bar makes an angle of 70 deg. with 
the vertical suppoi*t. The angle between the 
ropG and the support is 60 deg, Find the ten- 
sion (T) of tho rope and the reaction (72) of the 
support. 

The bar is under the influence of three forces. Since this is 
tho case, tho forces must be coplanar and concurrent. The 
latter fact establishes the direction of 72, for 72 must pass through 
jD, the point of intersection of T and W, There remain but two 
unknowns, the magnitudes of T and 72/ hence the problem is 
solvable . 

The first step in the solution is to determine the angle which 
7? makes with the vertical support. The geometric relations 
may bo used for this purpose. If the length of the bar is taken 
as L) then the length of the rope C B may be found. From this 
point one may equate to zero the sum of the moments of W and T 
about an axis through A, The axis is taken through^ A in 
order to eliminate one unknown (72). From the equation of 
moments the magnitude of T may be found. Then by writing 
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another equation of moments about an axis throufi;h B (tr O, tlio 
magnitude of R is readily found. 

Another procedure is to introduco a roforonco sysleni ami 
write the two equations which express the sum of tlin ooinpononlH 
along the two axes. Either method is ocpudly Hervi<u^abh^ The 
details of the solution will be loft to the student. 

9-11. Center of Gravity.— The center of gravity (^f a Insly 
is a point of the body through which the ro.sultant of the wc'ighls 
of the various particles^ of which tho body is conipiiHCMl^ may 
be regarded ns acting. The center of gravity of a body may 
be found by using tho principles of equilibrhun. A Hinglo 
illustration is given to show tho method used. 

A square table, tho hniigtli of oiieh 
edge being It, weighs 5 lb. and enrriert 
four masses, one at oacli cornor. 
masses are 10, Ifi, 20, anti 25 lb. and are 
placed in tho order given around tlia 
table. Find tho vortical limnvbieh eon- 
tains tlio center of gravity, asauining 
that tho piano of the table ia horl«tantal. 

Let us seloot a roforonco aysteni X Wt 
with origin at one cornor, with (he .V- 
and 2-axes taken along two edges of tho table and \vi I !i Llio n inaws 
placed as shown in the diagram (Fig, 105). Tiie second eoruiitlnn 
of equilibrium may bo used to find tho posidon (C) of tlio vorl ie-ttl 
fored (R) which would produce oquilibrium if tho tal)In were 
suspended by a cord attached at that point. Lei. tho ooortllim* as 
of C be « and a. 

The equations for tho sum of tho momenta about tlio A'*- mid 
2-axes are 

-Bz + 6^ + UL + m - 0 

r 

Rx ~ 6- - 20L - 26Z/ «« 0 (0-18) 

Since the forces are all parallel to each other, tho magnlluclo 
of R is 76 lb. Introducing this value for R and then solving 
the equations for a: and gives x « 0.634 L and « 0.5 U 

If the third coordinate of tho center mass ia desired, tho 
procedure is readily extended by first rotating tho nrmngomoufc 
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about the A-axis, say, through 90 deg. and then writing the sum 
of the moments about the F-axis. 

9-12. Illustrations.— -The following problems have been 
selected as being typical of those problems in which a rigid body 
is in equilibrium under the inauence of three or more forces. 

a. Man on a Ladder— k uniform ladder of length L and of 
weight mg is placed on a rough horizontal ho or and leans against 
a smooth vertical wall so that it makes an angle a with the 
wall. A man of weight Mg stands on a rung of the ladder 
situated at a point f L from the lower end, Find the forces exerted 
by tho wall and floor upon the ladder, How does the position 
of tho man affect tho tendency of the foot of the ladder to 
slip? 

Given the ladder A as shown in the diagram (Fig. 106). 
The two known forces mg and Mg are 
directed vortically downward and act 
through the points C and P which are 
one-half and three-fourths of L, re- 
spectively, from the foot of the ladder, 

Tho force F exerted by the wall upon 
tho ladder must bo along a line per- 
pendicular to tho wall because the wall 
is assumed to be smooth (no friction). 

TIio magnitude of F is unknown. The 
reaction R of tho floor upon the ladder 
is completely unknown. 

Tho problem may be reduced to an equivalent problem in 
which there are but three forces, if we replace the two weights 
by a single equivalent force. If numerical values of the two 
weights were given, the magnitude and position of a single 
equivalent force could then be found. With only three forces to 
consider, tho direction of R could be found, since it is known that 
thi’co forces must be concurrent, The two remaining magni- 
tudes could then be readily found by the procedure indicated in a 
pi’cccding illustration (Sec. 9-10l>). 

Another approach to tho problem may be obtained by con- 
sidering tho components of all forces along a vertical and a 
horizontal lino. Let the vertical component of R be V and its 
horizontal component bo II, Since the sum of all components 
along any line must be equal to zero, it follows that 

F - H == 0 V - Mg - = 0 (9-19) 
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The second of theso equations gives fcho magnitude of V, There 
remains only one unknown quantity. 

To find the magnitude of another equation is 
Using the second condition of equilibrium, wo may write n 
moment equation. Selecting the point B as axis for tho inoni<*iitH, 
We may write 

^MqL sin a + \mgL sin a ~~ BL cos a =3 0 (0-20) 

from which F and hence II may bo doiorininod. 

There still remains to be discussed tho question of tho elTeet 
of the position of the man upon tho tondenoy of Lho foot of llio 
ladder to slip. The answer to tins question is to bo foiiiul in 
the variation of the magnitude of 11 as tho poslticm of ttm man 
is altered. Tho component II is siipplied by tho friction botwf!en 
the foot of tho ladder and tho floor. An (5quati(>n expressing JI 
in terms of tho position of tho man is needed. Tliis could bn 
obtained by replacing F in Eq. (9-20) by its equal quantity // 
but the equation so obtained, while mathematically correct, in 
not satisfactory from the standpoint of its ))liyHical inoaninK. 
Hence we ohooso to write a more suitable equation l)y oxprcBsing 
the moments about an axis through tho point A. This cqiialinn 
is 

VL sin a — Ilh cos a — 5 MgL sin a — \mgL sin a 0 (fl-21) 

in which the symbol s is introduced (in tlio third term) to provide 
a means for expressing a variation of tho position of the in an. 
The factor s indicates, in terms of tho fractional lenglJi (»f Clio 
ladder, the position of tho man from the [loiut A, lA)r prestuit 
purposes this equation contains only two variables // and a. 
To preserve the equality, if s inoroases, II must tlecroase and 
vice versa. Hence JI will have its maximum value when » is 
minimum. We may conoludo, therefore, that as tho man climbs 
higher on the ladder the tendency to slip incronsos. 

&. Stepladder. A uniform symmetrical stopladdor is placed 
upon a smooth horizontal surface. Tho two equal halves of 
the ladder are hinged at tho top and tho foot arc kept from 
slipping by a light inelastic rope which is attached at points 
which are one-third of tho distance from tho foot to tho top of lho 
between the two parts of the ladder is «. 
bind the tension in the rope and tho force exerted at tho hiiiKO 
by one side of the ladder against tho other. 
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JjOt the arrangement be as shown in Fig. 107, with TT, the 
weight of either side of the ladder, acting vertically downward 
through the centers of the sides. 

In a problem of this sort, when it is necessary to find the 
forces which act upon a certain part of the mechanism, the stu- 
dent will find it a great help to draw a boundary line completely 
enclosing that part of the apparatus to which attention is to be 
directed. Because of symmetry in the present problem we 
need consider only the side AC, By drawing a dotted line 
about this side we are to take account only of those forces 
which are acting upon it. This device makes the selection 
of the proper force of a given pair of forces less liable to be 
incorrect. For example, at the point A there is a pair of equal 
and opposite forces; one of this pair con- 
tributes to the group of forces needed to 
maintain the equilibrium of the side^lC 
and the other (not shown on the dia- 
gram) is to bo used when dealing with 
the equilibrium of the side AB. 

The forces applied to AC are to bo 
idontifled. The weight W has already 
been mentioned. The tension T is hori- 
zontal, is applied one-third of the dis- 
tance up on AC, and is directed as 
sliown. Since the floor is smooth, the 
force P which the floor exerts at the foot of the ladder is directed 
vertically upward. The only remaining force is located at the 
upper end of the ladder and is horizontal. The latter fact may 
not be obvious. But when one remembers that the arrangement 
is symmetrical and that it is assumed that the hinge is 
frlotionless, it is seen that no other direction can satisfy these 
conditions. 

There are apparently three unknown quantities and these 
are the magnitudes of F, T, and P, This number is readily 
reduced to one when it is observed that F and fT are horizontal 
and W and P are vortical. Hence P = W, and F =‘ T, as far 
as the magnitudes of the forces are concerned. 

To evaluate T wo may use the oecond condition of equilibrium. 
With the point A as axis of the moments the following equation 
may be written, if we let L represent the length of id 0, ’ 
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PL sin I - ~WL Bin “ - ^TL ism = 0 (|).22) 

From this oquation tho maKiiitudo of T may b(\ hiuial. 

Problem. — In fclio oa«o of the Htoplinblm' nrniuK''an'Hl, of (ho 
illustration, disouss tlin ofToot u|)on (Itn roHiiUs (lioio idilaincii if llo' iwu 
sides of tho stopladdor woro of uini<nial huintlm or of tiiu'inml widglilK. Wliat 
change in tho arrangomont would ho noeoasary in ordtu’ that Uio fornt F 
would not bo horizontal? 


c. The Cube, with Coiicurrenl FomuH. -A (inlu) Iuim Htn'cral 

force.s applied to its vorticoH as nhowo io Fig;. lOK, q'ho dinus 
tions of tho forces aro all parallol and jKirponditmlar to tlio auk^ 
of tho cube. Find tho singlo force inuu^sHary to |>rodueo 

librium, ami ilH iioMition. 

It is immaterial to tlu^ mot laid of 
the Holutiou wludlu'r I he ur(( 

l)arallel to the (»f tlu’ (uihe or 

not, If a given foree wen* din‘e(ed 
^ HO thatit waHnoteit]ier])(*rp»'ridjeular 
or parallel to the edges nnM'ling at a 
vortex, tlien wiuumld simply usetlie 
compoiumtH of the* fur<!e parallel to 
tho throe mutually perinmdimdnr 
edges. 

Wo shall iii'Ht find tlie bu'ee needed 
to produce equilibrium. If wo Hokujt a n^fereuee Hyatmii with 
origin at one vortex and with axoH paraihd to tiie ( lu (*e edges wlileh 
meet at that vortex, we may find the roHultuut of die applied ferwm 
by finding the sums of the oompommtH along each of the llirco 
leforenoo axes, If wo lot Hx, Ry, and Rt be tlm comiK»muitn ef 
tho resultant force, then it is readily fournl that 

Rx — "~1 lb., Ry s=a lb., and Rg >^-i| lb. 

and that 

R ^ ^ _ 4;^ 

The force (F) needed to nouti'aliw) R is 
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resultant forco moment M of tho nppliod forciis. If M„ M„ an 

M. are the components of tho rosultant force moimint idHii: 
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tlio 4 Y-, 3'^", and ^J-axoa and if L ia tho length of one edge of tho 
cube, tho values of the components are readily found to bo 

lifx ^ Ij 2Ij t)Ij d* ^ 0 
Mv - [Mj - iL - /v + 5L « 3L 
ilf, « 4L - 3L -1- 2L - OL « -3Z/ 

Hence 

M - 3LJ ~ 37v/e 

The moment needed to neutral 1550 M may bo called N and is 


N « -37/7 -I- 37J« (9-24) 

Whether this moment may bo supplied by tho forco F, when F is 
properly positioned, depends upon tho angle between F and N, 
If this angle, which wo may call 0, is 00 dog., then it is possible 
for F to servo the double function of neutralizing tho applied 
forces for the prevention of translational acceleration and at 
tho same time to supply tho needed moment which is necessary 
to prevent rotational acceleration. If tho angle 0 is not a right 
angle, then F may bo used to supply only that component of N 
which is porpoudicular to Tlio oomponont of N which is 
parallel to F muat bo suppliod by tho addition of a coupio, tho 
piano of which is perpend iculiir to F, 

In order to find the value of 0, wo may use the following 
lho«r<nn 

cos 0 ®=* ai tta “h |9i /3s H" 7i Ya (0-26) 


in which 0 is tho angle between two lines having tho direction 
cosines / 3 i 71 and «a / 3 a 7 a. If wo lot / 3 j 71 bo tho direction 
cosines of F and wa /ila 7 a bo tho direction cosines of N, then wo 
fmd that 


cos 0 ^ 



4 X , 4^X 3 

V33 \/18 


0 


and 

0 90*^ 

Wo may, therefore, use F to supply tho moment needed to prevent 
rotational aoocleratlon. 

Tho position of F is next to bo determined. Lot us suppose 
that tho point of application of 7* has the coordinates x, y, and z 
and that r i x ^ J y k z. Then wo may put 

N r X F 

“ i (V l\ - I P,) + J (* P‘ -XiF,) + h{xF,~vP.) 
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The components of F are given by Eq. (9-23), and the components 
of N are expressed in Eq. (9-24) ; hence, if L is the length of nn 
edge of the cube, 

Nx — 42 ! = 0 

Ar„ « 2 ~ ix « -3Z/ 

iV-, = 4a; - y = 3L (9-26) 


From these equations wo may determine the position of f 
by finding the coordinates of two points through which F pasHOH. 
The first equation indicates that y ^ z for all points through 
which F passes and hence F must bo in the plane containing 
the X-axis and making equal angles (45 dog.) with the aiul 
2-axes, Since the three equations of Eq. (9-20) are not inde- 
pendent equations, because any point in the lino of F will satisfy 
them, we may select one coordinate. Lot us put y — L, then 
X ~ z <=> L, The line of F will, therefore, pass through tltc 
vertex C of the cube. In a similar manner it may bo shown that 
F also passes through the point, a: = dL/i, y ^ z ~ 0. 

The line of action of F may be determined in another way, 
If, as above, we let r bo the radius vector drawn from the origin 
to any point on the line of F, then all that is necessary to dc 
is to find an expression for r. Since the terminal point of > 
may be any point in the lino of F, the vector expression for r ituisl 
contain one scalar variable. A vector solution of the equation 
AT = r X F for r is 


in which s' is the scalar variable. The validity of this oquatioi 
may be established by multiplying each term by X F and Ihci 
expanding the resulting expression. The details of the vorifica 
tion will bo left to the student. 

Introducing the values of F and N [Eqs. (9-23) and (9-24) 
and writing sL for s' gives 


r - ~ (24 I - 3; - 3 h) sL (i - 1 - 4; H- 4 k) 


1(8 4- 11 s) i -h (44 s - 1) ; -1- (44 s - 1) k] 


This is the desired expression for r. From it wo may dotorinijr 
two points through which F passes by locating tho tormina 
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points for two positions of r. To secure the kttcr wo may 
arbitrarily (iHsigu nuinoviciil viilueH to s, sincG s may have any 
numerical values. If « is put ocpial to wo find that 

T Ij i -i'- L j -|- Ij h 

Hence T posses tlirough tho point wlioso coordinates are 
Similarly if « 'Vo find that F passes through tho point 

^hf^^ 0, (I 

Pfobloun- • If two iienpiivallei and iionlntorHontinK foroi's tiro applied to 
a rigid Itotly, in it pnMHll)ln to olitain eipiililn'ium l)y llio uso of a forco alono 
{i.o., wilhovit llio UHti of ti 

d. Cube xvilh Nonameurrent Forccs.— Oxwctn tho cube with 
throe uoncoiKOUTont forcos as shown 
in Fig. lOfi. Find llte force and couple 
needed to products etinilihrium. 

I/)t the length of oatih edge of the 
cube be // f t . A I h( > le t tho X Y /j re f » 
oronco system bo pluood as shown in 
tho diagram. 

Tho roHuUnnt of tho forces acting 
ifl i? ”~-2 / ■'h 6 y — 4 k, and the 
forco F needtsl to produce transla- 
tional ociuilibriuin ia 

F - 2 f -- 6 j d- d k (9-27) 

Tho resultant uioinont of the applied forces is readily found 
to 1)0 

M ^ 2Lj-\-&Lh 

Tho moment iV, which will prevent rotational aoceloration, is 
therefore 

N ^QLi~\^2Lj-6Lk (9-28) 

Whether tho forco F may be so placed as to supply N or not 
may bo dotermlnod by determining 0, the angle between F and N, 
If, as in tho prooeding problem, wo lot ai 71 and ag ^2 7a ho 
tho direction cosines of F and N, rospootively, wo find that 

COS 0 sa «1 0(2 "h Pi P2 -H 7l 72 

^ 1 , X X9-6X2-4X6) 

Vin Vno 

w '-•0.1707 
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From this result we learn that N m not porpondicular to F and 
that the angle 0 is 99 deg. and 60 min. 

The next step is to find the compononts of whioh are porjien- 
dioular and parallel to F, If wo lot E and T ho tlio nmgnitiulc.s 
of the components of N, perpendicular and puralhd, n^npootivoly, 
to F, then, since tho magnitude of N is ■s/lU) L Ib.^, ft., 

= jV sin T ^ N com 0 

= 10.31 L lb.«, ft. « - 1.79 Tv ft. (9-20) 

The minus sign appearing in tho magnitudes of T indioalos that 
the direction of T is opposite to that of F, 

By properly placing F, the moment ^ may ho Hiipiiliod by F, 
The force F, as given by lOq. (9-27), is to bo moved parallel to 
itself in a plane perpendicular to S and mUHh 1)0 Hituaio<l ho that 
the perpendicular distance from the origin to the lino of F is 
S/F or 1.64 L ft. 

The other component T is to be supplied by a couple whoso 
magnitude is — 1.79 L Ib.^. ft. Tho piano containing tIuH couple 
is perpendicular to F. The nogativo sign indicaios tluj direc- 
tion of the couple, 

An alternative method for determining whether N is jicr- 
pendicular to F or not and of evaluating tho vectors iS and T is 
included for purposes of comparison and aiti tho same time te 
provide a chock on the results obtained above. This method 
employs the scalar product of two vectors. 

If two vectors are perpendicular tc) each oMkm’, their Hcnlar 
product is zero. Tho scalar product of F aucl N is 

F*iV«(2X9-6X2-4X r>)L 

« ~12L (9-30) 

Since this product is not zero, Af is not porpondicular to F, 

In determining tho angle between the two given vectors wo 
may again use tho scalar product. Since 

F ' N ^ F N[ cos 0 

it follows that cos B » —0,1707. 

To find the component {T) of Af whioh is parallel to F wo must 
determine tho magnitudo of T, In tho scalar product of F and N 
we are at liberty to regard N as being projeotod into tho line of F 
and then being multiplied by F; bonce It follows that 



0-121 


STATICS 


217 


T = 


(F' N) 
F 


(18 L - 10 L - 20 L) 
\/46 


-1.79 L 


(9-31) 


Since the vector —Tib parallel to F, the ratios of the coeffi- 
cients of the unit vectors must be equal to the ratio of the 
magnitudes of the two vectors, If we lot a, h, and c represent the 
coefficients, respectively, of the unit vectors of — T, then 

a __ J) c ^ 1.79 L 
2 6 4 V45 


from which, a ~ 0.634 L, 6 = —1.333 L, and c = 1.067 L. 
Hence 

T = (-0.534 i + 1.333 J - 1.067 k)L (9-32) 

The other component (S) of N may be found by the following 
vector equation: 

S=: N- T 

= (9.634 i -h 0.667 i - 3.933 k)L (9-33) 

This vector (S) lies in the plane determined by N and F and 
is perpendicular to F as may readily be shown by expanding the 
scalar product of 3 ’ F. 

The position of the force F necessary to supply the moment S 
may now be found by the method used in the preceding illuatrar 
tion [Eq. (9-26)]. If we lot a;, 2/, and z bo the coordinates of the 
point of application of F and let r bo the radius vector to that 
point, then the moment S must be equal to r X F. Putting 
r — + yj + expanding the vector product, and putting 

the coefficients of the unit vectors equal to the corresponding 
magnitudes' of the components of S gives 

Sv ~ 4y-{-6«= 9,634 L 
Sy — 22!— 4a;*= 0^667 L 

^ -3.9331/ (9-34) 

From these three equations the ratios of the coordinates of the 
point of application of F may be found. 


Problem^ — Find tlio force and couple needed to produce equilibrium on a 
cube upon whioli the following forces are applied (Fig. 100); 
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At A, parallel to the X-axia, —6, lb. 
At C, parallel to the F-axia, -1-0. lb. 
At F, parallel to the 7j-a.x\»t ”3, lb. 


e. Truss . — A simple horizontal bridge truss is made up of 
three equilateral triangles, all being of the same size (Fig. 110). 
If the truss carries a load of 1,000 lb. at its central point, find tho 
stress in each member. The weights of the members of tho trua.s 
are to be neglected and all joints are to bo regarded as freely 
hinged. 

The solution of a problem of this sort is obtained by applying 
the two conditions of equilibrium to each joint of tho truss. In 

order to simplify the designa- 
tion of tho forces at tho various 
joints, wo shall use tho letters 
of tho terminal points of tho 
member as subscripts to tho 
symbol F and let the scquonco 
of the subscripts indicate tho 
direction of tlio force at tho 
point under consideration. 
For example, the force at A due to tho stress in tho member AB 
is parallel to AB and is directed from B toward A and will bo 
designated as Fba. The force at B along tho same mombor is to 
be written 

We shall first find the forces acting at tho joint A. Since 
the load (1,000 lb.) is at the center of the truss and the weights 
of the members are to bo neglected, tho reaction {R) of tho pier 
at A is directed vertically upward and is equal to 500 Ib. If 
desired, this value could readily bo established by writing tho 
moments of R and the 1,000-lb. weight about an axis through 
E. The two other forces acting at A are F «4 and Fac Sinco 
F AC is horizontal, the vertical component of Fha must noutralisse 
R, therefore 



h,ooo 
Fia. HO. 


Fba cos 30° = 500 lb. and F,m ” 677 lb, 

The horizontal component of F^m must bo equal and opposite 
toF^clhence 

Fac =* Fba cos 60‘’ ^ 288,6 lb. (9-3 5) 

Of the three forces acting at the point B, the force F^tu (equal 
and opposite to Fba) is completely known and tho directions of 
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the two others (Fdb and Foe) are known. There are therefore 
only two unknowns. Analytically the simplest procedure is to 
put the sums of the horizontal and vertical components separately 
equal to zero, These two equations are 

~~F db “h Fab cos 60° -|- Foe cos 60° = 0 

Fab sin 60° — Foe sin 60° = 0 (9-36) 

From which we find the magnitudes to be 

F j}B ^ Fab ~ Fbc ~ 677 lb. 

This result is confirmed by observing that the three forces make 
equal angles with each other. 

We shall consider next the forces at the point C, There are 
five forces acting at this point. The directions of all five forces 
and the magnitudes of three are known. There remain as 
unknown quantities the magnitudes of Fcd and Fob> Since the 
arrangement is one of symmetry, it is readily seen that 

Fob ~ Foa and Fen = Fan 

In a similar manner the forces at the points D and FJ may be 
found. Again by symmetry wo may readily write the values for 
the forces at D and F from those already found. 

Problem.— Using tho diagram of lilg, 110, ass u mo that tho angles BAC, 
AOB, DCJS, and CBD aro 46 dog. oatjU and that tho load (1,000 lb,) is 
midway between A and C. Kind tlio stresses in tho various moinbors, 

9-18. Principle of Virtual Work. — The principle of virtual 
work played an important role in tho development of tho subject 
of statics. At tho present time it is used but little in this branch 
of mechanics because tho vector relations expressed in the two 
conditions of equilibrium are easier to understand and to apply 
in the solutions of problems. Tho student of mechanics should, 
however, be familiar with this principle, , For a more detailed 
presentation ho should consult the literature on this subject, for 
example, Appell, "Mdeaniquo rationnello”; Lagrange, “M(5oani- 
quo analytique,” Crew and Smith, “Mechanics for Students of 
Physics and Engineering," and others of similar nature. 

Tho credit for formulating the principle of virtual velocities is 
given to Stovinus (1648-1620). Galileo also used this principle 
in a theoretical consideration of some simple machines, but it was 
not until more than a century later (1717) that Jean Bernoulli 
was able to announoo tho general principle and its usefulness in 
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problems of statics. The earlier ideas about virtual volooities 
and their uses in statics were somewhat nebulous before Ber- 
noulli's efforts in this field. In a letter to Varignon ho oloarly 
explains the principle and gives illustrations of the application 
of it. 

a. Virtual Displacement, — Suppose that a particle which is in 
equilibrium has a force (E) applied to it and suppose that tlie 
force F causes the particle to have a very small displacomont 
which we may call As. The displacomont is not to be a real 
displacement but a purely imaginary one. Sucli a displacement 
is called a virtual displacement to distinguish it from any actual 
displacement which the particle might have. 

h. Virtual Worh, — ’The work Al^ produced by tlio force E in 
giving the particle the virtual displacement As is expressed by the 
equation 

ATT - /i’ • As (0-37) 

It may readily be shown that the virtual work of tlio rosultant 
of the several forces which may bo applied to tlio particle is equal 
to the sum of the virtual works of the component forces. 

c. Virtual Velocity, — If we lot At bo the element of time in 
which the virtual displacement As takes place, then the virtual 
velocity is As/ At, 

d. The Principle.— ideas expressed by the virtual displace- 
ment and work of a particle may readily be extended to a rigid 
body. We must remember that we are dealing with a body in 
equilibrium and, hence, there must bo at least two forces acting 
on the body. A virtual displacomont is to bo associated with 
each force and is to express a very small displacomont of the point 
of the body to which that force is applied, From this it may bo 
seen that some, but not all, of the virtual displacomcnts in a 
particular case may not bo seloctcd arbitrarily. Tho virtual 
work, in the case of a rigid body, done by any force Is dotormined 
by that force and its associated virtual displacomont by takiriig 
the scalar product of those two quantities. 

Let us consider a rigid body which is in equilibrium undor 
the action of several forces applied to it and tlion i magi no that 
one or more of the points of application of tho forces aro given 
virtual displacements. Tho principle of virtual work, or of 
virtual velocities as it was formerly called, ns stated by Appcll is 
as follows: 
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"TIio nocoaaary and aufliciont condition needed for a syatom 
to bo in equilibrium in tlmt for any virtual displacement of the 
system, compatible with the liaisons, the sum of the virtual works 
of tho applied forces shall bo zero.” 

In order to understand just what is meant by the phrase 
“compntiblo with the liaisons,” one must remember that, if the 
body w rip;i<l and two or more forces are applied to it, the virtual 
clisplacomenta to bo assooiatod with the forces are not indo- 
iwndent of each other but dopond upon the positions of tho 
forces relative to tlm body and to each other and also may 
doixsnd upon any constraints to which the body is subject. I'i'or 
example, let us consider a simplo a g b 

lover Aii (FiR. Ill) which is in "" 
equilibrium under the indiumco of 
tho two forces W and F and 
which is constrained to rotational ^ 
motion by having a fixed axis 
at C. If wo iinagino tluit one end (ii) of the lever has a virtual 
displacement As, then the other end (A) cannot havo any 
arbitrary virtual displacement if tho lover is regarded as rigid. 
Tho virtual displacement of A is dotorminod by tlio struotural 
urrangement—the liaisonH, 

To niako a further use of tho illustration, lot us apply the prlU" 
olplo of virtual work in order to obtain a relation between tho 
forces F and W, Lot tho virtual displacemont of A bo Acf. 
Tho sign of a virtual displacement is regarded as positive if It is 
suppoaed to take placo in tho positive direction of tho corro- 
sjKmding force; otherwise it is negative, If wo assume that As 
is positivo, then tho sum of the virtual works is 

As ~ IK-Ad «. 0 (0-38) 


A 


Fiq. in. 


A BGCOiul relation may bo obtained from a knowledge of the 
positions of tho two forces with rnspoot to tlio fixed axis. This 
relation la one between tho relative magnitiidos of tlio virtual 
cl Is pi a cements and may bo written as follows: 


Ad AC 
_ - 


(9-30) 


From these two e([uation8 tlio ratio of the magnitudes of the two 
forces may bo found, provided tho directions of tho forces are 
known. 
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e, Illustration . — A single illustration will bo given to show how 
the principle of virtual work nnay bo used in a problem of statics. 

The radii of the two pulleys of a dilTerential pulley are ri and 7 * 2 . 
It is required to find the ratio of the applied force to the weight 
of the object which may bo lifted. 

Let W be the weight lifted, F the applied 
force with Ad and As, respectively, the virtual 
displacements (Fig. 112). Applying the prin- 
ciple of virtual work gives the following 
equation ; 

F • As - IF . Ad « 0 (0-40) 

\ y To find the relation between the two virtual 
displacements, wo may imagine that tlio virtual 
displacement of the fixed pulley is AO. Cor- 
responding to this virtual displacement, tho 
chain A is pulled upward a distance Tho 

chain B on tho other side is lowered a distanco 
riA0. Hence the virtual displacement of tho 
weight W is 

— Ad => ^(ra ri)A0 

The virtual displacement As is equal to r^AO. 

If we substitute the values of Ad and As in 
Eq. (9“40) and evaluate tho scalar products, since tho virtual 
displacements are parallel to the corresponding forces, wo obtain 
the following desired relation; 



YW 

Fiq. 112. 


F _ (ra - I'i) 
W 2ra 


(9-41) 


In the ordinary differential pulley, ra - ri is small in comparison 
with ra and hence, neglecting friction, a small force may be used 
to lift a comparatively large weight. 

f. Th$ Work Principle,— ’Tha method described above for 
solving problems in statics by means of tho principle of virtual 
work is very similar to the principle frequently described as tho 
work principle. It will be recalled that tho work principle i» 
used in the same typo of problems and differs from tho principle 
of virtual work only to the extent of assuming a real and 
finite displacement in place of the imaginary and very small 
displacement. The terms inpUt and output as used in tho work 
principle might very well be employed in tho principle of virtual 
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work. The indicated similarity will make an understanding of 
the principle of virtual work easy to acquire. 

9-14. Flexible Cables. — In this section we shall study tho 
characteristics of equilibrium of a heavy flexible cable or rope 
when hanging between two fixed points. The diameter of the 
cable is considered to be small in comparison with its length. 
It is to be regarded as being perfectly flexible; in other words, it 
offers no elastic resistance to forces tending to bend it. The 
nature of the curve which the cable will assume when under 
the influence of gravity alone and the tension at any point of 
the cable are the two characteristics of chief interest. 

If the cable is uniform, its linear density is constant and its 
weight Is therefore distributed evenly along its length. A 
uniform cable suspended by its extremities between two fixed 
points and carrying a load, distributed with linear uniformity, 
will assume a definite curve which is called the catenary. This 
curve is not a simple curve. Its derivation is given below. If 
wo may assume that the load carried, including the weight of 
the cable, is uniform horizontally, tho curve taken on by the cable 
is a parabola. Because the latter assumption yields the simpler 
curve, It will bo considered first. 

o. Uniform Horizontal Distribution 
of Ihe Load . — Wo are to determine 
tho curve assumed by the cable 
under the limitation that the load is 
distributed uniformly along a hori- 
zontal line. 

Let the cable be suspended from the two points A and B which 
are in tho same horizontal line (Fig, 113). The reference system 
A 0 y Is placed in the plane of the curve with the origin at the 
lowest point of tho curve and with tho A'-axis horizontal. 

Lot jP (xy) bo any point on tho curve. We may consider the 
portion 0 P of tho chain. It is in equilibrium under tho Influence 
of three forces, tho horizontal force R which is acting at 0, the 
tension T which is tangent to the curve at P, and its weight W 
which is directed vertically downward at the center of 'the 
portion. Since the sums of the horizontal and vortical compo- 
nents of these three forces must bo separately equal to zero, we 



have 

P — r cos a = 0 


and W — T sin a = 0 


where a is the angle which T makes with the A-axis, 


(9-42) 
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Since the horizontal distribution of tho weight is assumed to 
be uniform, we may put W ~ nx where n is the woiglit per unit 
of horizontal length of the cable. Substituting this value for W 
in Eqs, (9-42) and eliminating T gives 

tana = ^ (9-43) 

But tan a =5 dy/dx] henoe on integrating and putting x ^ y ^ Q 
for initial conditions wo find that 

V = S (0.«) 

Since P is any point on tho curve and n and R are constants, 
Eq. (9-44) is n parabola with origin at tho lowest point of tho 
curve and with the axis directed vertically upward. It follows, 
therefore, that under tho imposed weight distribution tho curve 
assumed by the cable is a parabola. 

The tension R in tho cable at tho point 0 will obviously 
depend upon the vertical distance of 0 below the points A and 
B and also the horizontal distance from A to B. If tlio formor 
distance is called d and the distance between A and B is identified 
as 2a, then we may evaluate R by using Eq. (0-44), and tho coordi- 
nates a and d of the point B. Hence wo find that 

(0-46) 

The value of the tension T' at B (or at A) is next to bo found. 
The direction of T' may be found from Eq. (9-43) which gives if 
wo write a* for the particular value of d, 

tan a' = ^ ^ (9-46) 

The magnitude of T' may be determined by using Eqs. (9-42), 
Squaring both equations, writing T' for T, and introducing tho 
values for R and W gives 

r = ||(4 d* -I- o’)' (9-47) 

The tension T at any point in tho cable may bo determined 
in a similar manner. 

5. Uniform lAnear Disinhulion of the Load , — Wo shall next 
consider the conditions of equilibrium when tho load is dis- 
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tributed uniformly along the cable. If we use the symbol m 
to represent the weight of a unit length of the cable and s to 
express the length of a segment of the cable such as OP (Fig. 113), 
the differential equation for the curve becomes 


tan a 


m s 
dx R 


For the sake of convenience we may put I2/w = c, a constant, 
which gives 

I = 5 


This equation may be recognized ns belonging to the catenary. 
The origin of the curve is to be taken at a distance c below 0 
in the diagram. The constant c has the 
dimension of a length. The equation 
may be transformed into one which eis/^ 

contains only two variables s and a; by 
the use of identity 


tan® a = 


“ cos® a * lig- 

and by using the relation shown in Fig. 114. Since cos a =» dx/ds, 
it follows that 


( ^ ( ds\ 
\dx) \dx) 


(9-49) 


Eliminating dy/dx from Eqs. (9-48) and (9-49), wo obtain the 
desired differential equation 


dx « ds 




(9-60) 


Integrating this equation and writing log D for the constant of 
integration gives 

2 = log[^l + ^ + f] + losB 

I 

By selecting a == 0 at s « 0 for the initial conditions, wo find 
that log 2) « 0) hence wo may write 




l + ~ + 


(9-61) 
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This equation may be manipulated so that it is explicit for s/c. 
By taking the reciprocal of both members of the equation and 
then simplifying, we obtain 

= a/i + ? - 3 (9-52) 

Subtracting this equation from Eq. (9-51) gives 

£ 8 
eo — e 0 = 2 - 
c 

Hence 

~ = sinh - (9-53) 

c c 

If this value of s/c is substituted in Eq. (9-4:8), a differential 
equation in x and y is obtained. This is 


dx 



Integration yields the following equation: 


y 

c 


— cosh 


X 

c 


(9-54) 


The constant of integration is equal to zero. 

A useful relation between x and y may bo obtained from tho 
fact that 

cosh^* - — sinh^ ~ 1 

c c 


Applying this relation to Eqs. (9-63) and (9-64) gives 


yi — §2 cs 


(9-66) 


Tho expression of Eq. (9-64) may bo simplified if the constant c 
is large, or physically if tho horizontal tension is largo in com- 
parison with tho linear weight of the cable. By expanding 
tho exponential terms of cosh x/c, it may bo shown that tho 
series 


s 

go C3 

^ (3 ESS 


^ ^ c ^ 2c2 

1-^4. .^1 

c ^ 2c* 


Gc* 


0c» 


4 



converge rapidly if c is large in comparison with a;, 
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The approximate expression then becomes 

1 = 2 + 1 (9-66) 

This approximate expression is a parabola. We may conclude, 
therefore, that when the horizontal tension is large the curve 
assumed by the cable is approximately a parabola. 

Problems, — 1. A weight of 600 lb, is suspended by two mass loss cords 
wliioh make angles of 30 and 60 deg, with the vortical. Find the tension 
in the cords, 

2. A uniform bar 10 ft. long and weighing 260 lb. is supported in n hori- 
zontal position by two vortical ropes which are placed 1 and 2 ft. from the 
ends of the bar, Find the tension of the ropes. 

3. A uniform bar 8 ft. long and weighing 26 lb. carries three weights, 
60, 76, and 126 lb,, which are 1, 3, and 6 ft., respectively, from one end of the 
bar. Find tlio center of gravity. 

4. A uniform horizontal bar of mass in g. and of length 2 Lem. is suspended 
by two parallel massless threads. The threads are 2 L cm. apart and are 
D cm. long. Find the couple needed to rotate the bar through an angle 0. 
(This arrangement is called the bifilar pendulum.) 

5. A bug is placed in a spherical-shaped bowl. If the coofiioient of 
friction between the bug and the walls of the bowl is 0,4, how far up the side 
can the bug crawl before ho slips back? 

6. Find the ratio of the applied force to the force exerted by a wedge if 
the angle of the wedge is 2«, and the force exerted is porpendioular to the 
line of the applied force, Use the principle of virtual work, 

7. A ladder of length,!; and weight W is placed on a horizontal floor and 
leans against a vertical wall, If the coofliolonta of friction are similar and 
both ore equal to find the smallest angle which the ladder can mako with 
the floor and not slip. 



CHAPTER X 

FORCES OF ATTRACTION AND POTENTIAL 

10-1. The Law of Gravitation, — Tho single contribution which 
made tho greatest advance in the study of celestial mechanics 
was the law of gravitation^ formulated by Newton in 1660. It 
is of interest to observe that, in stating tho universal law of 
gravitation, Newton brought into coalescence many important 
ideas which wore current prior to his time. Tho works of such 
men as Galileo, Copernicus, Huygens, Morsonno, and Kepler 
were milestones to the greater achievements of Newton. 

The law of gravitation was not the product of a few houvs^ 
work. In order to achieve the final result, much time was 
required and new mathematical tools had to be invented. Ho 
published a description of this work in his “Mathematical 
Principles of Natural Philosophy” — “a work which as an exhi- 
bition of individual intellectual effort is unsurpassed in tho 
history of the human race.” 

Newton's first great step was in guessing that tho earth's 
gravitation extended to tho moon, Using some of Kepler's 
ideas, ho deduced that the forces which keep the planets in their 
orbits must bo inversely proportional to tho squares of their 
distances from the sun, and then ho compared tho contrlpo(;al 
force needed to hold the moon in its orbit with tho force of gravity 
at tho surface of the earth and “found thorn answer pretty well.” 

Although Newton found that his gravitational force did 
“answer pretty well” with the necessary contrlpolal force, tho 
difference was, in his opinion, sufficiently largo to warrant delay 
in publication. So he waited until 1672, at which time ho was 
able to prove that for certain purposes tho mass of tho body 
could be regarded as being concentrated at its goomotrieal center. 
This fact together with now and moro acourato data of tho aizo 
of the earth enabled him to make a satisfactory substantiation 
of his theory. Ho published tho roaults in his now famous 
*‘Prinoipia.” 

An interpretation of tho law, as formulated by Newton, loads 
US to the view that, when we are eoncorned with tho gravitational 
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10 - 1 ) P0RCJS8 OF ATTRACTION AND POTENTIAL 


229 


attraction between two bodies, wo are in reality dealing with 
resultants of groups of differential forces. Considering two 
differential masses dm and dm', the force dF exerted by dm on 
dm* is expressed by the relation 

dF = ~K dm^' (10-1) 

in which r is the distance from dm to dm* and K is a constant 
which depends upon the system of units employed. The minus 
sign indicates that the force is one of attraction. 

The force dF acts mutually upon the two masses. It may bo 
regarded as a tension between them, as though a stretched rubber 
band was attached to the two particles and was pulling them 
together. The direction of the force is along the line joining the 
particles. The 'magnitude of tho force decreases as r® increases 
and mce versa. As r approaches zero, tho force approaches 
infinity, Obviously r cannot bo made equal to zero. 

If we wish to determine the attraction between any two bodies, 
of mass m and m', we shall have to integrate the differential 
forces over both masses. Every differential particle of tho one 
body will exert a differential force upon each differential particle 
of the other body, A double 
mass integration is therefore 
necessary to determine tho re- 
sultant gravitational force be- 
tween the two masses. 

JUmtraiion . — Given two thin 
homogeneous rods, of lengths 
2L and 2Z/', and of masses M and 
M’f respectively. Let tho rods 
be 80 placed that they are par- 
allel to each other and that tho 
line joining their centers of mass 
is perpendicular to each of the 
rods. Let D be tho distance between the centers of mass. Find 
an expression for tho gravitational attraction of M for M', 

Lot dm and dm', tho difforontial masses, be situated at the 
distances y and y' from tho centers of mass of M and M', respec- 
tively, with tho reference system as shown in Fig. 116, If A is 
the common area of cross section and if p and p' are tho densities 
of the rods, then the differential force between dm and dm' is 




230 


ANALYTIC AND VECTOR MECHANICS 


dF = -KAW dy^ 


(10-2) 


This force is dirooted along the lino r which conneots dm with 
dm\ We cannot integrate this expression over tho two rods and 
obtain a correct expression for tho resultant force bo can so tho 
directions of the difforontial forces in the integration will not all 
bo tho same. Wo may, however, project these diiferontial forces 
into linos parallel to OX and to OF and then, by separate inte- 
grations, determine the components of tho resultant force which 
are parallel to OX and to OF. 

The component parallel to OF is found by tho following 
expression : 

n r^A<i f cos a dy dy' 

whore a is tho angle between r and tho F-axis. Since 


cos « = and r « [(y' — y)* + 

V 

then it follows that 

Tho other component is found by integrating tho following 
expression: 


IX 


(10-3) 




KAW' 
■ LL'D 
KMM' 


“ 1/y d- 

lV^y~TW~T^^ - VW 
[V(Z/' + L)3 + 1)2 - V57 


« [VWTWTi)^ - V(L' - 

(10-4) 

Since the component is zero, tho resultant force is parallel 
to tho axis OX, This result does not prove that tho rosultnnt 
force passes through the centers of mass of the two bodies. In 
this case, however, because of the symmetry of tho arrangement 
it is not difficult to seo that such is tho case. In general, it is not 
correct to say that tho resultant force between two bodies docs 
pass through the centers of mass. As an illustration of a ease 
of an unsymmetrical arrangement in which tho resultant attrac- 
tion does not pass through tho centers of mass, tho following 
problem is given for tho student to work out. 
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Problem.— Find the direction and magnitude of the attraction between a 
thin uniform rod, of length L, linear density p, and mass M, for a small 
dimensionless mass m situated at any point on n line which passes through 
one end of the rod and perpendicular to it. Prove that the direction of the 
force does not pass through the center of mass of the rod but bisects the 
angle formed nt m by the two lines drawn to the extremities of tho rod. 

To locate the position of the resultant force in either rod of 
Fig. 115, say M, it is necessary to determine the moment of the 
X component of tho force on M about some axis perpendicular 
to the diagram and passing through some point P of the rod. 
If the moment so determined is zero, then from that fact wo 
should know that the resultant attraction passes through the 
point P. If the resultant moment were not zero, then dividing 
the moment by the resultant force would give the lever arm of 
the force necessary to produce that moment. Tho point of tho 
body through which the resultant force passes will be at a dis- 
tance equal to the lever arm irbm the point selected as axis of 
moments, The sign of tho moment will indicate on which side 
of the selected axis the line of the force passes, 

Lot us select the point OinM (Fig. 116) as tho axis of moments. 
Tho X component of the differential force (dP») duo to the 
attraction of tho rod M' on any differential mass dm (0, y) of M 
is found as follows: 


dFs = KAp 


_ KAp' dm 
~ D 


'dm\ 


D dy> 

[(y' - vY + 

IJ ~ V 


L' -h y 


^L'y d” y^ "s/ 0/ “b '^P'y 4“ y^ , 


( 10 - 6 ) 


in which a >== -f D®. Tho sign is taken positive booauso the 
force is in the direction of a positive displacement along OX, 
According to our convention of signs, a positive moment about 
an axis through 0 would produce a counterclockwise rotation. 
The moment of tho force dFx about 0 is therefore —y dP®, If we 
multiply the foregoing expression for dP* by ~-.y, replace dm 
hy Apdyf and then integrate from — L to L, tho resultant moment 
M is found. Replacing tho values of a, the expression for the 
moment may then be written as follows: 


^ XAV r p y{V - y)dy 

® -I- (i' - 1/)> 

r'- y(V + y)dn 

}-iVW+WTW. 


( 10 - 6 ) 
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Tho integration of this expression is more easily obtained if 
wo make the following changes: 

First Integral Second Integral 

Let Let 

ti = L' — 2/ V ~ L' H- y 

du — —dy dv = cly 

U -1- L Upper limits U ~ L 

U ~ L Lower limits L' -[- L 

Making these subBtitutions and in tho aocond integral rovorsing 
tho limits and changing its sign gives 


KAW \ - u)du 

\/15® “h 


L‘~L 



It is not even necessary to ovaluato the integrals beenuso 
it may bo scon that, since tho limits are alike and the forms of. 
exprosslon identical, tho final value must be equal to zero. Wo 
may thoroforo draw tho conclusion that tho resultant gravitation 
attraction of M' for M passes through tho centers of mnsa of botli 
bodies. 

10-2. The Gravitational Constant. — After Newton’s discovery 
of tho law of gravitation, tho attention of many scientists was 
cl I roe tod to determining tho value of tho constant K. This 
problem was not an easy one, for, it must bo romembored, tho 
mass noithor of the earth nor of any other “heavenly” body was 
known. Tho size of tho earth had been determined ; licnco there 
wore, in reality, two quantities, K and tlio density 5 of tho earth, 
in tho equation which had to bo determined. 

Tho experiments for finding K and 8 aro of two general types. 
In one class some natural mass is selected, usually a mountain 
whoso slope and size wore easy to moasuro. In some of those 
exporimonts ineasuremonts wore made on the do flection of a 
plumb bob placed near the aide of tho mountain, and in tho others 
the periods of a pendulum, placed on top and bolow the mountain, 
wore determined. These experiments utilized tho elTcct of a 
known mass (tho mountain) upon tho plumb bob or pendulum. 

Tho other typo of experiment was dosigimted to bo done in Llie 
laboratory. A largo and a small mass were seleotocl, the masses 
of course, being known. Usually tho small mass was Busponded 
by a very fine quartz fiber and then the large mass was placed 
first on one side of tho small mass and then on the other. Tho 
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displacement produced by the attraction was measured. The 
aotual gravitation force between those two masses was compared 
with the weight of one of the masses. 

Our space here is too limited to describe all or any of these 
interesting experiments. The student should consult the litera- 
ture on this subject.^ Some of the milestones in the solution of 
this problem are given here. 

First Ty'pe of Experiment, 1. Bouger, 1740. — Bouger was the 
first to make any experiment intended to evaluate K, An 
account of his efforts on the slopes of Chimborazo in Peru is 
filled with many thrilling incidents. His results wore not good 
numerically but did indicate “ that the attraction of the mountain 
existed and that the earth, as a whole, is denser than the surface 
strata.” As he remarks, “the experiments at any rate proved 
that the earth was not merely a hollow shell, as some had till then 
held; nor was it a globe full of water, as others had maintained.” 

2. Maskelyne, 1774. — Maskelyne made measurements on 
Schiehallion, a hill (3,647 ft. high) in Scotland. He used a plumb- 
bob method. His results indicated that 5 was 4.6 g. per cubic 
centimeter. 

3. Carlini, 1821.— Carlini used a pendulum at the Hospice on 
Mt, Conis, about 6,000 ft. above sea level and found 8 =* 4.6. 

4. Airy, 1826 and 1854. — In these experiments the period of 
a pendulum was measured at the earth's surface and also at tho 
bottom of a coal mine. He found 8 = 6.6 g. por cubic centimeter. 

Second Type of Experiment, 1. Mitchell . — Credit should bo 
given to Rev. John Mitchell for designing and completing 
laboratory apparatus for this purpose. Unfortunately, ho died 
before doing the experiment. 

2. Cavendish, 1797-1798.— This famous experiment is probably 
well-known by all students of physics. An average of 29 results 
gave a mean value of 5 = 6.448 T 0,033. 

3. Ileich, 1837, found values of 6.49 and 6.68 for 5. 

4. Bailey, 1841, results gave 5 *= 6.674. 

6. Boys, 1895, used very fine apparatus and probably obtained 
the best results. His final values are 0 = 6.6676 X 10“® and 
S « B.6270. 

The numerical value of K may be found from a knowledge of 
the weight of a body on the earth’s surface and tho mass of tho 
earth. This is left for tho student to do, Assumo that tho 

^ PoYNTiNG and Thomson, “Properties of Mattel’.” 
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average density of the earth is 6.63 g. per cubic coutinnotor, that 
the radius is 6.37 X 10* cm,, and that the weight of 1 g. mass 
is 980 dynes. 

K is not merely a numerical constant used to make the magni- 
tudes agree on both sides of the equation. It has dimonsions. 
These are easily found if wo write lilq. (10-1) so that it is explicit 
for /C 


K 


dF 

dm dm/ 


(10-8) 


10-3. Gravltatlonal-fleld Intensity, — It is customary in physics 
to speak of magnetic-field intensity at a point in a magnetic field 
as the magnetic force exerted by the magnetic field upon a unit 
(A^) magnetic polo placed at that point. Similarly tho elect ric- 
field intensity is defined as tho electric force exerted by tho elec- 
tric field upon a unit positive electric charge placed at tho i^oint 
in question. In both of these oases we think of tho m ague Lie or 
electric field as a region of such a nature that there would bo a 
force exerted upon any magnetic polo or eloctrio charge if brouglit 
into the field. In a like manner wo may regard tho gravitational 
field as a region of gravitational influence in tho space surrounding 
some mass or masses. Because of this similarity, gravitational- 
field intensity is defined in a manner analogous to that used in 
defining tho magnetic- or elootric-fiold intensities. Qravilaiional^ 
field iniensiiy is the gravitational force exerted by tho field uix>n a 
unit mass placed at tho particular point at which tho field 
intensity is to bo expressed. It is the gravitational force f)cr 
unit mass. If the force on a differential particle dm at a given 
point is dF, then dF/dm is tho field intensity at that point. 
It is obvious that field intensity is of tho same dimonslona na 
acceleration, 

To determine a component of tho field Intensity Q, at any 
point in the field of any given mass, wo may replace dm in 
Eq. (10-1) by unit mass and, assuming tho unit mass to bo a 
dimensionless particle situated at the given point, evaluate the 
integral 

a. = -K \ ^ COB a (10-0) 


where a is tho angle between r and OX, 

This equation gives only one oomponent of the field intensity. 
The resultant field may bo found by determining tho three 
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components referred to a selected reference system. The position 
of ttio force in unsymmetrical bodies is determined by using the 
motnonts of the forces as shown in Sec. 10-1. A number of 
illustrations are given in the following sections to show the method 
of determining the field intensity. 

10-4. The Gravitational-field Intensity of a Homogeneous 
Sphere,— The problem of finding the field intensity duo to a 
homogeneous spherical mass at some point outside the mass is an 
important one in astronomical calculations. There are several 
ways in which the general expression for the field intensity may 
bo determined. The method shown hero involves three steps. 
Each step will, however, bo complete in itself. The first step 
will bo to find the field intensity at some point on the axis of a 
thin Ting, the second will involve a determination of the intensity 
on tho axis of a thin circular disk, and the last stop will show the 
process of finding tho intensity at some point outside the solid 
homogeneous sphere. In the second and third stops tho results 
of the prooeding step will bo used. By this method the normal 
process of a triple integration over tho volume of the solid is 
replaced by steps which reveal a physical meaning of tho volume 
integral. 

a. Thin Ring ,- — To find 
tho field Intensity at some 
point on tho axis of a thin 

ring. 

Lot tho radius of tho ring 
bo r (Fig. 116), its area of 
cross section A, and its 
density p. Wo are to find 
the field intensity at some point P, which is at a distance D from 
C, the center of tho ring. If radii are drawn to the ends of a 
differential mass at (9 and dy is tho angle between them, then 

dm A fiv dy 

Tho oommon distance of all such differential masses from the 
point P is Tho field intensity at P, duo to dm, is in 

the lino PQ. Wo must therefore project this differential force 
into tho lino of PC by multiplying it by tho cos a whore a is the 
angle between PC and PQ. 

The general expression for the field intensity at P is 
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Since 7 is the only variable, the limits of integration, which 
correspond to taking the integration over the entire mass, now 
are from zero to 27r. Hence 



KAprP r\ 
KA P rD 27 r 

(Z)2 + r^)i 

K m D 


(/)2 4. r2)J 


( 10 - 11 ) 


in which m, the mass of the ring, is used to replace Ap27rr, 

b, Thin Disk , — ^To find the 
/\ intensity at a point on tho axis of 

k/itv — ^ 

nKlsj ^ p Lot a bo tlxo radius of tho disk 

\\J ^ 117), C its center, t tho 

/ thickness, and p tho clonHity. 

The field intensity is to bo found 
at the point P which is on tho 
axis of the disk and situated at a distance D from 0, tho center 
of the disk. 


We may use a thin ring, of radius r, and width dr in tho piano 
of the disk and concentric with C, as tho dilTorontial mass. TJds 
selection will permit us to use the results obtained above. It 
is to be noticed that in this case the field intensity of tho diJTer- 
ential ring is in the line PC which must contain the resultant 
field intensity of the disk, and therefore no projection factor is 
necessary. The differential mass will bo 


dm *== 2ir r i p dr 

The limits of integration will bo from 0 to a, since r is the variable. 
The equation for tho field intensity will thoroforo bo 



(10-12) 

(10-13) 


in which m', the mass of tho disk, i.s equal to ira^pL 
c, Solid Homogeneous Sphere , — To find tho gravitational-field 
intensity at any point outside a solid homogeneous sphere. 
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Let the center of the sphere be C (Fig. 118), the density p, and 
the radius R, We are to find the field intensity at P which is at a 
distance S from C. 

We may utilize here the 
results just obtained for the 
intensity at a point on the 
axis of a disk, provided that 
we select the thin disk as the 
differential element and place 
it na shown in the figure, perpendicular to PC, Lot the disk 
be situated at a distance x from C as origin. The thickness of 
the disk is then dx. This selection will make x the variable and 
the integration limits will be from x — R to x ~ —li. 

Using the results given in Eq. (10-13) and replacing D by its 
equivalent S - x, and putting == — x^, the expression for 

the field intensity will bo 




■%rKp 

4viaPp 

38* 

KM 

■ 


F- 


X - s 


ViP 2,Sa; 


= dx 
35 . 


(10-14) 


(10-16) 


This result expresses the field intensity at P in terms of M the 
mass of the sphere and S the distance from P to the center of 
mass of the sphere. As long as the sphere is homogeneous, wo 
may therefore regard the intensity at P as though it wore duo to 
the entire mass concentrated at tlie center of mass. This result 
is also true for spheres in which the density varies, provided that 
the density may bo exprossed in terms of the radius only. 

10-5. The Gravitational-field Intensity at a Point inside a 
Hollow Sphere.— The problem is to determine the field intensity 
at a point P which is inside of a hollow sphere. Lot the sphere 
be of uniform density with R and B the outer and inner radii, 
rcspeotlvoly. 

It is convenient hero to use a differential mass in the shape 
of a thin ring so situated that its plane is porponclicular to the 
linePO (Fig. 119) which joins the point P with the center of the 
sphere 0. To establish further the boundaries of the differential 
ring, let us select a spherical shell of radius r (shown in section 
In the diagram) and of thickness dr. If now wo draw to this shell 
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two radii which make the angles 7 and 7 -f- dy witli the lino PO, 
and then imagine that the radii so drawn are rotated about /’O, 
keeping the angle 7 constant, they will out from tho Hijhoi'iciil 
shell the desired thin ring. The dimensions of tho ring will bo 
length, 27 rr sin 7, width r d 7 > and thickness dr. If p is tho 

density, then tho dilTcrontiiLl nniss 
of tho ring will bo 

dm “ 2'r:pr^ dr sin 7 ^7 (10-10) 

Wo have shown in tho preced- 
ing section that tho contribution 
of each differential length of tho 
ring to tho liold intoiiiHity at a 
point P on tho axis of tho ring 
must bo projected into tho axis 
PO. This is done by intrmhieiiig 
the' cos a, in which a is tho angle between PO and PQi tho lino 
joining P to the differential clement at Q. 

To obtain the final expression a double integration appears 
to be necessary. First wo may integrate over the spherical bIioII 
by letting the angle a vary from 0 to tt and then over tlie Noli<l 
portion of the sphere by letting the radius of tho shell vary from 
B to R. With those conditions in mind wo may now write tho 
expression for tho resultant field intensity at P, which is 

0 = -~2rKpJ r^drj cos a (10-17) 

in which x is written for PQ, 

In order to evaluate tho first integral wo must either oxprcHH x 
in terms of 7 or 7 in terms of x. In this case wo ohoowo to make 
the latter substitution. For this purpose wo may Iho 

following equations which aro obtained from geo metrical rela- 
tions. If s is written for tho distance PO, then 



cos a 


t f 


X 


x^ =s 7-2 _|. g 2 _ 2r8 cos 7 
Eliminating 7 from these two equations gives 

.r® - 


(10-18) 


cos a « 
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sin 7 dy 



le limits of integration for tho new variable x will be from 
- s to ?’ + s- Substituting these equivalent expressions in 
|. (10-17) gives 



(10-19) 


In carrying out the details of integration for tho first integral, 

0 result is found to bo zero. The conclusion to bo drawn from 
is result is that tho field intensity at any point inside a spherical 
iOH is zero. It is true for all spherical shells of which tho hollow 
ihoro is composed, and therefore tho intensity at any point 
side tho hollow of the sphere is zero. 

It also follows from tho foregoing conclusion that, if tho point 
wore located at any point inside a solid sphere, tho field intensity 
. P would bo duo only to that portion of tho sphere which lies 
lihin tho spherical surface passing 'through P which has its 
mtor concentric with tho given sphere. This result may bo 
btnlnod by integration or it may bo seen to bo true from tho 
blowing consideration. Suppose P is within the hollow of a 
ollow sphere, and conoentrio with this sphere there is another 
l>liero with a radius less than P’a distance to tho center, Tho 
old at P is then duo only to the inner sphere. By increasing 
\w inner splioro so that its surface approaches P and by deoreas- 
ig tho size of the liollow in the outer sphere, tho space between 
ho two may bo reduced to zero. This result is true only for 
pliorca the densities of which are uniform throughout or are 
unotions of tho radii. 

From these results it also follows that the force between two 
lomogonoous spheres, of mass m and is 

(10-20) 


f r is the distance between their centers. 


Protlems.—l. Detormino tlio Rravitational-fiokl irftoneity at a point 
jqUido a hojnOBoncoiiB aphomal aholl. 
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2, Using the x’csuUb of the procccling problem, clctoi'miue tho field intensity 
at a point outside a homogeneous Rphoie. 

8. Find the gravitational attraction between a lioniogcneouB spliore and a 
tlxin homogeneous rod if tho rod is placed so that the lino connecting the 
centers of mass is perpendicular to it, 

4, Find tho field intensity at a point outside a lioinogoucotia culio if the 
point is situated on a lino which passes through tlio center of mass of the 
cube and whicli is perpendicular to any two parallel faces. 

10-6. Conservative Forces. — Suppose wo have a force field, 
such as a region surrounding a gravitational mass, and in this 
field wo move a body from a point A to some other point B, In 
doing so, in general, a certain amount of work W would have to 
bo dono by tho forces acting on tho body. If tho force is that 
of tho field, the work is positive. If, howovor, work is dime 
against tho field, tho work is nogativo. Now if tho body Is 
moved back from B to A, and tho work dono is exactly the sumo 
in magnitude as that dono in moving tho body from A to i?, then 
the field is spoken of as a conservabivo field. In moving tho body 
from A to the work might have boon done by tlio field forces. 
Suppose that this is the case. Then, in moving tho body buck 
to A, tho work would have to bo done against the field forces. 

In conservalim fields there is no not work required to move 
a body from any point over any path of tho field baok to tho 
same point, l-egardloss of tho path used in tho displacomont, 
There are fields, however, where forces of rcsistanoo aro operative, 
in which there is a net work resulting from moving a body from 
any point over some path back to tho starting point. Such a 
field is a nonconaervative field. Fluid rosistanco is a typical 
nonconsorvativo force. Work dono against such forces is con- 
verted into heat energy manlfostod as klnetio energy of tho 
molooulos of the medium and of tho body. 

10-7, The Force Function. — In a consorvatlvo-forco field, such 
as a gravitational field in a vacuum, tho force duo to tho field 
acting upon a particle placed in tho field will bo a function of 
the coordinates of tho position of the partiolo. Suppose that 
tho position of the particle is given by tho vector r. I''or a 
very small displacement of the particle, such as dr* the oloinont 
of work dW dono by tho force F will be given by tho equation 

dW - F ■ dr (10-21) 

If we write the vectors F and dr in terms of their oompononts 
in the reference system, 
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P == f iJ’e 4* JFy -4- kFg dr = i dx jdy 4 kde 

en the total work done, expressed in terms of the components 
the forces, is 

W = jF^ dx 4- iF„ dy 4 !F, dz (10-22) 

hero the integration is to be taken over the entire path along 
hloh the particle is moved. 

Tho components of the force in a conservative system are 
nglc- valued functions of the coordinates. Now suppose that 
lore exists a function V{xyz) such that 




dx 





dU 

dz 


( 10 - 23 ) 


mn the function U is called tho force function because from it 
10 force may bo obtained. 

One may also dei'ivc tho force from another function which 
i called tho potential and is usually designated by the symbol 
This is not to bo confused with velocity, for which the same 
yinbol is used. Tho context will indicate which is meant. 
Iio potential function V is closely related to the force function 
f. The relation is expressed by tho equation V — —U, If 
hero is n potential function at a given point in a field, the 
lotontial energy of a particle placed at the given point in tho 
leld may bo hmncl by simply multiplying the potential by 
ho mass of tho particle. In other words, the potential is the 
mtontial energy per unit mass. 

It Is obvious that the potential may be used for determining 
.he force exerted by tho field upon a unit mass placed at the 
wlnt at which V is given. This is expressed symbolioally as 
ollowe; 


F 


a 


dx 



F, 


dz 


If there is suoh a function V from which the components of 
P may bo found, then the element of work dW done by the field 
forces in producing a differential displacement of a unit mass is 


dW 


_dV 

dx 

« -dV 


dx 


dV 

dy 


dy 


dV 

dz 


dz 


( 10 - 24 ) 


If wo assume that 7 is a single-valued function, then, since 
V is an exact differential under tho given conditions, we may 
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integrate this expression from any point at whicli the value of V 
is Fa to any other point at which the value of F is Vi wliich 
would give 

TF = -(Fa - Fi) (10-25) 

This result shows that the work clone is indoponclont of the 
path as it should be in a conservative field. 

The single condition which e.stal)lishos the oxistoneo of a 
force function in a conservative system is that 

dF, dF, dF, OF. OF, OF. 

“w ^ “ Tf 

If the force function were not a single-valued function of the 
coordinates in a given conservative system, then it would bo 
possible to do work upon the system in moving a partiolo from 
some given point over an arbitrary path back to tho starting 
point, for in so doing tho force function might attain a soeond 
value. Now, because the forces are conservative, if tlio partiolo 
were then moved in tho reverse cHrcotion around the selcotcd 
path, work would be done by tho field forces and honco tho body 
would acquire energy. This could bo repeated Indofinitcly and 
any amount of energy acquired. Such a procedure is contrary 
to the principle of the conservation of energy. Honco tlio fiu'co 
function must bo a single-valued function. 

10-8. Potential Energy and Potential.— There are two kliitlu 
of energy: kinetic and potential. Kinetic energy is onorgy of 
motion and, as we have seen above, may bo expressed in terms of 
the mass of the body and the speed of Its center of mass in trans- 
lational motion or in terms of the momont of inertia of tho body 
and its angular velocity in rotational motion, Polentinl tniergy 
is energy of position or of a strained oondition. If a body is 
moved against the forces of some force field, it gains potontial 
energy. If a body is stressed by forces, such that an cdimtlo 
deformation occurs, as in the case of tho strotehing of a spring, 
it gains potential energy. In either case, whether a body gains 
kinetic energy or potential energy, work must bo dono upon tho 
body in order that the body may obtain this onorgy. Work 
may be used as the measure of the onorgy, or, in other words, 
energy Is the capacity for doing work. 

The total amount of potontial energy which a body poBsoaaos 
Dy virtue of its position is entirely a relative matter, In ougo 
the gravitating body is the earth, wo might aay tlmt tho potential 
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energy which a mass possesses relative to the earth is equal to 
the work that must be done against the gravitational-field forces 
of the earth in moving the body from the center of the earth to 
the particular point at which the potential energy is to be 
expressed. This definition is, however, unsatisfactory. 

In electrostatics the forces are repulsive when the charges 
are similar; hence the potential energy which one charged body 
has when placed at some point in the field of another charged 
body is equal to the work clone in moving the body from infinity 
to the point at which the potential energy is to bo expressed. 
A similar definition may be given for the potential energy of 
magnetic poles in a magnetic field. 

The term potential is used in gravitational fields to express the 
potential energy of a unit mass. Potential in electric or magnetic 
fields has a similar meaning. In electric or magnetic fields, 
potential is frequently defined ns the work done against the field 
forces in moving a unit charge or pole from infinity to the point 
at which the potential is expressed. The work done under these 
circumstances gives the potential energy; hence these two aspects 
are consistent with each other. In gravitational fields, however, 
the forces are attractive and not repulsive as they are in the elec- 
tric and magnetic fields (between like charges or poles); hence 
we do not desire to define potential in gravitational fields in 
terms of the work done against the field in bringing a unit mass 
from Infinity to the point, nor do wo wish to define it in terms of 
the work done in moving the unit mass from the center of mass 
of tho attracting body to the point at which the potential is to 
be expressed. The difforoneo of potential which exists between 
any two points in a gravitational field may bo measured by the 
work done in moving a unit mass from one point to another. 

Now there is a certain convenience to bo gained by having 
a single definition of potential which is applicable to all three 
fiolds. It is not easy to do this and use tho conception of the 
work done against the field forces as a basis for the definition. 
A common basis for the definition is supplied, however, in the 
force function. As used in tho preceding section, the force 
function was used to obtain tho force on an indofinito mass 
partiolo. If tho particle has a mass of unity, the forces then 
become field intensities. Lot us therefore define potential as 
that force function from which tho components of the field 
Intensity may bo obtained by taking tho negative of tho partial 
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derivatives with respect to the three coordinates of some reforenoo 
system. If, then, 0 is the field intensity, the components of G 
will bo 


0 , 


dV ^ _ __dV 
dx dy 


G, = (10-27) 


and V is the potential. 

Even by this definition the potential still retains the char- 
acteristic of being potential energy for a unit mass. The only 
significant difference is that in the gravitational case the place 
at which the potential energy is zero is not given. Since poten- 
tial energy is a relative quantity anyway, this differ once is of no 
importance. 

The method for finding the potential V at any point in a gravi- 
tational field duo to a naass m is given by the following expression: 


7 - -/C (10-28) 

Jm 1' 

in which r is the distance from the differential mass dm to tlio 
point at which the potential is to bo expressed. The integration 
extends over the mass or masses involved. 

The validity of this expression may bo ostabliahcd by a direct 
application of Eqs. (10-27) to (10-28) after roplnoing r by its 
equivalent expression (.r’* -f jys -j- ga)i, 

10-9. Problems.^ — 1. Eiiid the potential at a point on the 
axis of a thin ring. Determine also the field intensity from tlie 
potential. 

If we use the symbols of problem 1 in See. 10-4 and the 
diagram of Fig. 116, wo may conveniently chock our first result 
with that given for the field intensity in tlint problem. Since 
potential is a scalar quantity, no clirootion is involved; hence tho 
potential is obtained in tho following manner: 



KA r f 

“b ?‘^Jo ^ 
KAp 27rr 

Km 


(10-29) 
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Q = 

A T^ 


r = -K2irlp 


10-tl 

We may now determine the field intensity by taking tho nega- 
tive partial derivative of this expression with respect to Z>, since 
the resultant field intensity is in tho lino of i). Hence 

£F 

OD 

KtTi D /’I n 

“ “'(7;2 _{. ,‘2)j (10-31) 

This result is identical with that found in problem a of Sec. 10-4. 

2. Find the potential and field intensity at n point on tho axis 
of a thin disk. 

We may again use tho symbols and tho diagram of See. 10-4 
and Fig. 117. The potential is found by evaluating tho integral. 

J »o fjfj. 

0 

= -/(T [ V2)2 -h ~ D] 

= [vmr^^ - D] (10-32) 

Cl 

To determine tho field intensity, wp may differentinto this 
expression with respect to D and change tho sign. This operation 
gives 

The result agrees with tho one giving the field intensity for the 
thin disk which is given in problem h of Sec. 10-4. 

3, Find the potential and field intensity at any point outside 
a solid homogeneous sphere. 

Wo may use hero tho result obtained above for the thin disk 
and integrate over tho entire mass. If wo cull clx tho tlilckness 
of tho disk and replace the radius of tho disk by tho expression 
— the potential for tho thin disk becomes a differential 
quantity with x the variable. To obtain tho potential for the 
sphere for tho point P (Fig. 118), wo must intograto this cliffor- 
onlla! expression over tho entire mass. This is expressed ns 
follows if wo replace D by <3 — .r; 

J R 

[VS” + IP - 2Sx - (S - *)]<i* 

- (10-34) 
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This simple result shows that the potential at any point outside 
a sphere is proportional to the mass of the sphere and inversely 
proportional to the distance from the center of the sphere to the 
point at which the potential is to be expressed. 

The field intensity may bo readily found by taking the negative 
differential of the potential with respect to S, which yields the 
results given above in problem c of Sec. 10-4. 

4. Another illustration is introduced to emphasize the differ- 
ence in working with the differential 7nass in potential integrals 
as compared with handling the differential /o?'cc5 in field-intensity 
integrals. The potential integral is a summation of scalar 
quantities, while the field-intensity integral represents a sum- 
mation of vector elements, each of which must bo projected into 

the direction of the resultant 
field intensity at the point under 
consideration, if this direction is 
known. 

Given a thin rod of length 2L 
and linear mass p (Fig, 120), To 
X find the potential and field inten- 
sity at a point P which is in a 
line perpondioular to tho rod and 
at a distance T> from it. Lot tho 
differential mass bo p dy with tho 
coordinate y measured from tho 
center of the rod. Wo have hero 
a purely scalar summation of elements Kpdy/r, Tho potential is 
therefore 


Y 



Fio. 120. 



-7fp log 


- dy 

H- L 


\/l)2 JJ 


(10-35) 


The field intensity at P is found by summing vector elements 
whose magnitudes are represented by Kpdyfr^, each one having a 
direction different from the others. It is easily soon that 
because of the symmetry tho resultant field intensity at P is in 
the line of OX; hence each element of force must bo projected into 
this lino by multiplying by the proper cosine factor. Tho 
integral is therefore: 
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2LpK 

dVd^ -\- 


(10-36) 


Problems. — 1. Knd the potential and field intensity at a point on the 
axis of a cylinder. 

2. rind the potential of a thin uniform rod, of length L, at any point P. 

3. Find tho gravitational field at any point P near a uniform rod of 
length h, 

4. Find tho gravitational potential and field intensity at any point on tho 
axis of a homogeneous right circular cone (tho point to be on cither aide of 
tho cone). The density of tho eono is 6 g. por cubic centimetor, tho radius 
of its base is 3 cm., and its altitude is 10 cm. 

6. Two homogeneous spheres, whoso masses are 100 and 200 g., respec- 
tively, are situated with their centers of mass 30 cm. apart. What is tho 
locus of n point so situated in tho two gravitational fields that the resultant 
field intensity is zero? 

0. A straight hole is drilled through a largo homogeneous sphoro of mass Af 
and passes tlirough the center of tho sphere. A particle of mass m is dropped 
from rest at tho surface of tho sphoro into the hole, Under the mutual 
gravitational attraction between the two masses, the particle will oscillate 
in the hole. If friction is to bo neglected, what will bo tho motion of tho 
parliole? Find tho general expression for tiio acceleration of tho particle. 
How long will it take tho particle to pass onco through tho larger mass? 

7. Three homogeneous spheres (masses 100, 200,'' and 300 g.) are placed 
with their centers of mass, rospeotivoly, coinciding with the vertices of an 
equilateral triangle, each side of which is 10 cm. long. Find tho point of 
zero gravitational-field intensity. 

8. Two homogeneous spheres (masses 1,000 and 2,000 g., rcHpootlvoly) 
arc placed with centers 1 m. apart and are initially at rest, Assuming 
that tho gravitational constant (/C) in tho metric system is unity and that 
(lie radii of tho spheres are 3 and 6 cm., rospeetively, find tho position of 
tho CDllision and tho velocities just before impaot. How long will it take tho 
spheres to come together. What is tho potential energy of the system in its 
initial poaition? Does all of this potential energy reappear as kinetic energy 
at tho instant just before impact? 

0. Find the attraction between a small mass m at any point on the axis 
of a thin uniform rod of length L and linear density p and situated at a 
distance s from tho nearer end of tho rod. Find also tho attraction for tho 
case in which tho rod extends to infinity in tho direction away from in. 

*”=■ g^’ 

10. Find tho attraction between two thin rods, Icngtiis L and L\ linear 
densities p and p\ lying in tho same straight lino with their noaror ends 
Bcparntod by tho diatanco s. 


Ans. Kp p' log 


(1/ -h S)(L' -I* S) 
(L-h D + S)S ■ 
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11, Find tho attraction botweon a partiolo of unit mass and a thin circular 
ilisk of rndine R, mass M, and surfncG donaity a when t)ic partiok ie situated 
on tho axis of tho disk and at a distance s from tho center of the disk. 


Ans. 


2 KM A 




Vs* -i- u*f 


What is the value of tlio attraction whoa tho radius of tho disk is infinite? 

12. Plot tlu) fiold intensity for any point on a lino passing through tho 
center of a hoinoKcncous sphere (mass ilf, radius R), 

13. Find tlio field intensity at any point inside a spherical cavity which is 
within a lioinoRonoous splioro. Assuino that tho density of tho sphere Ua 
and the distance botwoon tho center of tho sphoro and center of tho cavity 

IS «. 


Ans. i V Kps, 



CHAPTER XI 
CENTRAL FORCES 

11-1. Central Forces, — In a consideration of the motions of 
particles iukIgi’ the influence of central forces we are concerned 
with a certain type of motion which finds an application in 
astronomical fields and also in atomic physics, In these two 
fields we find two extreme cases as far as mass is involved. The 
motion of a planet about the sun and that of an electron about 
tho nucleus of a hydrogen atom may bo described equally well 
by tho same set of equations. 

The system under consideration consists of only two bodies, 
one of which has a large mass in comparison with the other. If 
tho difference in the masses of the two bodies is very largo, then 
the larger body may be considered to bo stationary. In such 
cases we are concerned with tho motion of tho smaller body. If 
the difference in mass is not largo, the motions of both bodies are 
to bo studied and, in this case, the motions are usually referred to 
tho ocntor of mass of tho system, 

A central force is a force the direction of which always passes 
through a point fixed in a selected roforonco system. The 
fixed point is called tho center of the motion and is usually 
tho center of mass of tho larger body, The force may be a force 
of attraction, as in the gravitational cases, or either attraction or 
repulsion, as found in tho deflection of an alpha particle or an 
electron by the nucleus of a heavy atom. 

The central force is always expressible In terms of the distance 
between tho two particles. It may bo dirootly proportional 
to tho first power of tho distance between tho particles as in 
those cases where the force is a harmonic force. In gravitational 
and oleebrostatio cases the central force is Inversely proportional 
to tho square of the distance between tho particles. There are 
still other cases in which tho force is a function of tho time or 
somo other variable as well as being a function of the distance 
between tho particles. For our purposes wo shall bo concerned 
only with those motions in which tho central force depends upon 
tho distance between the particles. 
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The UBO of particles in this considonition is made in order 
to oxoludo rotational motions of the Ijodios about axes tlirough 
thoir contors. Rotational motions of this sort would introduce 
complioations in tho oxi)reHHionH, whi(di arc \indosiral)lo for an 
introductory study. It should bo point(;d out that a partiolo 
need not nocossarily bo a small body. Any homogeneous 
aphorical-shaped body, however largo, may lio eonsidorod as a 
particle (See. 10-4c). In suoh a ease the mass of tiio particle 
is considered to bo ooncontrated at tho con tor of mass of tho 
particle. 

It is to bo noticed that, in somo of tho (lonRuhu'ntions which 
follow, two systems of coordi mites are used. This plan is adopted 
for purposes of illustrating the rolativ(i merits of tho two systems. 

11-2. The General Equations of Motion. Given two particles 

of mass M and m, with v tho distance botwoon thoir centers of 
mass. Let us select a rectangular roforeneii system with origin 
at the oentor of M, Wo are to oonshler the force, whatever its 
origin or nature, to act upon ?m. The force Is always a mutual 
force, acting upon both particles. Lot E bo tho force which acts 
upon m. The force V may bo either attractive or ropidsivo. If 
attractive, tho sign of F will bo nogativo; if ropidsivo, it will 
bo positive, Lot tlio coordinatos, which dofiiuj tho position of 
m, bo .r, Di and z. 

Tho components of F along the reforen<5o axes are found by 
multiplying F by tho cosinos of tho angles botwoon r and O/Y, 
OY, and 05?, rospoo lively, Honoo 


F, 


F% 


IK ~ /?!', uml F, 




sinco F is dirootod along r, tho radius voctor giving tho position 
of m, 

Tho equations of motion parallel to tho roft?rouco axes arc 
thoroforo 


Fx 

r 


d‘*x 



r 


(Fy 


and 




(114) 


It will bo shown below that motion duo to (sontral forces is 
limited to a single plane. If wo soloot tho XY piano of tho 
roforonoo system to bo tho particular piano in which tho motion 
is confined, then tho Z component of F would bo permanently 
equal to ssoro and tho third of tho foregoing equations may thoro- 
foro bo disregarded, 
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If we select a plane polar-coordinate system with origin 
at the center of M, then the two components of F which are to 
be used for expressing the motion will be parallel and porpen- 
dioular to the radius vector r, respectively. The equations of 
motion in this system are therefore 

0 = + (11-2) 

in which r and y are the coordinates of m, to = and 

Vt ~ dr/dL 

11-3. Constancy of Rotational Momentum. — The rotational 
momentum of w, referred to an axis through the center of the 
motion (t.a., through the center of M) and perpendicular to the 
plane of the motion, is measured by the product of the moment 
of inertia of m with respect to the selected axis, and the angular 
velocity of m about the axis, whioli is the angular velocity of r. 
In polar coordinates the moment of inertia of m is mr^ and the 
angular velocity is w. Attention should be directed to the fact 
that in the general case, which we are considering, the resultant 
velocity of m is not in the line of r. If the resultant velocity 
of m were in the line of ?•, then « would bo zero. In the general 
onao, u) is not zero nor is it constant. 

To find an expression for the rotational momentum, wo may 
use the second of Eqs. (11-2). The equation may be simplified 
by writing it in the following manner: 

«(2„n + = 0 (H-3) 

Hence 

7n^(r®w) « 0 

Integration of this expression gives 

w r* w » D (a constant) (11-4) 

The resulting equation expresses the fact that the rotational 
momentum is constant, 

The equations of motion expressed in rectangular coordinates 
may be used to obtain the same result, although the procedure 
is not so simple. Eliminating the quantity F/r from the three 
equations of Eqs. (11-1) gives 
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/ dh dhj\ _ „ / d^x _ n 

^dl^J ° ^y^dt^ ^dty ^ 

These equations may bo integrated with the following rosuUa; 



'^dt) ^ 

where A, 5, and C are the constants of integration. 

An inspection of those throe expressions will show that oaoli 
represents a component of tho rotational momontura. If wo uso 
the expression mpmont of momentum in phico of rotational 
momentum, the interpretation may become obvious. Tho .first 
equation expresses the component of tho rotational momentum; 
parallel to the X-axis, tho second expresses tlio component 
parallel to the 7-axis, tho third gives tho component parallel to 
the 7-axi8. 

11-4. Motion Confined to a Plane. — In order to prove that 
the motion of tho particle m is confined to one piano, use may bo 
made of tho general equations [Eqs. (11-6)) which express tho 
components of tho rotational momentum. All that is necessary 
to do is to eliminate the components of tho velocity from theso 
equations and obtain thereby an equation which contains tho 
coordinates Xf j/, and 2 , of m. The resulting expression will 
indicate the character of the surface which must always con- 
tain m. 

If we multiply tho first of Eqs. (11-6) by .r, the second l)y y, 
and tho third by 2 , and then add tiio throe equations so obtained, 
tho result is 

Ax + By ~V C 2 “ 0 (11-7) 

This equation is that of a plane which passes through tho origin. 
The particular plane in any given case may bo determined by 
the value of the constants of integration (A, /?, and C). Since 
A, B, and C are constants of integration, they, in turn, depend 
upon the selected Initial conditions, which must include tlio 
coordinates of m when at the initial position as well as the initial 
velocity of m. We may therefore conclude that tho piano of 
motion is determined by the initial velocity and the central foroo 
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in the initial position. In other words, the plane of motion is 
determined by the “center" of the motion and the initial velocity. 

The planarity of motion produced by central forces may be 
proved in a simpler manner. Since the acceleration of the 
satellite m is in the line of the force, i,e., in the line of r, there 
can bo no change of the velocity along a lino which is perpen- 
dicular to the plane determined by the initial velocity and r. 
The motion must therefore bo confined to a single plane. 

11-6. Conservation of Energy, — Since no resistance is included 
in the fundamental equations of motion, the forces which are 
responsible for the motion are conservative forces. In view of 
this fact we should expect the initial stock of energy to remain in 
the system as long as no external forces are introduced. Under 
the conditions of the present consideration the total energy must 
bo made up partly of kinetic energy of translation and partly of 
potential energy of position, 

In order to obtain an expression for the energy of m, the 
general equations [Eqs. (11-1)] may serve as a starting point. If 
we multiply the three equations by dx/dt, dy/dif and dz/dt, 
respectively, in the order written, and add the resulting expres- 
sions, we obtain 


/dxd^x I dy d^y . dtidh\ Ff dx . dy . dz\ 
+ di dp) - r[^dt + ^dl) 


= 0 


( 11 - 8 ) 


The coefficient of m in this equation is an exact differential, 
because 


^ 4 - ^ ^ ^ f 4 - 4 - / 

dt di di^ dt di^ ~2dt [di ) \di) 


Since 

and 


+ 1/^ -f 


dr dx , dy . dz 


we may therefore write 

Uir/* 






4-0 


(11-9) 


Now if J?* is a function of r only, the quantity F dr is also an 
exact differential. When E is a function of r only, there exists 
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a potential function P from which tlio fioUl intonflity Q may bo 
obtained by taking the firat partial ilorivativ(i of P witli rcHpoot to 
r, ns exproHsod in tlio following: Hymbols [hoc V>q, (10-27)]: 


OP 

"of 


Multiplying tlio field intenHlty by tlui mass of ibo particle m 
gives tlio force P when one is dealing witli gravitational (iolds. 
Honco 





(11-10) 


Writing this value for/'’ in I'lq. (11-0), integrating, and writing 
for tlio constant f)f integration gives 


m 


(!)■ HS)' -'- (*)■' 


+ Wl' P P (11-11) 


It will bo readily seen tliat fbe kinotio einirgy of tlio particle m 
is given by the first part of this expriission. The (quantity mP 
exprcBses the potential energy of m, sinoo the potential P is the 
potential energy of a unit niasH in the position of Hence 
Kq. (11-11) indicates tliat the mim of Die kinotio and potential 
onorgies is a constant. Tlio student must bear in mind that, 
in order for this genorall/.ation to be true, it is necessary for P 
to bo expressilile as a function of r alone. If the magnitude 
of P depend Of I upon some other varialile, the total energy of the 
particle would not, in general, bo constant. 

We may also establisli the validity of tlio conservation of 
energy in this restricted case by the use of tlio expressions for tlio 
force equations [Mqs. (11-2)] in polar coordinates. If wo multi- 
ply the first of J'lqs. (U-2) by dr/dt and the second by w?' and 
then add the resulting expressions, wo obtain 


m 


(dr 

(fu 


dh' 

7u^ 


r n co' 
di 


2r j'co^ -I- 
dl 


du) 

'di 




0 (11-12) 


The first part of this equation is an exact differential and may 
bo written as follows: 



-|- r® 


Substituting this expression for its equivalent in Eq. (11-12), 
replacing /'* {dr/dl) by its value as given by r')(i. (11-10), and then 
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Integrating gives the following equation for the total energy of 
-m: 

+ mP = J? (11-13) 

The first part of this equation gives the kinetic energy of m 
and the second part expresses the potential energy. 

11-6. The General Equation of the Orbit, — The general 
equation of the orbit of the particle is not easily obtained when 
rectangular coordinates are used but is readily expressed in polar 
coordinates. To find the path in polar coordinates, we may use 
Eq. (11-4) and the first of Eqs. (11-2). The procedure is one 
whioh has for its purpose the elimination of the time and the 
velocity component. The angular velocity w and dh/dt^ must 
be expressed in terms of r and y or the derivative of r with respect 
to y. 

If we put 

E == — and s = ~ 
m r 



then from Eq, (11-4) wo find that 

w = Rs^ 


If we differentiate the expression r = 1/s with respect to the 
coordinate y, we obtain 

dr _ 1 ds 
dy s® dy 

To express dr/dt in terms of ds/dy, we may take the following 
steps: 

dt dy dt dy ^ s® dy dy 

The second derivative of r with respect to the time is therefore 


dh 

dP 


j.d^s 



Substituting the expressions for dh'/dl'^ and w in the first 
equation of Eqs. (11-2) gives 


P 

m 



(11-14) 


The right-hand member may be integrated directly if both sides 
of the equation are multiplied by the expression (2/5^)(ds/d7), 
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The left-hand member may also bo integratocl if is a function of 
r only, The final expression may be written 






“b I-i 


(11-16) 


where Z/ is a constant of integration, the value of which depends 
upon initial conditions. The equation as written is valid for any 
central force. In case F is expressible as some function of r 
only so that the JF dr could bo evaluated, the resulting expres- 
sion would then give a relation between r and dr/dy. To obtain 
the equation of the orbit, still another integration would bo 
necessary. The final equation should express r as some function 
of y. 


Problems. — 1, Making uso of Eq. (U-14), obtain an oxpi’CHsion for tlio 
foroo F when it is known tlmt tho particle m moves along an olliptioal iiath. 
Tho equation of the olUpso in polar coordinates witli origin at tho center is 

„ 6 ? 

(1 “ e* cos y) 

in whioh b la tho minor axis and e the occontricity. 

2. Using rcotnngnlar coordinates, prove that tho particlo m moves in iin 
elliptical path when tlio force F “ 

3. Using polar coordinates, prove that tho partiolo m moves in an ollipLIonl 
path when F <=> 

11-7. Planetary Motion, — One of tho most important oascH of 
central motion is that of planetary motion. Wo have already 
shown that the force in gravitational attraction between homo- 
gonoouB spherical bodies is invorsoly proportional to the square 
of the distance between tho centers of tho masses. It is true that 
tho densities of tho sun and planets are not uniform throughout 
each body, but they are probably proportioual to some power 
of tho radius in each case and hence tho inverse square law is 
applicable. Wo may therefore write tho value of F, tho attract- 
ing force, as follows: 

jp ink 

r* 

whore /c, in this ease, includes tho mass 
of tho attracting or central body. 

In planetary motion wo are particularly intorostod in tho 
nature of tho path of tho satellite. Starting with tho compononta 
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of tlie acceloration taken along the X- and F-axes of a rectangular 
reference system {Fig. 121), we have the expressions 

h dhf h . 

^ = -_sm7 (11-16) 

whore 7 is the angle between r, the radius vector drawn to the 
particle m, and the X-axis. 

Using the value of as may be found from Eq. (11-4), which 
expresses the constancy of the rotational momentum, we may 
eliminate from each of tho above equations. Hence if we put 
H “ km/D, then 

d^x jj. d^y 

= -H CO COS y^, = -H <0 an 7 

Since w « dy/dt, tho integration of each of these equations 
may be effected. If, at tho position t “ 0> the components of the 
initial velocity U are U„ and Uy, the results of the integration 
are 

U.^ -Hsiny, - t/, = H (cost - 1) (11-17) 

In order to eliminate tho time from this equation, we may 
make use of the value of tho rotational momentum as expressed in 
rectangular components. The third equation of Eqs. (11-6) 
suggests the procedure. Since the motion, in the present case, is 
confined to the X7 plane, the constant C of Eqs. (11-6) becomes 
equal to the total, rotational momentum which we have desig- 
nated by tho symbol D. If we multiply the first equation of 
Eqs. (11-17) by y and tho second by x, subtract the first from the 
second, and then introduce D/m for its equivalent expression, we 
obtain 

x{n - U,) -l- V.y -I- ~ = II {x cosy + V sin 7 ) 
m 

This equation may bo transformed into one which more readily 
indicates that it represents a conic section. If we divide both 
sides of tho equation by the constant V {H we 

obtain 


D 
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The left-hand member of this equation represents a straight 
lino. It also represents the perpendicular distance of ti point 
whoso coordinates are x and ?/, ■f.c., my from the same straight 
lino, The quantity expresses tlio distance of m fixjm 

the origin. Therefore Eq, (11-18) represents a conio section 
bocauso it expresses the fact that the given point m must move 
BO that its distance from a given straight lino is always pro- 
portional to the distance of v} from a fixed point, a foous. Tlio 
straight line is the directrix of the conic section. 

Whether the path of 7?i will bo an ellipse, a parabola, or a 
hyperbola depends upon the rolativo values of the constants. 
Mathematically, this condition may bo expressed in terms of the 
absolute value of the ratio of tho distance of from tlio origin 
to tho distance of m from tho directrix. Physically, tho character 
of tho path depends upon tho inagnitudo of tho initial velocity. 

Tho ratio of tho distances rof erred to above may bo expressed 
as follows; 

^j(7/ - c;„)« + u.n 

The conio will bo an ellipse, a parabola, or a hyperbola accord- 
ing as the magnitude of this ratio is lo,ss than unity, equal to 
unity, or greater than unity, respcotivoly. 

From tho expression for the foregoing ratio of distances wo may 
derive a criterion for tho physical condition which determines 
tho character of the orbit, Using tho mathematical requirement, 
wo may write 

(// - t/v)" + I IP 

Hence 

H- 1 2//r;, (u-10) 

In order to simplify this expression, wo have tho following 
relations which are valid at the initial position ; 

rr rr 

where ro is tho particular value of r, tho radius vector drawn to 
m, in the initial position. If wo now multiply both sides of 
Eq, (11-19) by and Introduce tho given value of //, wo obtain 
the final expression for the desired physical oritorlon. 

1 r T « ^ ICTU 
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The left-hand member exprcsaca the origimil kino tie onorgy 
of the particle. Tho right-hand inombor givoH a viilvio fnr tho 
potential energy of tho particle in tho Initial position. The 
path of the particle is thoroforo an (dlipse, a paralxda, or a 
hyperbola according as tho kinetic energy of the iiarticle Ik lens 
than, equal to, or greater than tho potential onc»rgy of tlus pari ioh^ 
in the initial position. 

11-8. Historical Development of Central Forces. Kvory 

student of mechanics should be familiar witli tho historical devol- 
opment of this subject, particularly with tins contril)utionH of 
Copernicus, Brahe, Kepler, and Nowton. A very intereHtiug 
and lucid account of the olTorts of tlioso nion to oxpltun planotury 
motions is given in Buckley’s “A Short History of Physios.*' A 
brief summary of tho contributions of tlu'se pioneers is all thiit 
may bo needed for present considorations. 

The first to suggest tho hollocontrio thooiy was i)rol)ul)ly 
Aristarchus nearly two thousand yoars Ix^foro Ktiplor’s time. 
The idea lomained dormant until tho first part of tho sixtiuml 1» 
century, at which time Copornicus in his "Do 'UovohitioniluiH 
Orbiuro Coelostium" (published in 15411) made the ijyi)oth((HiM 
that the apparent daily motion of tho huu and slars from oiikC to 
west was in reality duo to a rotation of tho earth about an axis 
of Us own and that tho earth and the other phuuds ri^volvod 
about the sun. While this theory made [xisslblo a Himplification 
of the description of planetary motion aiul r<xxuv(5{l some support, 
objections wore raised. Lack of aufliciontly accurate^ astronom- 
ical apparatus needed to make ccmoluHlvo ohscu’vatlonH was 
largely responsible for tho nonacceptance of the hollocontrio 
theory. Other factors, suoli as the attitmie of tlio Ohuroli and 
reverence for tho "authorities," made men hesitate to accept the 
new Ideas. 

Tycho Brahe, though hostile to tlui (iopernioau theory, was 
auffleiently open minded to realize that more data wore noedod to 
settle the question. I''or many years Brahe made careful 
measurements on tho positions of tho planets ujid Btars. Con- 
sidering the quality of tho instruments at his disposal, Brahe 
made remarkably accurate obsorvatinns, 

Kepler, a student of Brahe's, favored the Copornioan theory 
and, using the results of Bralno's work, was able to tirrlvo at 
those Important conclusions which have since borne hia name, 
Tho laws may bo stated ns follows; 
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1. The orbits of the planets are ellipses with the sim at one of the 
foci, 

2. A straight line drawn from the sun to a planet dcsrriim equal 
areas in equal intervals of time, 

3. The squares of the periods of any two planeis are proportional 
to the cubes of their mean distances from the sun. 

With Kepler's work ns a basis for furtluir proKtH'HK, Newton 
was able to arrive at still more fundamental eoncliiHairm, Kepler's 
first law in Newton's hands contributed llm fuot that llio attrac- 
tive force for each planet varies inverstdy ns tlui of the 

distance from the sun to the planet. I'Vom Ke|)I(!r’H Hccond law, 
Newton discovered that the force which liolds a planot in its 
orbit is a central force with tho sun at the center. The nniversal 
law of gravitation was tho result obtained by a (joaleHCOJieo of all 
three of Kepler's laws. 

11-9. Kepler’s Second Law by Vector Methods.— -It is of 
interest to develop two of ICoplcr’s laws by veotoJ* niellirxis and 
to see, particularly for tho second law, that thi.s inotliod is an 
easier one. Attention should bo directed to tlie det/uln of tho 
procedure. 

In the particular problem it is not necessary to aHHimio tliat 
the central force varies inversely as tho squaiHi of tho (JiMtanco 
(r) between tho two bodies (ti'eatcd as partioIo.M). 'J'liiH fact is 
not obvious but may bo proved to bo true. It is mujOHsary, 
however, to assume that the force is a central forco and is oxih'ChhI- 
ble as some function of r. Since tho mas.MeH of tho (;wo laailes 
are assumed to be constant, tho accoloratlon (d'-‘r/flt^) of ti\o 
planet in a reference system fixed to tho sun may bo oxi>ros 80 (l 
as follows: 

^2y 

- rj/(r) (11-20) 

in which r is the vector whioh gives tho position of tho planet 
with origin at the center of tlm sun, ri tlio unit vector in tho 
positive direction of r, and /(?*) is some scaiar function of r. 
Note the omission of the minus sign wliich would have to bo 
included if it wore desired to specify a forco of attnioi ion. Multi- 
plying both sides of the equation by r X (thus obtaining a voefcor 
product on each side) gives 
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Sinco ri is parallel to r, the right-hand member is zero; hence 

r X = 0 (11-22) 

This result may bo more readily interpreted if we write it in 
the following form : 

By carrying out the indicated differentiation, the equivalence 
of this expression to that in ISq. (11-22) may bo shown. Sinco 
the time derivative of the vector product in Eq. (11-23) is equal 
to zero, the vector product must bo equal to a constant vector 
which wo shall designate by A; hence 

rXJ^ = A (11-24) 

Tho vector A is perpendicular to both r and dr/di and therefore 
perpendicular to the plane of motion of tho planet, since dr/dl is 
velocity of tho planet. The velocity of the planet is always 
tangent to the orbit. Sinco tho vector product of tho two vootors 
is equal to twice the area of tho triangle formed upon tho two 
vectors as sides, and sinco >1 is constant, wo may conclude that 
tho area swept out in unit time by tho radius vector, drawn from 
tho sun to the planet, is constant. This conclusion is Kepler’s 
second law. 

It is of interest to observe that Kepler’s second law permits a 
wider application than in tho more restricted planetary motion. 
In Eq. (11-20) tlio limitation imposed upon f(r) includes nil 
cases in which tho central force is any function of r only. Attrac- 
tive forces which vary invorsoly as the square of r represent only 
one type of force to which Koplor's second law is applicable. Wo 
may include any force, attractive or repulsive, whioh is expressible 
as a function of r. 

Still anotlior conclusion may bo drawn from Eq. (11-24). 
Since tho vootor A is constant and is always perpend i on lar to 
dr/di, tho velocity of tlio planet, it follows that the motion of tho 
planet must bo confined to a single piano. This conclusion was 
obtained from analytical considerations above, in Soo. 11-4. 

11-10, Kepler's First Law by Vector Methods,~In order to 
establish ICeplor’s first law by vootor mothods, it will bo necessary 
to utilize those vootor expressions whioh are oharaotorlstio of 
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planetary motion, m., Eqs. (11-20) and 01-24), and from them 
derive an expression for the orbit of the satolllto. We may start 
with the following identity: 

which is true regardless of the meaning to bo asHignccl to Um 
vector r. If we choose to lot r represent a radius voott>r na was 
done in the preceding section, then wo may use Kq. (11-24) to 
replace the vector product in the riglit-lmnd member of Eq. 
(11-26), which gives: 

r. X ^ (11-28) 


It would be possible to obtain an expression for r from tlda 
equation, but the result so obtained would be too gonornl for our 
present purpose. It will be remembered that Eq. (11-24) was 
derived under the assumption that the central force could bo 
either attractive or repulsive and could bo any funotion of r. 
In this problem we must impose a further restriction, that 
of the inverse square law which in vootor form may bo written 



(11-27) 


A little manipulation of Eq. (11-26) is necessary in ordoi* to 
make possible a substitution of this condition [Eq. (11-27)]. 
Multiplying both sides of Eq. (11-26) by hti X gives 


^ ir) “ ( 11 - 28 ) 

On expanding the triple vector product, the left-hand mombor is 
found to be equal to -h dn/dt. Making this subatitutioii and at 
the same time introducing in the right-hand mombor tho aooolom- 
tion as given by Eq. (11-27) leads to tho expression 


..dri d‘r . . , 

®<f( dP ^ ^ 

Integration of this equation yields tho following result; 
dr 

in which is a constant vector, 


(11-29) 


(11-30) 
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Multiplying both sides by ~ l/A) and expanding the 

triple vootor product gives 

^ - X-i X (* r. + S) (11-31) 

This equation is an important ono. It expresses the velocity of 
the planet in terms of tho vector sum of two vectors. A discus- 
sion of this relation will bo given in See. 11-12, 

To find tho equation for tho orbit, we may first multiply 
Eq, (11-31) by rX. Hememboring Eq. (11-24), wo then have 

A = /c r X (A-^ X ri) + r X (A"'* X B) 

= k A-h' -h A-^r-B (11-32) 

Multiplying by A • gives 

“ /cr -b r ' B 

By solving this scalar equation for r, tho desired expression for 
tho orbit is obtained, 





In this equation, 7 is tho angle between r and B measured from B, 
This equation, in the polar coordinates r and 7 , represents a 
conic, tho origin being at ono of tho foci, and tho reference line 
is along tho major axis, parallel to B, Tho eccentricity of the 
conic is B/k If tho ocoentrioity is less than unity, the conic 
is ah ellipse. Further data would bo necessary before ono could 
dooido in the present problem whether or not tho eccentricity is 
less than unity. Tho constant k is positive. Since the orbits of 
tho planets are closed paths, wo may conclude that the particular 
conic is an ell ipso, Tho fact that the orbit is an ollipso and 
that tho gravitating body Is at tho origin substantiates Kepler^s 
first law. 

11-11. Kepler’s Third Law.~It is required to prove that tl 
square of tho period of planetary motion is proportional to tl 
cube of tho major axis of tho elliptical path. Now it may I 
shown that A^h [Eq. (11-33)] is equal to the semi lalus reciur 
If a and 6 represent tho major and minor axes, respectively, a' 
e is tho eccentricity of tho ellipse, then we may write 

A® *=* a (1 — c*) 


(11 
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With reference to Eq, (11-24), it will be soon that the scalnr 
quantity 2A is the time rate at which the radius vector sweeps 
over area during the motion of the planet. If wo put A =• dS/fll 
where S is the area, then 

2^ = [ft a(l - e’)]' (n-3f>) 

Integrating this equation and assuming that, at the time t ^ 0, 
<S = 0, gives 

2^ - [h a (1 - c^)]H (U-»0) 

The period of the motion (P) is tho time required for the planet 
to make a complete cycle of its motion or for tho radius vector to 
describe an area equal to that of tho ellipse, viz.f ir ah. It follows 
therefore that 

2 X a6 = [/c a (1 - e^)]^ P (11-37) 

Since 

6 = a (1 — 

an expression for the period P in terms of tho major axis uhmo 
may be obtained by eliminating h from Eq. (11~37); honoo 

r>a 4 T* 

c= 

k 

It is interesting to observe tho simplicity of tho final result. 

11-12. The Hodograph for Planetary Motion. — In Seo. 11-10 
a vector equation [Eq. (11-31)] was derived which oxprossoa tho 
velocity of tho planet in terms of two constant vectors and tlio 
unit vector ri. The equation referred to is rowritton hero for 
the sake of convenience. 

« d-i X 5 + h X Yi (11-38) 

For simplicity in writing wo shall designate dr/dt by V, and the 
vectors represented by the first and second terms of tho right- 
hand member by the symbols C and D, rospootivoly. It Is 
instructive to identify each vector of Eq. (11-38) for a dofinito 
position of the satellite. 

Let the orbit bo in the plane of tho paper as shown in Fig. 122, 
with the planet at P and the sun at»F. The velocity V will im 
tangent to the orbit at P. The vector A (not shown in tho dia- 
gram) is perpendicular to the diagram and directed toward tho 
reader and may be localized as passing through F. Tho vector B 



CENTRAL FORCES 


U-131 


266 


is diawn along the major axis as shown. Since the focus is taken 
at the origin, r is drawn from F to P, 

The first term of the right-hand member of Eq. (11-38) is C, the 
vector product of A~^ and B, Since the direction of .4"^ is 
the same as that of A, the vector C, which is perpendicular to both 
A~^ and B, will lie in the plane of the diagram and will bo directed 


along the latus rectum as 
shown. C is constant in both 
direction and magnitude, 

The last term of the equa- 
tion is represented by the 
vector D in the diagram. It 
also is in the plane of the 
orbit because it is perpendi- 
cular to A"^ and Ti, The 
magnitude of D is constant, 
although its direction is chang- 
ing as Yi changes. If the 
vector D is drawn from the 





Flu. 122. 


terminal point of C, a constant voctor, then the locus of tho 
terminal point of i> is a circle. 

With this analysis of the separate vectors in mind, a more 
general view of Eq. (11-38) shows that tho velocity of tho planet 
is the vector sum of the two vectors C and D and may be found 
for any position of the planet by drawing D from the center 
of the oirolo and at the same time perpendicular to Yi and termi- 
nating in the cirolo. The circle is therefore tho hodograph of tho 
planetary motion. It is of interest to study tho variation of tho 
velocity ns the planet passes along its orbit. 

11-13. Deflection of an Alpha Particle by a Stationary Nucleus, 
One of tho problems in modern physics is a determination of how 
close to the nucleus of a heavy atom an alpha particle may be 
made to go , Experimentally the procedure is to bombard a piece 
of thin metal foil with alpha particles and to observe the change 
in direct ion of tho velocity of the alplm pavtiole as it passes 
through tho metal foil. Tho source of the alpha particles may 
bo some radioactive matter. The initial speed of the particle 
is considered to bo known. Accounts of those experiments and 
others of similar nature are intensely interesting. Every student 
should read some of the original articles or at least summaries of 
Bomo of them. Mention may bo made hero of the method which 
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<J. T. R. Wilson (loviscd to mnko visible the tracks oi alpha 
particles as they pass through a gas. It is indeed very lomark" 
able that wo may see, or photograph in porspootivo, the track of a 
single partiolo or of an clootron. Some of these photographs 
rovonl collisions of the partichi with the nuelciiH of an uloin Sir 
William Crookes designed a simphi Ultln instruimml, (ho spin- 
tluiioscopOj which makes visible the iHmibardinont of a lluoioscent 
HCieon by a particle Anothei piece of apiiaiiitus is nvaihiblo, 
whicli IS called tho alpha-iay track apparudis Tins uigomoua 
and fascinating device shows tho tiuoks of alpha pm deles in a 
gas according to Wilson’s inethoda. 



It Is proposed to develop o(|uatloiiH from which tho dislanco 
of noaiost appioach of tho alpha partiolo to tho nuolous may bo 
oaloulatod from tho known faetors together with the moaaiirod 
angle of doflootion of tho alpha particle. Tho problem may bo 
solved by using somo of tho oquatiouH already dovolupod in tlio 
study of central forces, 

Tho mass of tho nuclouB of the doflooting atom Is supposed to 
bo largo In comparison with that of tho alpha parliole. Tho 
olootrlo ohargo on tho nuolous is -[-Ze, where Z is tho aUimio 
number of tho atom and e is tho unit of clooliostatlo cliargo. 
Tho proBonco of tho normal olootrons aliout tho miclous Is 
noglootod— an assumption which could not bo inado imlosa tho 
alpha partiolo goes very oloso to tho mioleim. As a first approxi- 
mation wo shall assume that tho nuolous is stationary, Tho 
charge on tho alpha particle is Tlio mass of tho alpha 
particle will bo called m, 
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Let Nj the nucleus (Fig. 123), be the origin of a system of 
polar coordinates r and y, with NX the reference line. The plane 
containing the orbit of the alpha particle is the plane of the 
diagram. Initially, when the alpha particle is at a remote 
distance, the velocity of the alpha particle is U. The initial 
position of the alpha particle is at Q, The velocity U is in the 
line QO, 

The force acting upon the particle is a central force, always 
directed along the line drawn through the alpha particle and the 
nucleus N. The force F may be expressed as follows: 



(11-39) 


The force is repulsive and is therefore positive. 

Since the acceleration is always in the line of r, the component 
of the acceleration in the line of r, viz., Jr, is the resultant accelera- 
tion and Jy, the component of the acceleration perpendicular to 
r, is always zero. The two differential equations of motion are 
therefore 

P 2Ze^ (dVr \ 

Jy = 2a>y, + »-^ ■= 0 


(11-40) 

(11-41) 


where w and are the first and second derivatives, respec- 
tively, of y with respect to the time. 

The second of these equations [Eq. (11-41)] has already boon 
integrated (see Eq. (11-4)] and gives an expression for the 
constancy of the rotational momentum. 

The first of these equations has also been integrated [see Eq. 
(11-13)1. From this integration an expression for the total 
energy is obtained, In the present case the form of the expression 
for the potential energy must bo changed, because the acting 
force is an electric force and not gravitational as was assumed 
in the derivation of Eq. (11-13) . If, however, we insert the value 
of F as given by Eq, (11-39) in Eq. (11-12) and integrate the 
resulting equation, the following expression for the total energy 
is obtained i 




, 1 r / dr\ , 2 2 


= s 


r 


(11-42) 
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Tho first term roproscntstho potential energy and tho remaimler 
of the left side of the equation exprosaos the kino tic energy. 
The total energy remains constant during tho motion. 

We shall use tho energy equation [J'iq. (11-42)] for doterinining 
the path of the particle, instead of tho general equation of tho 
path developed above [ICq. (11-16)]. Tho time factor may bo 
eliminated from Eqs. (11-42) and (11-4) if wo lirnt suhstituto 
for dr/dt its equivalent {d'i/dt){dr/dy) and tlion ubo tho value of 
(d 7 M)(w), as given by Eq. (11-4). Ilowriting Eq. (11-42) witli 
tho indicated substitution gives 


(ii\ r i. 

r ^2^" \dl/ L^’’ 


+ 1 


E 


Since 


dy _ D 
dt 




2Ze^ , 


[-('-Y + 


r ' 2mr 

Solving this expression for {dr/dy}^ gives 
M'Y 2mE 


E 


^dyj 




iZehn 3 


(1M3) 


(11-44) 


This equation represents a hyperbola with origin at tho center 
of tho acting force, Tho particular branch of tiio hyperbola 
which represents tho orbit of the alplia particle is that branch 
which turns its convex side toward tho attracting center. Tho 
nucleus is located at a focus of hyperbola. Tho equation 
contains two constants of integration, D and E, which may bo 
evaluated by using tho initial conditions. When the iilplia 
particle is at a groat distance from tho nuoloiis, its i){jloiHial 
energy will bo zero and hence all of its energy Is Idnotio; lionco 


E m 


(11-45) 


Since tho rotational momentum may bo exproasod tia the 
moment of the linear momentum, wo may write 


D in Us 

where s is the porpondloular distance from tho nuolous N to tho 
line of U, By substituting tho values of E and D in Iilq. (11-44), 
the path is fully determined. 

In tho experimental case, however, we do not know the value 
of s. An expression from which s may bo dotormiuocl from the 
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change of the direction of the velocity of the alpha particle is 
next to be found. In order to express <p, the angle of deflection 
of the alpha particle, in terms of s, it will be convenient to use 
the standard form of expression for the hyperbola. This is 
usually written as follows: 


d?'Y _ 2 r® 

dy) a2(e2 - 1) a(«2 - 1) 


(11-46) 


where a is the distance OA in Fig. 123 and at is equal to JVO. 
The angle <p may be expressed in terms of e as follows; 


cot® ^ = e® — 1 

By comparing the coefficients of and r® in Eqs, (11-46) and 
(11-44), it follows that 


- « = 2^1 


and a(e® — 1) = 




2Ze®m 


Hence we find that 


2e® , . ^ 

^ E ^ 22®e% 

^ (p _ m Uh 
2 ~ 2Ze® 


2 2Z^e^m 


(11-47) 

(11-48) 

(11-49) 


From the last equation the value of s may be found from the 
experimentally measured value of 

The distance of nearest approach of the alpha particle to the 
nucleus is of interest in the physical case. This distance 
is equal to a(e + 1). From the foregoing equations it may be 
shown that 


NA = (fP ' ^ (11-50) 


Since s and (p may be found, the distance of nearest approach is 
readily calculated. 

11-14. Deflection of an Alpha Particle by a Movable Nucleus. 
In the preceding section it was assumed that the nucleus was 
stationary. Wb shall now consider the case of a movable nucleus 
and see to what extent the path of the alpha particle and its 
distance of nearest approach to the nucleus are affected by 
introducing this condition. Experimentally, the condition may 
be realized by bombarding a gas with alpha particles. 

In the particular problem under consideration the center of 
mass of the two bodies will be used as origin for the reference 
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system. The central force acting between tlio two particles 
is an internal foz’ce as far as the system of two particles is coii~ 
cerned and therefore cannot affect the motion of tlio center 
of mass of the two particles. Hence we may consider tho center 

of mass to bo stationary. 

Lot N and Q (Fig. 12d) 
bo the nucleus find al])hii 
particle, respeotivoly. Wo 
may take 0, the con lor of 
mass, as origin of a polar 
reference system with OX the 
roforoneo lino. Lot r, y bo 
the coordinates of Q and r\ v 
+ 7 the coordinates of N, 

To find the path of tlio alpha 
particle or of the nuoloim, wo 
may use the expressions for the rotational momentum and total 
energy of the system. The procedure is very similar to that 
employed in the preceding section. 

The total rotational momentum is constant {D), since no 
external force is acting; hence 

^ ( 11 . 61 ) 
Since 0 is the center of mass, 

mr « Mr* 

Eliminating r' from these two expressions gives 

^ (l + (1W2) 

The total kinetic energy (KE) of tlio system Is next to bo 
found. Omitting the details, the final expression may bo written 
as follows: 






The potential energy (PE) of the system is the patontiiil 
energy of m with respect to M, which is 



(11-54) 
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Tho total energy {B) of the system is the sum of the kinetic 
and potential energies. If we add the right-hand members of 
Eqs. (11-63) and (11-54), put the sum equal to E, and then solve 
for {dr/d'yY, we obtain 

This equation is tho desired expression for r in terms of 7 and 
therefore the path of m in tho selected reference system. 

It may be readily seen that Eq. (11-65) is similar to Eq. (11-44) 
of tho preceding section and could be reduced to Eq. (11-44) if 
wo put m/M and r' equal to zero. 

Proceeding along the lines of development used above, the 
angle of deflection <p and tho distance of nearest approach (OA) of 
the alpha particle to 0, the center of mass, may be found. The 
results are 



It will bo noticed that s in the preceding equation is the 
perpendicular distance from 0 , the center of mass, to the lino 
of U, the initial velocity. In order to find the distance of nearest 
approach of tho alpha particle to the nucleus, we must add to OA 
the distance from the nucleus to 0 , Since 0 is the center of 
muss, then, at the particular instant at which the alpha particle 
is at the nucleus will be at B (Pig. 124). But 

Hence the distance from the nucleus to the alpha particle at the 
instant of nearest approach is 

BA-0A(i+^) 

From this it follows that 
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Some difficulty may be experionced by the etudont in roaliKing 
that the nucleus also moves toward the CGnter of mass during Iho 
first half of the encounter in spite of the fact that tho furco is 
repulsive, A consideration of tho situation^ however, rovonis 
the fact that we are dealing with relative motion. Wo fiBSumo 
that the nucleus is initially at rest in the solooted roforenco 
system. If we had selected some other reference system which 
could reveal the motion of tho center of mass, then wo would 
have seen that center of mass moves with a constant vchioity, 
The concept of the conservation of momentum is of help in this 
connection. Initially all of tho momentum is possessed by tho 
alpha particle. Since the total momentum is conserved, then, 
at any later time, if V is tho velocity of tho center of mass, wo have 
the following relation: 


(wi -f- M) F <= w £/ 

The direction of V must be parallel to that of V and tlio magni- 
tude of V will remain constant. 

As the alpha particle approaches tho nucleus, its velocity 
decreases and at the same time its direction olmnges. Buring 
this period of approach the magnitude of the velocity of tho 
nucleus increases and the direction also ohanges, Tho vcotoi* 
sum of the momenta of tho two particles remains equal to tho 
constant momentum of the system i,e,, m U, 

While the alpha particle is approaching the nucleus, tlio contor 
of mass also approaches the nucleus. Hence when tho motion 
of the nucleus is expressed in a reference system fixed to tho 
center of mass, the nucleus will approach the center of mass. 

While the alpha particle is receding from tho nuoloua, tho 
speed of the alpha particle Is increasing as is also tho siocod 
0 0 nuc eus. When the alpha particle has recoded to Ji grout 

distance, Its speed approaches a limiting constant value, but tho 
magnitude of this speed is not so large as its initial speed. A 

momentum of the alpha particle has boon 
imparted to the nucleus by the encounter. 

hodograph for planetary motion by analylloul 

Nowton-. ..w a.ul U.o 
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4, If the central force exerted by the larger body is proportional to 
find the orbit. 

6. A particle is attracted by two fixed masses with forces which are pro- 
portional to the distances of the particle from the attracting centers. Show 
that the motion of the particle is thosamo as it would be if there were only one 
center of force (located at the center of mass of the two attracting bodies) 
which attracted the particle with a force proportional to the distance of the 
particle from the mean center. 

6, What must bo the initial velocity of a particle which is attracted by a 
fixed mass in order that the orbit may be a circle? Assume that the central 
force is proportional to 

7. A satellite is attracted by a body with a force which is proportional to 
— fcV. Show that the areal velocity (time rate at which the radius vector, 
drawn from the center to the particle, sweeps over the surface bounded by 
the orbit) is equal to kab, whore a and b are the semi-axes of the orbit. 

8. Two equal masses are fixed with their centers separated by a distance 
L. One attracts a eatellite and the other repels it with forces which are 
proportional to where r is the distance from either fixed mass to the 
satellite. Find the orbit. 

9, Show that the sum of the kinetic and potential energies of a particle 

of mass in in any position of its orbit under the influence of the central force 
of magnitude — is -I- 6*), whore o and b are the semi-axes of 

the orbit, 
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12-1. Resistance of Fluids.— VariouH ntttJinptB Imvo been 
made to derive a theorotioal expression for the rcsiataiuio offerfld 
by a fluid to the motion of a partiolo aa it paasoa llirougii tho 
fluid. It is not difficult to point out what so mo of tho con- 
tributory factors are that affoot tho magnifcudo of tho rosiatnnee, 
but it is difficult to express thoso contribution a in an nooumtoJy 
quantitative manner. Some of tho factors wliioh Influcmoe tho 
resistance are the shape, siae, and speed of tho imrllolo, tho 
viscosity, density, pressure, and tomporiituro of tho fluid. 

As a particle moves through a fluid, some of tho inocU\nii must 
be displaced. From the energy standpoint, energy is used to 
effect the displacement of tho fluid. TJio nocosanry energy comes 
from the kinetic energy of tho particle if tho fluid roalstanco 
is the only external force. If, in addition to tho fluid ronlslanco, 
some other externally applied forco is acting, then tho energy 
may be supplied wholly or in part by tho work doiio by tho 
applied force. In either case, ns a oonsoquonco of tho energy 
acquired by the medium during tho passage of tho body through 
it, a force must bo exerted by tho fluid upon the moving body. 
Although the resistance definitely cloponda uix)ii tlio speed of the 
particle, no simple, and at the same lime ivccurato, expression 
for such a relation has been found, except, perhaps, In a few 
isolated cases. 


given body and fluid conditions tho rosistanoo Is 
probably approximately proportional to some dofiiUto power of 
the speed for a given speed of the body. In many otmoa Jt is 
customary arbitrarily to assume that the friction la proportional 
to the square of the speed. Experimental data sliow that tho 

S ^ simple and 

proportional to the square of tho 
speeds except within narrow limits of tho speed. Tho range of 

SpendeiruDon + relation is even approximately valid is 
P n the nature of tho body and oharaotor of tho 
274 
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fluid. Because of the complications involved, theoretical con- 
siderations are exceedingly difllicult A considerable amount of 
experimental work, particulaily in the field of ballistics, has been 
done in order to deteimine the effect of the speed of rotating 
projectiles upon the resistance The following table is given to 
indicate the nature of the results obtained* 

Speed, m /sec 60 240 296 375 419 660 800 1,000 

I^csistance av^ cy® dv^ ^ py* 

The table is written so that the foiee of resistance is expressed 
in terms of a constant (a, 6, c, etc ) times some power of the speed 
foi the range of speeds indicated above it, Foi example, for the 
range of speeds vai ying f i om 240 to 295 m. per second the i esistance 
may bo expressed with appioximate accuracy in terms of 

12-2 Resistance Proportional to the First Power of the 
Speed — Pure Translation. — Let us fiist assume that the resist- 
ance of a paitiolo moving thiough a fluid is pioportional to the 
first power of the speed and deteimine the three equations which 
describe the motion In order to simplify the expressions, we 
shall assume that, if the particle has an initial velocity, that 
velocity is parallel to the applied force, in order that pure trans- 
lational motion may result In the section immediately following 
we shall consider the case of motion with fluid resistance m which 
the initial velocity makes an angle, not equal to zero, with the 
applied force, 

If a pai tide of constant mass m is subject to a constant force F 
and if the fluid thiough winch the particle moves offers a constant 
force of resistance ikV)f which is propoitional to the first power of 
the speed F, then the force equation may be written as follows : 

( 12 - 1 ) 


Let s be the coordinate which measures the displacement of the 
body from a fixed refeienco point 0 For the initial conditions 
wo may select s » 0, F 17 at the time i — 0. 

To find an expression for the velocity in terms of the time, we 
may first separate the variables m Eq. (12-1) and then integrate 
as shown ; 


m dV _ 
kV 


-di 


J log {IV -F) = -i + G 
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where C is the constant of integration. Multiplying through by 
k/rtiy putting kC/m ~ log A, and then writing in tho exponential 
form gives 

td 

hV ~F ^ A e""* (l2>-2) 

By utilizing the initial conditions, wo find that tho constant 
A^hU -F. 

Hence 

^ = ( 12 - 3 ) 

which is one of the desired equations. 

To express the displacement s in terms of tho time, wo may 
put V = ds/di in Eq. (12-3); lienco 



Separating the variables and integrating gives 



Since s = 0 at the time i = 0, we find that 




h 




Hence the second desired equation becomes 

^_Ft m( F\l \ 

H ~ ~ 02-3 

The third desired relation expresses tho voloolty in torma tif tiu 
displacement. To obtain this equation, dVfdl in Kq, (12-1) any 
be replaced by its alternative form FdF/ds, which gives ^ 




ds 


( 12 «£ 


Separating the variables and integrating gives 


F - kV -F log {F - kV) -i. D 

m ' 
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whore D is the constant of integration. Putting 7 = f/ at the 
position whero s « 0 gives the value of D, 

D - 7 -hU log {F ~ kU) 

Honoe tho relation between V and s is 

HU -r)+ F log (12-6) 

Problems, — 1, In whnt udUb must h bo expressed when using the o.g.s. 
nbsolulo system? 

2. II n lOO-g, spherical mass falls from rest in air which is of such a density 
that fc “ 6, o.g.s. absoluto units, find tho velocity of the mass at tho end of 
10 800. How far would it go in that time? Compare these results with tho 
timo and distanoo obtained under similar conditions but with the friction, 
oqiinl to zero, 

3. If a 6-lb. spherical mass is thrown vertically upward in air with a speed 
of 100 ft, per second and if Jc — 0.1, English absolute units, how long will it 
tako for it to roach its highest point and for it to return to tho starting point? 
Wl^at will bo tho velocity on arriving at the starting point? 

12-3. Initial Velocity Not Parallel to the Applied Force, — ■ 
When tho initial velocity is not 
parallel to tho applied force, the 
moving particle describes a cur- 
vilinear path, If the shape of the 
particle is such that the resistance 
of tho medium (*-/c7) is always 
parallel to the resultant velocity, 
then tho body will remain in tho 
piano which contains tho applied ^ 
force and the initial velocity. If 
tho applied force is tho force due to gravity, tho case under con- 
Bidoration is that of tho motion of a projectile in a resisting 
inodium. 

Lot tho moving particle, mass w, have an initial velocity U 
which makes an angle a with the X-axis (Fig. 125). Also let 
tho constant force F bo always parallel to the F-axis. For any 
position of tho particle, subsequent to its initial position, let V 
roprosont the velocity and 0 the angle which 7 makes with OX. 

Since the roslatanco offered by the medium is to be taken 
proportional to tho instantaneous value of the velocity 7, we 
may write —^7 for this force. Tho direction of the resistance 
is to bo always parallel but opposite to 7. 
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The desired equations may be obtained by solving the diffei\. 
ential force equations which express the motions parallel and 
perpendicular to OX, We may therefore write 

-F - hVy = m ^ (parallel to OY) (12-7) 

-/c7* = w (parallel to OX) (12-8) 

in which Vy and are the components of 7 parallel to 07 and 
OXf respectively. 

Since Eq. (12-7) is similar to Eq. (12-1), wo may write the solu- 
tion of Eq. (12-7) immediately, if we replace F by ~F in the 
solution; hence 

-log {kVy-VF) = -f + C (m) 

If we put 

G-'pogB 

then, after rearranging, Eq. (12-9) becomes 

_kl 

kVyi^F ^ Be « (12-10) 

By the use of initial conditions— which may bo selected as 
follows: t = 0, and Vy - U sin a — the value of B is found to bo 

B = kU sin a + jP 

Hence the equation for Vy becomes 

F / F\ -- 

7v = ( t/ sin « -H jY (12-11) 

By putting 7v = dy/di^ integrating, and evaluating tho con- 
stant of integration (putting y - 0 at / - 0), wo obtain 

By integrating Eq. (12-8), it may bo readily shown that 

7® = (17 cos a) G (12-13) 

Replacing Vxhy dx/dt, integrating, and ovaluating the constant 
of integration by putting a; - 0 at i = 0, we obtain an expression 
for a: in terms of t: 



(12-14) 
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The magnitude of the resultant velocity V may now bo foiiiul 
for any value of f from Eqs. (12-11) and (12-13) by extracting the 
square root of the sum of the squares of the right-luuul nioinbors. 
The direction of V may be found by p\itting tan 0 ^ VvfYx, 
Equations (12-12) and (12-14) give the position of tho body at 
any time t. 

The third desired equation of motion, viz,, that which oxi)rcHHO« 
the veldclty components in terms of tho coordinates may bo 
obtained by replacing tho comiionent accelerations dVrldl and 
dVJdt by tho alternative forms F* dVJdx and Fy dVJdy in 
Eqs. (12-7) and (12-8), respectively, and integrating tho resulting 
expressions as shown in the preceding section, Tho details of 
this process will bo left for the studeut. 


Problein, — A ephorlcal mnas (7» 100 «,) iu projofllnd with nil iiiitiiil 

velooiiy, of 400 in. per Bccond, whioh luakna iiu luiglo of 40 deg, with tho 
horizontal lino. Tho rosiatanoo (— ikP) viirios with tho fiiJit power of the 
speed and k is equal to 0.001 g. per aiurond. Find the gnmteHl heiglit to 
which the projectile nsccMidH, ita range (lunr/ontiil iliHtaneo on Htriking the 
horizontal lino passing through tho starling point), and veloeity on Htriking 
tho ground. Tnlco g « 080 cm. por second sepmred, 


12-4. Resistance Proportional to tho Square of tho Speed.- * 
Tho equations which express the motion of a partiolo, as it moves 
through a fluid with resistance proportional to tho square of tho 
speed under tho iniluonco of a constant force, nro to bo derived 
in this section. Tho particle is to have an initial voloclty wlilch 
IS parallel to tho applied force, although tlio initial vohxUty may 
bo dircotod oppositely to tho applied force. Ifiulor this limita- 
tion, translational motion will bo obtained. Tho mass of tlio 
particle is to remain constant. 

If F is tho constant force, m tho mass of tho jiartiolo, F tho 
speed of tho particle, and k a constant, tho force oquatluu may bo 
written as follows: 


F - kV^ - 

(It 

Separating the variables and integrating gives 

2 VFk ^ V'Fk - /cF ^ 
For the sako of brevity wo may jnit 


h 




m 


h^yp, 

k 


and log A 


(12-15) 


( 12 - 10 ) 


2V'W;’ 
‘ 
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Substituting these values in Eq. (12-16), inverting, and writing 
in exponential form gives 

( 12 - 17 ) 

The constant A may be evaluated by the use of the initial con- 
ditions < = 0, T = t/, which gives 


The desired equation, which expresses the velocity V in torma 
of the time, is therefore Eq. (12-17) . Wo shall leave it as written 
in order to simplify the following expressions. 

In order to find the second equation of motion, viz., an expres- 
sion for the distance s in terms of the time, the velocity may bo 
written in its differential form ds/di. If wo solve Eq. (12-17) for 
7 and write ds/dt for 7, wo obtain 


d8 h (1 “ Ae-^‘) 
di 1 + 


( 12 - 18 ) 


Multiplying both sides of this equation by dt and integrating 
gives 


a 


h, (1 + Ae~^V 


+ D 


(12-19) 


The constant of integration (D) may bo detorminod by using tho 
initial conditions s =* 0 at i =< 0 and is found to bo 


D = -| log (1 -I- Ay 


The third equation of motion may bo obtained, in tho usual 
manner, by putting dV/dt “ 7 dV/da in Eq. (12-16). Making 
this substitution, separating the variables, and integrating gives 


where B is the integration constant. Since s ™ 0 when V U, 
we find that 

Hence 


5 


m , F 

2k ieW- F 


(12-20) 
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12 - 6 . Terminal Velocity in Motions with Resistance. — In all 
cases of the motion of a particle, where a resistance is present 
and is proportional to some power of the velocity of the particle, 
there is terminal velocity ^ i,e,, a velocity of such a magnitude that 
the- force of resistance becomes numerically equal to the applied 
constant force. The magnitude of the terminal velocity is 
dependent upon the resistance factor {k in the preceding sections) 
and the magnitude of the applied force. When the force of 
resistance becomes equal to the applied force, the resultant force 
upon the particle is equal to zero. When this condition is 
obtained, the acceleration of the particle is equal to zero. Hence, 
to obtain the terminal velocity, we may put the acceleration, in 
the force equations, equal to zero and solve for the value of the 
velocity. 

For this purpose wo may put the acceleration equal to zero 
in Eq. (12-6) and solve for the velocity, which gives 



for those cases where the resistance is proportional to the first 
power of the speed. In a similar manner the terminal velocity 
in motions in which the resistance is proportional to the square of 
the speed is 

7 = ^ ( 12 - 21 ) 

With these results before us it is of interest to examine the 
three equations of motion developed in Sec. 12-2. 

The first of these equations [Eq. (12-3)] contains t in the 
quantity As t inoroasos, the exponeatial quantity 

decreases and becomes zero when i = oo . At this value of the 
time, the velocity attains the terminal velocity F/k, although 
practically the terminal is attained in much shorter time. 

The second equation [Eq. (12-4)] contains t in two terms of the 
right-hand member. The first of these terms shows that a part 
of the displacement s increases uniformly with the time, while 
the second term contains t in an exponential quantity which 
changes more slowly with larger values of the time. The 
physical meaning of this relation is that, after the velocity 
becomes nearly equal to the terminal velocity, the displacement 
is nearly proportional to the time, as it should bo in motions with 
no acceleration. 
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The third equation [Eq. (12-6)] expresses the relation botwoon 
V and s. As the velocity approaches tho torininal velocity 
{F/k), the denominator of tho fraction in tho lust torin of tho 
left-hand member approaches zero and hence tho logaritlnn of 
the fraction approaches infinity. Tho distance inorouHOH indefi- 
nitely as the velocity approaches its limiting valuo. 

In a similar manner, interpretations may be obtained for 
Eqs, (12-17), (12-19), and (12-20) which dcscribo tho nintion in 
which the resistance is proportional to the square of tho Hpood. 
This matter will be left for tho student. 

12-6, An Experimental Illustration. — In this section wo shall 
present some accurate experimental data giving the time- 
distance relations of three balls, of diiTonmt m asses but <»f nearly 
equal sizes, falling from rest in air, It is proposed to ai)j)ly tho 
equations developed above to show the adequacy or inadequacy 
of their use in the description of tho actual motion. 

The apparatus was sot up in a stair well so that vortical 
distances up^to about 40 ft. wore available. There wore no 
detectable air currents. A ping-pong ball, a wooden ball, and a 
golf ball were used. Tho times required to fall from rest over 
measured distances wore doterminod by a special oleotrioa! clock 
which was started by the closing of an electric circuit and atappod 
by the opening of that circuit. Tlio circuit was cloH( 5 d at tlio 
instant of releasing the ball and oponoil when tho ball atriiok 
the bottom of the desired distance. Tho error in tho nmamirod 
time intervals was q:0.01 sec. The fcjllowing data wore 
recorded : 



Ping-pong 

ball 

Wooden 

ball 

Oolfball 

DIs lance, 
(irn. 

Mass, g 

2.002 

rngm 

46.16 


Diamotor, cm 

8.70 


4.08 



/ 0.43 

0,41 

0.306 

00. 0 


/ O.GO 


0,67 

120.0 


\ 0,746 


0.70 

108,0 

Time, SCO 

) 1,01 


0,04 

864.0 

< 1.20 


1,076 

409,0 


J 1.61 


1.32 

006.0 


1 1.06 


1.42 

806.0 


1 1.08 


1,04 

1,008.0 


\ 2.106 


1.72 

M08.0 
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Regarding the three sets of records from a general point of 
view, one readily notices that there is very little difference 
between the records for the wooden ball and the golf ball, in 
spite of the fact that the golf ball is more than twice as heavy 
as the wooden ball. It is also evident that for the ping-pong 
ball the velocity does not increase so rapidly as in the other 
cases. Hence the resultant force must decrease more rapidly. 
In other words the resisting force, in this case, approaches the 
weight of the ball more closely. Whether the resultant force is 
reduced to zero at, or near, the end of the greatest height is not 
apparent. A more detailed study is needed to decide this 
question. 

The student should plot the time-distance records for the 
ping-pong ball and golf ball. There is hardly sufficient difference 
between the records of the wooden and golf balls to make an 
inclusion of the graph of the former of any value. The two plots 
should be made in a single reference system. It is instructive to 
Include a third graph, i.e., that of a body falling in a vacuum, 
A second set of graphs should also bo made. This set should 
express the variation of speed with time for all three oases, 
ping-pong ball, golf ball, and that of a freely falling body. An 
interpretation of the results should bo made. 

One observation which was made from the mathematical 
development of the equations of motion was the oxistonco of the 
terminal velocity. It is interesting to see whether or not this 
appears in the limited range of distances used in the experimental 
cases. That a terminal velocity was reached by the ping-pong 
ball is obvious from the graphs. This moans that the resultant 
force on the ping-pong ball became zero (or very nearly zero) at 
the maximum speed. Using the terminal speed, wo may easily 
determine k of the equations. Data are thereby provided for 
checking the accuracy with which the equations describe the 
motion. Such tests may bo made for the oases in which the 
resistance was assumed to be proportional to the first and also 
the second power of the speed. There are various ways in which 
a test may be carried out. One simple way is to compare the 
calculated distances, through whloh the ball fell in several time 
intervals, with the actual measured distances. The student is 
asked to carry out the details of the process. 

Another way of checking the equations is to calculate k by 
using several pairs of values of the speed (or distanoe) and the 
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coiTospondiiig times. The criterion, l>y this method, is whether 
or not k is constant for any single record, This method luis one 
advantage, in that it is applicable to those cuHtis in wliioli the 
terminal velocity is not known. 

The results of such tests sliow, for oxamjdo, that tlio values 
of 8 obtained from I'lq. (12-4), wlam using data for tiui ping-pong 
ball may diiTor from the measured values by nearly 10 per cent. 
The same data, applied to I'lq. (12-10), show ev(!n largisr di (Ter- 
ences. While the reprosontation of the motion of tlu^ particular 
ojiporj mental case by the equations d(5veloped in tins lu'eeeding 
sections is not all that could be desired, it is fur be(l(U‘ tlian a 
complete omission of tlio resistance. In tlui m^xt s(aUi(m wo 
shall present another method of re|)reseuting an exp(U’imentally 
determined cliatance-timo curve by which the accuracy may bo 
materially increased. 

12-7, Representation by a Polynomial,- Let us consider a 
continuous single-valued relation Hindi as the distamie-tinn! curve 
given for tlio ping-pong ball in the preceding siad i(»n. Now it can 
bo shown that such a relation may be oxpniHsed by a polynomial 
of the following form: 

s a 4- U -I- 4- 4- q- • ‘ . (12-22) 

in which the letters a, h, o, d, etc., are conslants. The number 
of terms is to bo llnito. In general, the d(^grc<i of accuracy with 
wliloh this equation repreHontH the [larlicular rchuioii to which 
It is applied will depend upon tiie mini her of ierms used. By 
increasing the number of terms the accuracy of representation is 
inoreasod. 

Wo shall not present here a rigid matliematieul proof for the 
statomonts just made. A consideration of liie ease under dla- 
ouBslon will, howGVor, show that sueh an equation might bo 
expected to serve our purposes. If the acuelm’aihm were con- 
stant wo know that tlio first three terms of the rlgliLhand member 
would suffice to give an aoourate expression of-ilie relation. 
Suppose, however, that tlio acceleration were cliuiiging and tliat 
its time rate woro constant. In this ciihc, four terms would 
suffioG. If tlio second timo rate of acce|(»ration were eonslaiit, 
five terms would bo nccossary ami so on. H’he number of teriiiH 
to bo used depends upon which derivative, if It exists, is couHtunt. 
If d’^a/dP^ is constant, or is small enougli to neglect, then 7 i 4- 1 
terms will bo noodod. 
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It is int&resting to apply the equation, using five terms, to 
the case of the ping-pong ball. To do this wo shall need to 
evaluate the constants by selecting any five pairs of values of 
e and t, These have been seleotod from the graph (not shown 
hero) as follows; 

s ^ 0, 90, 346, 690, 1,086 
t = 0, 0.5, 1.0, 1.5, 2.0 

Using these values, wo may write five simultaneous equations, 
from which we find 

(j = 0 6 = —59.1 0 » 663.2 d « —186 e « 26.9 

Inserting these values in Eq. (12-22), wo obtain the desired 
equation. 

Now to check the validity of the equation, wo may deter mine 
.s for various values of t and compare the results with the observed 
values. Two such results are as follows; 



I 8 (calculated) 

1 ^ 

8 (experimental) 

0.8 

220 ’ 

227 

1.76 

88d 1 

886 


The differences in these scleotcd cases are certainly within the 
limits of experimental error. 

The student should find an equation which will represent the 
corresponding curve for the golf ball and test its accuracy. 

Ptoblems. — 1. Berivo tho three equations of motion which doHoribo tho 
motion of a particle moving in a fluid olTering resistance proportional to tho 
square of the speed. Take tho initial velocity along a lino whicti makes an 

angle of ^ + a with tho direction of tho force. The procedure is similar to 
that given in Sec. 12-8. 

2. If two spherical bodies of equal sizes but of unequal masses are dropped 
simultaneously from equal distances above the ground and fall under tho 
influence of their weights and resistances duo to tho air, which body will 
arrive at the ground first? 

8. Develop tho equations of motion for a particle which is projected with 
nn initial velocity C/ in a medium offering a resistance kV. No force, except 
the resistance, is to be included. How long would it take tho particle to go 
a distance equal to U/fc? 
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PAMPED HARMONIC MOTION 

13-1. Pamped Motions.-^nio Hul)j(iol) of Hiniphj hiinnoiuo 
motion was disoussed in Oiap, V. In that dial ) tor tlio only forco 
included was tlio restoring forco, Ac., that forco whicli is iiropor- 
tional to tho displacomonfc of the liody and whioli ants in a 
direction that is always toward tho noutrul or rest position of 
tho body. Tho motion was considered to take jilaco witliout 
friction. Probably no such conditionH aotually o.xist in nature, 
booauBO there is present a force of friction wldeli will ovontually 
bring tho oscillating body to rest, provide! 1 no other oxtornal 
forco is introduced to balance or neutral I zo the f riot a in. 

Because work must bo done against tho friction, tlio energy of 
tho moving body is dissipated into tho surrounding liuid In tho 
form of heat. Tills constant tlrain upon tlio original stock of 
energy, which was placed in tho body provioua to the beginning 
of tho motion, must eventually reduce tho supply of energy to 
zero if tho body bo loft to itself. In this chapter wo are to study 
harmonic motions with resistanco. Hu oh motions are called 
danjicd harmonic motions, 

13-2. Friction in Fluids, -'-The Iiarmoiiio inotioim of bodies in 
nature, at least as far as ordinary motions are concerned, tako 
place in some fluid, usually air, although in some eases tho 
surrounding fluid may bo much more douse, as in tho caao 
of water, 

Roslstanco to motions in water has boon intonslvoly studied, 
particularly bocauso of tho immediate applications in navigation 
and hydraulics. Tho results of this work may ho briefly described 
In tho fow following general Htutonioiits, Friction in llcpilds is 
subject to oonsidorablo range of variation. Wlion tlio velocity 
is .largo, friction may bo proportional to tlio second, third, or 
oven higher power of tho speed. It is approximately propor- 
tional to tho first power of tho speed when the body is moving 
slowly and approaches zero as a limit value as tho speed approaches 
zero, Pressure in n liquid docs not appear to have any ofTect 
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Upon friction. In contrast with the friction between two solids, 
friction in liquids is dependent upon the area in contact with the 
fiuid. The nature of the surface, as long as it is smooth, has very 
little effect upon the friction offered by liquids to bodies moving 
in them. 

13-3, Three Cases of Damped Harmonic Motion. — It is now 
proposed to develop the differential equations of motion for three 
typical cases in which there is damped harmonic motion. It will 
then be shown that each of these equations may be readily 
converted into what might be called a standard or general form. 
The solution of the general equation will next be obtained and 
then interpretations of the solution will be given, 

The first case involves pure translational motion. For a 
concrete ease we may consider a mass which is suspended by a 
spring from a rigid support. When the hanging mass is dis- 
placed vertically in either direction from its rest position, the 
lesulting motion will be subject to three forces, the weight of 
the body (and of the spring), the elastic force of the spring, and 
the resistance. The force of resistance produces a damping of tho 
motion; i.e,, the amplitudes of tho motion as measured from 
the rest position become successively smaller and approach zero 
as a limit. The mass of the spring enters into the inertia of tho 
moving system. It is not the entire mass of spring, however, 
which is to be included, for the various parts of it have velocities 
which differ from that of the suspended body. In the following 
section the effective mass of the spring in the illustration selected 
is determined, 

The second case consists of a weight pendulum. As shown 
above, the motion of the pendulum is not strictly harmonic. If 
the angular displacement is small, wo may consider tho motion 
to bo approximately harmonic. 

The third illustration involves a magnetic pendulum. While 
any rotational or torsional pendulum would have served equally 
well, the selection of tho magnetic pendulum is made because in 
addition to the magnetic couple there is an additional restoring 
moment, i.e,, the'moment of tho suspending fiber. 

13-4, Effective Mass of the Spring. — In a case such as tho 
first one under consideration, it is not correct to disregard tho 
mass of the spring unless it is very small in comparison with 
the mass of the supported body. It is perhaps obvious that the 
entire mass of the spring cannot be added to that of tho body 
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when considering the equations of motion. In order to dotormino 
the inertia contribution of the spring, tho kinetic energy of the 
system as a whole is to be expressed for some dofinite positioiu 
It is immaterial which position is chosen ns long as thoro is 
velocity in that position. 

The question might come up as to the reason for using ft 
kinetic-energy expression for this purpose rather tliaii one 
involving momentum, since the momentum also clopendH upon 
the mass and velocity. The answer to this is to bo found in tlio 
fact that we are concerned here with tho elTcct of the forces and 
the distances through which they act and not tho forces and tho 
corresponding time factors. Tho former combination gives tho 
quantity work; the latter, impulse. Work, not momentum, is 
associated with the changes in energy. Hence in this situation 
the kinetic energy, alone, can bo used for dotormining tlio offcotivo 
mass of the spring. 

We take, therefore, an instantaneous position of tho system 
and express the kinetic energy of tlie system for tliis solcclocl 
position. Suppose for this position that V is tho Bpood of tJio 
supported mass. To find tho kinetic energy of tho spring, wo 
may first express the kinotio energy of a differential element of 
the spring in terms of V and then integrate over tho entire spring. 
If p is the linear density of tlio spring, and tho difforontial 
length, the mass of the differential element will bo p dx, Tho 
speed of this element will bo proportional to its distancQ from 
the point of support, so that at a distance x from the fixed 
point the speed of the element of the spring will bo Vx/8 if s is tho 
total length of the spring in tho selected position. Tho kInotIo 
energy of the differential element will therefore bo 



The kinetic energy of tho entire spring will bo found by 
integrating the expression ^ 

But p8 is the mass of the spring; hence one-third of tho mass 
of the spring is effective in the motion of tho system. Wo 
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must therefore add one-third of the mass of the spring to that of 
the supported body in order to express accurately the entire 
effective mass of the system. 

Problem. — Wliat would be tlvo elTectivc mass of the spring if the problem 
wero such that wo wore concerned with the momentum of the system? 
(Sinco the directions of the momenta of all differential particles of the 
spring aro the same, the integration may bo effected.) 






-mg 


Y' Rest 
position 


13 - 6 , The Equation for Translational Damped Harmonic 
Motion. — The force equation may bo used as the starting point 
for determining the motion of the mass suspended by a spring as 
shown in Fig. 126. The motion is to be restricted to linear 
motion by assuming a small initial displacement 
in a vortical lino. With this limitation the 
nceoloration of the mass will be expressed by 
if we let bo the coordinate which meas- 
ures the displacement of the mass from the 
rest position. Lot the upward vortical direction 
bo selected ns the positive direction for all vector 
quantities. 

The resultant force system will be made up of 
three separate forces, the weight of the mass 
(and ono-third the weight of the spring), the 
upward pull of the spring, and friction. If m 
ropreaonts the total effective mass, then ~mg is 
the effoctivo weight and is constant for all posi- 
tions. Sinco the pull of the spring in the rest position (from 
whioh X Is measured) is equal to the weight of the effective mass 
and since the spring is assumed to follow Hooke’s law, the sum of 
tlie two forces weight and spring tension is proportional to the 
displacomcnt and may be written as ~F'x. One must remember 
that it is legitimate to consider the system as consisting of a 
massless spring and a body which has a mass equal to the mass of 
the srispcndcd object plus the effective mass of the spring. 

The force due to resistance is taken proportional to the 
velocity clx/dt because the speed is assumed to be small. If we 
let IV be the proportionality constant, then the force of resistance 
may bo written —IV dx/clL The minus sign is used because 
the resistance is always acting in a direction opposite to that 
of the velocity. If the body is moving upward, the velocity is 
positive and the resistance negative, and nice versa, 




Fig. 126. 
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With these specifications the force equation becomes 

~rx 


( 13-0 


dx d^x 

^ 5- “ “a? 


or, as it usually is written, 


t I TP! 


0 


(13-2) 


If now we divide through by m and change the coofiicienta of 
X and its derivatives by writing 2R « R' /in and F =■ F^/iih tho 
equation becomes 


* + 24^ + - 0 


(13-3) 


which is the desired expression. 

13-6. The Equation for Rotational Damped Harmonic 
Motion. — In pure rotational motion an equation similar to Ifiq. 

(13-3) may bo obtained. To illuatrato this 
type of motion, tho weight pendulum has 
been selected. This may consist simply of 
a spherical bob suspended by a wiro from a 
rigid support or it may bo a long rod moun fe- 
ed to oscillate about a fixed axis near one 
end. In either case suppose the axis is at 
0 (Fig. 127) and C tho oentor of mass, witli 
0(7 equal to r, Let I bo tho moment of 
inertia of tho system with rospoot to tho axis 
through 0 and perpendicular to tho piano of 
motion. Also let m bo tho mass of tho pen- 
dulum and 7 the angular dieplaoomont meas- 
ured from the rest position with positive 
values in the standard counter-clockwise direction » 

If we assume that the moment of tho force of rosietanoo Is 
proportional to tho first power of the angular velocity dy/(U 
and let R' be a proportionality constant, then tho moment of tho 
resistance will be —R' dy/dt. 

The moment of the weight will be --mgr sin y, Tho student 
should verify the necessity for using the minus sign. 

The fundamental equation is the moment of force equation, 
since we are concerned with pure rotational motion. Combining 
the two force moments, the equation is then 



Fig. 127 . 



18-71 


DAMPED HARMONIC MOTION 


291 


-mgr sin 7 “ (13-4) 

H we now divide each term of this equation by 7 and replace 
sin 7 by the angle 7, which we may do if we restrict the motion 
to small angles, the equation becomes 

^ = 0 (13-6) 

where 2R — It*/! and F = mgr H. 

Upon comparing this expression with Eq. (13-3), it will be 
observed that the two are similar and if 7 wore to be replaced by 
% they would be identical. 

13-7, The Equation for the Magnetic Pendulum. — If a magnet 
is suspended by a fiber so that it may rotate about a vertical axis, 
U will be subject to a magnetic moment due to the horizontal 
component (77) of the earth's magnetic field. If M is magnetic 
moment of the magnet, then the magnetic restoring couple duo 
to /7, for a positive angular displacement 7 from the rest position, 
will be —Mil sin 7, 

In addition to the magnetic couple there will be another 
force moment caused by a twist of the suspending fiber. If the 
fiber has zero twist when the magnet is in the rest position, the 
restoring moment due to the fiber may be expressed as — 7'7, 
whore T depends upon the elasticity of the material of which the 
fiber is made and also upon its dimensions. The quantity T is 
the torque per radian displacement of the magnet. 

If wo designate the resistance proportionality factor by the 
letter B and assume that the resisting moment is proportional 
to the angular velocity and lot 7 be the moment of inertia of the 
system about the axis of rotation, the force-moment equation 
may be written 

-M77 8in7 - 7^7 “ (13-6) 

If we assume, as above, that the angular displacement is small, 
BO that sin 7 may bo replaced by 7, and divide through the 
equation by 7, the expression reduces to the form 

In which 2jR = B/7 mdF = (Af/7 + T)/I. This equation also 
takes the standard form for damped harmonic motion, 
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Since the particular equation for each of the illuHtrutinna 
discussed above reduces to ono general form, it will be readily 
seen that the general solution of this dirforoiitiiil (uiualionwiH 
apply equally well to all throo oases. 

13-8. Solution of the General Equation. —We niiiy Holect Kq. 
(13-3) as being typical of damped harmoiiio !noti»>n in wliich tlio 
resistance is proportional to tho first power of the npeiMl. 'riiovo 
are several ways in which tho gonond solution of I his (Mp union 
may be obtained, Two inothods will be givon. Athujthm 
should bo directed to tho fact that tlio general e(puition is a 
second-order linear dilTorontial equation (seo tiny text bonk on 
differential equations). Such equations possesH t^vo distinet 
particular solutions. Tho general solution of a hiusoiu border 
differential equation is a linear combination of the two sejmrtilo 
solutions, each having a constant cooilioient. Fur exam pie, If 
Si and sa are the particular solutions, s tho gonoral Holutien, ami 
A and B are constant, then 

s “ ylsi H- lisi 

is the general solution. Tho constants A aiul Ji are in reality 
integration constants and are to bo evaluated In I, lie usual 
manner, 

a. In the first method of solution we slftill firsi iTilucn the 
equation to ono which does not have tho tin'in ountainiiig |,ho 
volooity (dx/dt). This may bo done by a change of variiibloH. 
If we introduce a new variable y and put 

.r » y 

and then evaluate tho first and second derivatives of x with 
respect to the time and substituto these expressIouH in blq. (13-3), 
we obtain tho following difforontial equation; 

^ -b Z/ (F - iea) 0 (1,3-0) 


It will be observed that by this ohango of variublos tlie torin 
containing the velocity has boon supprossod. In order (o afford 
an abbreviation In writing, lot us put w** ^ F - Tim 
symbol w is solocted bocaiuso onclii term of tho <iUiinl.Lty F -- is 
dimensionally that of the square of an angular veloeUy. Tlmt 
this is tho case may bo readily verified by referring tn tho (irigirml 
equation [Eq,. (13-3)], in which each term has tho dlnumHluns of a 
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linear acceleration, It is to be remembered that the dimension 
of angular velocity is simply sec“b The quantity w is here a 
constant. With this change the equation becomes 

^ = 0 (13-10) 

As solutions for this equation we may try the pair of imaginary 
roots and in which i is written V— 1. By taking the 
second derivative of each expression and substituting in the equa- 
tion, WG find that the equation is satisfied. Introducing the 
two constants A and B and combining the particular solutions 
into a single solution gives the following expression: 

y A + B (13-11) 

By substituting this value of y in Eq. (13-8) we obtain 

a: = (13-12) 

If the constants A and B are conjugate imaginary quantities, 
then X is real. This equation may be put into a form which is 
more convenient for present purposes by replacing the expo- 
nential quantities by thoir trigonometric equivalents. The 
general solution may then be written as follows: 

X s= e~^f[{A + B) cos o)t -f i{A — B) sin <at] (13-13) 

h. Another method for obtaining the general solution [Eq. 
(13-3)] is to assume that 

jT = e**' (13-14) 

and then take the first and second time derivatives of x and sub- 
stitute the resulting expressions in Eq. (13-3). This procedure 
gives 

e'''(fc2 -H 2Rk + E) « 0 

Hence 

fc* -f- 2E/C + - 0 (13-16) 

By this substitution wo may reduce the solution to one which 
is an ordinary quadratic in k. The values of k are readily found 
to bo 

ft = -E ± VW^F 

It will bo observed that the quantity under the radical sign is 
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the negative of the quantity which was arbitrarily defined as 
w2, In order to- reduce the solution to one which may be readily 
compared with that obtained above [Eq. (13-12)], wo may, first 
take from the radical the factor I By introducing o>, as defined 
above, the expression for k becomes 

k = ~R ± w (13-16) 

This gives two values for k. By substituting these values in the 
expression of Eq. (13-14), two solutions are obtained. The 
general solution is now obtained by multiplying the solution 
which contains the plus sign by the constant A and the other by 
B, and by putting x equal to the sum of the resulting expressions. 
This equation is identical with Eq. (13-12) obtained above. 

An inspection of Eq. (13-13) will bo useful hero to afford a clue 
as to the physical moaning of the general solution. A critical 
factor in the physical solution is to bo found in the relative 
magnitudes of F and R. This fact is more readily observed in 
the mathematical expression if wo replace w in Eq. (13-13) by 
its value in terms of F and R, which gives 

X e~^'[(A. + B) cos (Ve — 0 "h 

i{A - B) sin (13-17) 

There are, obviously, three oases to bo considered, one in 
which F is greater than 72^, one in which F is equal to R^, and 
the other in which F is loss than El Those oases are sulTioiontly 
important to justify separate treatments. The three cases will 


be identified as follows; 


Small damping: 

F >R^ 

Critical damping; 

F = E2 

Large damping: 

F < R^ 


It will be shown below that vibratory motion exists in only 
the first case. The period of the motion in this ease will bo 
disoussed next. 

13-9. The Period in the Case of Small Damping. — Although 
the constants A and B of Eq, (13-17) have not as yet, in our 
development of the subject, been expressed in torm^ of initial 
conditions, we may use this equation for an evaluation of tho 
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period of the motion. Neglecting the exponential factor for the 
present, we readily see that, if i?* > periodic variation in x 
must be due to the periodic variation of the trigonometric 
functions, The period of this variation is called, the period of 
the damped harmonic motion. The period depends only upon 
the coefficient of i in the cosine or sine factors. 

As we have shown above in connection with simple harmonic 
motion, the period may therefore bo expressed as follows; 


T - 


VF - R^ 


(13-18) 


From this result we can see that the period increases as R 
increases, if F remains constant. 

13 - 10 . Small Damping. — An interpretation of the solution of 
the general equation as given in Eq, (13-13) is made easier if the 
equation is put in a different form. This may be done by 
introducing two new constants (C and ct) which are d’efined in 
terms of A and B by tho equations 

i - A- Ce’'« 5 (13-19) 

With these defining relations A and B may be eliminated 
from Eq. (13-13), If follows from Eqs. (13-19) that 

A + = C cos a t (A — B) — — C sin a 

Substituting these values in Eq. (13-13) gives 

X — (cos a cos c)t ~ sin ct sin o> i) 

= cos (coi 4- ct) (13-20) 

This form has still two constants, one of which, viz., <x, is obviously 
an epoch angle. 

In order to evaluate C, initial conditions for the motion are 
to be selected. Lot these bo .-c <= a at i = 0 and dx/dt = 0. 
Putting f - 0 and a; ~ a in the foregoing equation gives 



cos a 


To eliminate a from this equation, it will be necessary to find 
another equation containing C and a. Such an equation may 
bo found by differentiating Eq. (13-20) with respect to the time. 
Wo have therefore an equation for the speed; 

^ cos {bit 4- «) — sin {at 4^ a) 

at 
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Putting both t and dx/dt oqiuil to zoro pfivou 

tan tx -a 

w 

Introducing tho valuo of « aa oxpr(>Hs<al in taj'tna of and wo 
may find tho valuo for ooh «, which in 


Honco 


OOH cv «>■» 




„ w 

C Ks a - • 

UJ 


Substituting those vuluoH for (Mn Mq. gives 

:r -■— . ({"‘W' COH (« t h i;0 (18-21) 

With this oxprossion tlio valuo of tlio dlsplacouiont may bo 
found for any value of i in a given (uvho whoro th(^ oonstautH aro 
known. It is to bo roinoniborod that, while j is \mually taken t<» 
moan a coord ina to which inoaHiires a linear diHj)laoomeut, horo it 
may also ropresont nn angular (uiordinato, for this Holuihm is 
valid for thoso physical ouhch wlilch involve roljitlomd motion as 
well as translational, 

An oxprossion for tho voloeily is ftnmd liy dKTerontlating 
I3q. (13-21) with rospeot to tho time. This gives 

^ w -£^2. o'~tii[R OOH (u / 4* «) ’h to sin (w / 4* «)] (18-22) 

Tho charaotor of tho variation of tlio displacement as a function 
of tho time may bo dolorminod by an examination of Kq. (18-21). 
Tho right-hand mombor is a product of three fiudorH: a coriHtant 
(a -s/F/u), an exponential, and a cosine faeior. 

If tho oIToot of tho exponential factor may !m disregarded 
for a first oonBldoratlon, then the rest of tho etjuatUin (^.spresscH 
tho time variation of the amplitufle in simple harmonic motion, 
The amplitude of tho simple liarmtmic motion is the constant 
factor a 's/f/w and the period liio motion is 2 ff/w, 

Tho oxponontial factor (e"^<') has a negative exponenl^j honce, 
as tho time inoroasos from zero, the factor decreases logarllh- 
mloally from tho valuo 1. When I is infinitely largo, this factor 
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becomes equal to zero. It does not have any negative value for 
ixjsllive (or negative) values of the time. 

The complete expression for the displacement in damped 
harmonic motion may therefore be regarded as harmonic motion 
with on amplitude which decreases logarithmically with time. 

A graphical representation of the variation of the amplitude 
with time is shown in Fig. 128 (curve li) . The curve was drawn 


K 



from data obtained by assuming certain values for the constants. 
These values are tabulated as follows: 


m = 100 g. 

~ 4,000 g. per second squared 
R' = 100 g. per second 
F' 

F ~ 40 sec.~2 

m 



0.6 soc.-^ 


w == a/F = 6.3 seo,"^ 

r “ — » 0.997 sec. 
w 


tan = ~ ^ -0.0794 

CO 


a = — 4“ 32^ 



b) 


Tho exponential factor is represented by curve A in the 
same figure. It is to be noticed that, with the value of the 
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constant a put equal to unity, tho oxponontinl durvo is tangent 
to tho diaplaccmont. Tin's coiulition of tungoncy would not 
occur if tho value of a were not unity. An inspootion of Eq. 
(13-21) will show that with a I, whenovor wi « 2fl- or any 
integral nuiltiplo of 27r, tho displacoinont .r will equal r-«<, since 
cos a ^ co/V/A Thofio points of tangonoy will occur at tho 
particular values of tho time at which tho spoed of tho particle 
is zero. That this is true may bo soon by putting U ^ 27ra, where 
n is any integer, in I'hp (13-22) which luakos tho quantity within 
tho bracket bocoino equal to zero, or 


since 


li cos ct ']• w sin « ‘‘a 0 

ooH « and sin « 

V/' 


-n 

_ 


bconuBo « is a negative angle. 

Tho variation of tho speed with iiino (hlq. (13-22)] is repre- 
8011 tod by C of Eig. 128. An unalysiH of this curve may bo macto 
in a manner Bimilar to tliat used above in examining the displace- 
ment equation. It is instructive to comiiaro tho simuHanoous 
behavior of tho displacomont and speed anti to picture mentally 
tho physical relations. 


ProblomB.—l. Bhow that tho limo interval hetwoon Huoco««ivo trnnsita 
of tho body through tho rest poflitlon ih otiual to oiio-hulf tlic period. 

2, Sliow that tho time interval lietween any two mioceaaivo pofllUona of 
zom velocity ia oqiial to one-half the peritHl, 

8, Provo for an itntlal poaitivo diaplaeement «if the hotly Unit tho velocity 
iu nogativo for tho flrat half eyele. Aattinoe that the hotly slartM from roat. 

4. Prove that tho poHiliotm of maximum apeed do not ooeur at tho 
inotants of iioro dinpineemunt. 

6, Por tho tnifle of tlatnpotl harmtinio motion with ainall damping, obtain 
tlio tiiird equation of motion, viz., an exproaaiuu containing ^ and <h/(U but 
witliout I, 


13-11. Critical Damping.— ‘The imposed relation between tho 
constants of tho original dliTorontial equation is that ««» IP. 
To find an expression for tho displacomont and tlio velocity in 
terms of the time, it is nooossury to put F ^ IP In lilq, (13-Q). 
This substitution gives 

mO 

Integration of this equation gives 

y m Di q- Rj 


(13-23) 
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In which D aad E are integration constants. Substituting this 
value for y in Eq. (13-8) gives 

a; » e“«< {Dt + E) (13-24) 

Tho expression for the speed is readUy determined from this 
relation by differentiation and is 

fi'i' 

^ [R {Dt + i?) - D] (13-25) 

These two equations, giving displacement and speed in terms of 
tho time, contain two constants. To evaluate these constants 
tho initial conditions 

» = o ( = 0 s = 0 

at 


which are the same as those given above in the case of small 
damping, aro to be used. By substituting these values for the 



variables in Eqs. (13-24) and (13-25), the constants are found to 
have the following values: 


D ^ Ra E^ a (13-26) 

lionco the desired equations may be written as follows: 

X == {Rt + 1) (13-27) 

^ {RH) (13-28) 

It is of interest to plot both displacement and speed in terms 
of the time in order to reveal the character of their variation. 
The result is shown in Tig. 129 in which both quantities are 
plotted to the same time axis. 
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The displacement curve may be regarded, mnlhortiatieaily, ns 
resulting from the product of a straight line, x =* d {Hi “h 1)» t>y 
an exponential factor The oifoot of the exponential fuotor 

upon the displacement is clearly shown by tlio plotted ourvo. 
The speed curve may be similarly regarded. The speed reaches a 
maximum negative value at the instant when tho cUsplaccnioiifc 
curve shows a point of inflection. 

The value of the time {t') at which tho speed Is a jnaxinnirn 
is obtained by putting the acceleration equal to xovo and solving 
for Differentiating Eq. (13-28) with respect to tho time glvoa 
the acceleration. 

S «= 0 (13-29) 

dt^ 

Hence 



Problems, — 1. Make a plot whicli shows tlio variation of tlio accolorntion 
with the time in the case of critical damping. 

2. Eliminate I from Eqs, (13-27) and (13-28) to obtain tho third equation 
of motion for the case of critical damping, 

13-12. Large Damping. — In order to derive a simplified equa- 
tion for the displacement in the case of largo damping, It ia 
convenient to replace a of Eq. (13-12) by its value ’\/i>' HK 
To make this radical real, since is greater than F in tho case of 
large damping, the factor —1 is taken from tho quantitioB under 
the radical, This factor becomes i when outside the square-root 
sign; hence 

* iV'W- F 

If we designate the second radical by tlio letter s and tlicn 
substitute is for w in Eq. (13-12), the equation becomes 

.r = -f- (13-30) 

By differentiating this equation, an expression for tho speed is 
obtained. This is 

~ = [Ae-^f (i? + s) -f (72 - s)] (13-31) 

With the same initial conditions as given in the section above, 
the constants A and JB are found to be 
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^ _ a (s - /e) „ _ a (/e + s) 

28 ^ 2^ 

Introducing these value? in the foregoing equations and combln- 
ing the exponential factors gives the desired expressions for tho 
displacoxnont and speed in terms of tho time, 

a; [(s - + {li +-8)0“<«-)‘ ] (13-32) 

^ [(.s“ - -h (/i!' - (13-33) 

In oi’dor to interpret tlicso expressions, it is necessary to know 
tho algebraic sign of each term. Since tho primary condition 
required to bo greater than it follows that U la greater than 



a. Wo may regard each of tho quantities s — 22, i? +• a, a* — 22®, 
and 22^ ~ s® aa single factors and the right-hand members of tho 
equations for ,r and dx/iU as consisting of only two terms. In 
tliG expression for .r, since a is positive, tho first term Is nogativo 
and tho second one is positive. In tho speed equation tho 
rovorse is true. 

All of tho exponential quantitioB have negative exponents 
for all values of tho time (from 0 to «); hence those quantities 
will vary from H-1 to zero as the time Increases from zero to 
infinity. 

By 00 nal tiering first tho dlsplaoemont equation, it is obvious 
tliat the dlsplaoemont at any instant is made up of the sum of 
two quantities, one of which is nogativo and the other positive. 
Plotting tlie two terms separately gives tho curves, identified as 
I and II In Fig. 130, for tho first and second terms, respectively. 

Because of the fact that tho ooofilolont of the time faotor 
in tho first term is 22 -b a and that in tho second term Is 22 - S, 
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tho negative curve (I) ap))roa('lH‘H (he lime rapidly. 

The curve marked HI in th(‘ reHuliaiil I'hia curve 

has a point of inflection al, (ho (into triark<Ml C, A( ihia ii}«(a,n 
tho speed has Ita inaxiintmi vahn?. 

The speed curve may he delonninotl in a Niniilar manner. The 
results are plotted in Fig. UM. Fnrvc* I almwa ihi^ ontiirihuHon 
of tho first torn), ourvo IJ. Ihiil from (la* Iona, anti HI |g 

tho resultant speed. 

As in tho case of eritienl dnnipinK. (ho Npooil onrve showg a 
maximum negative value jit hojiio lime whioh wo may oal) l*, Tho 



expression for I* is found in /i iiuinnor doacrjltod nlwvis and la iig 
follows; 

13-13. The Logarithmic Decrement. In ilila wiuion a more 

dotailod Inspootion of tlio decroasluK »uu|dil urle of ( he displactt* 
mont In tho oaso of small (hunplnK is (»» he iimde. For (Ills 
purpose Kq. (13-20) will I)e used. I(, ia rmvHKon here for 
convonloncG. 

X eoH (o)l f «) { 13*20) 

Since the ooslno factor can vary only from d' I to - I* the curve 
expressing tlio displaemnent x iuuhI alwnya lie Iku w'Otm the two 
logarlthmio curvos H-Co'""' uud -Cc "h T’hia in hIiowu In tlw 
Fig. 132, 

Tho values of tho amplitudes at I w’o Huccesflive (Knitlve maxima 
aro next to bo dotorminod. At Iheso poHttloim the s()eed Ifl 
aero, If, then, tho values of the times, at which tlio «3 maxlmfl 
occur, are determined and suhsil tilled in the equation for tho 
displacement, tho corresponding displucemeniH nmy l;>e found, 
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The equation for the speed is found by differentiating Eq. (13-20) ; 
hence 


— = — [72 cos (w i + a) Hr w sin (« i -}- a)] (13-36) 

Putting the speed equal to zero and writing for the particular 
value of the time gives 

tan (w -|- a) — (13-36) 

0 > 


This relation remains true when the angle w -1- a is increased 
by 2 T n or when the time is increased by nT (where T is the 
period) . 

Hence 


+ nT = - 
o> 


— a -h tan 


-i-i)] 


(13-37) 



The times at which two particular successive maxima (kl and 
(Ca) occur may be taken as t' T and +■ 2T. Substituting 
these values separately in Eq, (13-20), equating the resulting 
expressions to xi and ^ 2 , respectively, and then dividing xi by a;* 
gives 

ET - log ^ (13-38) 

X2 

The quantity 72T is called the logarithmic decrement. This 
equation supplies the means for evaluating B, the damping factor, 
from experimental observations. AU that is necessary is a 
determination of the period and the ratio of any two successive 
maximum displacements taken in the same direction. 

In undamped harmonic motion the values of the time at which 
the maximum displacements occur are midway between the 
values of the time at which two consecutive displacements are 



304 


ANALYTIC AND VECTOR MECHANICS 


tia-u 


zero . In damped harmonic motion this is not the caso. To prove 
the truth of this statement, we may determine the values of the 
time at which the displacements are zero and then, by rofcrring 
to the values of the time at which the displacement maxima occur, 
the relative values of these times may be determined. I<otiing 
ii represent the value of the time when a; = 0 and putting a; « 0 
in Eq. (13-20) gives 

0 ~ (76"^^! oos (w t\ + a) 

Since neither C nor is zero, cos (w -j- a) « 0 and hence 


h = i 

to 


(2n + l)g - a 


(IS-3fl) 


in which n is any integer. 

If one-quarter of the period (7r/2 w) Is added to tho valuo of h, 

the resulting exprossion is not 



equal to i' [Eq. (13-37)), tho 
value of the time at which tho 
maximum displacements occur. 

13-14, Use of tho Logarith- 
mic Spiral to Express OsclUa- 
tions in Damped Harmonic 
Motion. — In tho oh up lor deal- 
ing with simple harmonio mo- 
tion it was shown that Binipl© 
harmonio motion o o u Id b© 
obtained by projecting the uniform circular motion of & 
particle on to tho diameter of tho circle. It is to bo shown 
hero that linear damped harmonio motion, in which tho 
damping is small, may bo described In a somewhat slrnUar 
manner, In place of tho circular path used in simplo harinonic 
motion, wo shall show that a logarithmic spiral may servo a 
similar function. 

A characteristic of tho logarithmic spiral is that the apiglo 
between tho radius vector drawn to the curve at any point and 


tho tangent to tho curve at that point is constant. X.ot g Hh a 
bo this angle (Fig. 133), 

Given tho point P on the spiral with 0 the center of tho eplinl, 
OX tho reference lino, and r tho radius vector drawn to 1^* K 
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particle at P is to move with a variable speed along the curve 
ill suoh a manner that the angular velocity d'i/di of r shall be 
constant. 

It ia to be shown that Q, the projection of P upon the reference 
lino OX, moves with damped harmonic motion. 

The component of the velocity of P parallel to r ia —dr/dt 
and the component perpendicular to r is r dy/dL Since the angle 
(a) between tlio resultant velocity V and r dy/dt is constant, 
it follows that 


dr 



1 dr 


r dy 

=3 —d. (a constant) (13-40) 

Integrating this equation gives 

log r ~ —A y € 

with C the integration constant. 

By selecting the following initial conditions, r ~ ro, i = 0, and 
7 "*= 0, the constant C is found to be equal to log ro. Hence 

7 ' t=s j'o (13-41) 

in tho equation which expresses the length of the radius vector in 
torma of y and the constants. 

If now wo lot X measure the displacement of Q from the center 
0 along the fixed lino OX, the equation for the acceleration of 
Q may be expressed in terms of x and its derivatives. 

It is the form of the equation expressing the acceleration of 
Q in which wo are particularly interested, The starting point is 
tho expression for a:, which is 


a; = r cos y 


Differentiating this equation and putting dy/dt = co (constant) 
gives 

$ cos T - ^ « sin 7 
dtdt 
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The vftluo of dv/dl is found by cljiforoutiiillng (13*41) 
is 

tsa — «)' W 

dt 

Substituting this vftluo in tlio cxproHsion (or dx/dt gives 

fl? « fei A coH 7 r oj sin y 
dt 

» 0 ) /t - r w Hin y (1342) 

The second dorivativo of x is thoi'ofuro 

I* „ 4 “I “ ^ ^ ^ 

= -^1 w A --'I u «ln 7 “ * (13-13) 

If now wo multiply both sides of lOcj. (13-42) by w d, wo obtain 

^ w 4 tA w® sin y 

dt 

A substitution of this value for the first torni of the right-hand 
member of Kq. (13-43) gives 

^ « .tw* (A* — 1 ) -h r/iw’ slu 7 w sin 7 

*» xdi^ (A* 1) H“ 2/'Aw* Hin 7 

« (1 -I- A“) + 2rwMa 2rAw« sin 7 

' dr 

«=« -a‘(o2 (1 -I- A») 2 Aw-^^ 

A rearrangement of tlio terms of this result yields the final 
expression for the aocoloration of Q, will oh is 

jS- + 2Au $ -I- u' (1 -I- /!*)* «■ 0 

The coofBolents of dx/dt and x are botli constant. If wo wrlto 
2R and rospeotivoly, for thoso coafliolonts, tho equation 
takes tho form of the gouoral equation for damped harmonic 
motion. Tho projection of tho motion of P in tho logarilhmio 
spiral, subject to tho given limitations, may thoroforo bo usocl to 
describe damped harmonic motion. 

It is prolitablo to Intorprot tlio equation for tho displacomont 
[Eq, (13-21)] and for tho volooll y (Eq, (13-22)1 in torms of tho 
auxiliary motion of P in tho logarithmic spiral. 
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Let us first oxamino the angular volooity of P in the spiral. 
The period of P’s motion is 27r/w, which is also the period of the 
displacement and of the volooity. Since to is constant, it follows 
that the quantity to, as used in the equations of the damped 
harmonic motion, may bo represented by the angular velocity of P 
in the spiral. 

The angle « in the equation for the damped harmonic motion 
is an epoch angle. This angle is represented in the spiral by the 
value which 7 has at the time i = 0. To show that this is the 
case, wo may detormino the position of the radius vector when 
i « 0. Since, at this instant, the speed is zero, the position of r 
must bo such that the velocity of P is perpendicular to the refer- 
enco lino OX, The resultant velocity of P is always in the lino 
of the tangent to the curve at the point P and makes an angle a 
with the perpendicular to r; hence at the time i = 0 the radius 
vector will lie below OX and make an angle —a with OX, A 
vodfication of this statement is to bo obtained by comparing the 
value of a as found in the equations of the motion in the spiral 
with the value of a determined from the equations of the damped 
harmonic motion. In the case of the motion in the spiral, a may 
bo found from the cooflicient of 2{dx/di) of Eq. (13-44) together 
with l^q. (13-40), which gives 

R •=* +A w 

From which 

— A ^ tan 

0) 

A similar value for « has already been found. 

It is also of interest to observe that the spiral shows that 
tho maximum displacement does not occur at the instant when P 
crosses the roferenco lino. 

Problems.— -1. Doviao a inothocl for dotormining tho value of tho damping 
factor from a displncomont ourvo in tho oaso of critical damping or of largo 
damping. 

2. Show how tho damping factor might bo dotorminod by using values of 
tho BpGod cori’OBponding to tho times when tho displacomont is zoro. 

18 -IB, Forced Vibrations. — Tho harmonic vibrations of a 
particle, as described in the preceding sections, are known as 
’Tree” vibrations. In such motions, tho elastic restoring force 
and fluid resistance are the only forces included. It is now 
proposed to study tho ofToot of adding another force to the other 
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two. The nature of the additional force is to bo restricted to a 
harmonic character; ue., the force is to bo exprossiblo in tovms oi 
the time by a cosine or sine term, such as h cos D t, Wlion such a 
force is added to elastic restoring force and fluid rosistanco, the 
resulting vibrations of the particle are somewhat complex for a 
time. After an initial transient period, the length of which 
depends upon the constants (inertia, elastic forco, and roBiatanco), 
the vibrations settle down to a steady state and romain so as long 
as the applied harmonic force does not change. 

The equations derived in this section have boon found useful 
in describing several important phenomena which occur in varioUH 
fields of physics, particularly in sound, olectrioity, and light, 
One reference may be made to point out the fact that the f undn- 
mental equation may be successfully used to explain tho behavior 
of the very smallest of particles, f.c., tho electron. In the 
classical theory of light, use of these equations has boon made 
to obtain expressions for the dispersion of light. It is inter- 
esting to observe that the same fundamental Assumptions have to 
be made for the elastic forces which hold tho bound eloebrons to 
the atoms of the dielectric and for tho resistance oflfered to Iho 
motions of the electrons as have been made hero in describing the 
forced vibrations of a particle. The experimental raoasuromonts 
validate the assumptions. 

The addition of an impressed harmonie force to tho olaBtio 
force and fluid resistance gives the following dilTerontial equation : 

df^ + =» b cos 0 t (15-45) 

where b is the harmonic force per unit mass and is tho period 
of variation of this force. 

To solve this equation, we may try 

a: « Z) cos (fi i 

If this value for x is a, solution of Eq. (13-46), then, upon substi- 
tuting the first and second time derivatives of a:, tho given dllTor- 
ential equation should be satisfied, 

dx 

^ - -Df2 sin (Qt - 0) 

d^x 

~ — cos (fic — jS) 

Substituting in Eq. (13-45), expressing the sine and oosiao funo- 
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tions of the sum of two angles in terms of the corresponding 
functions of the single angles, and rearranging terms gives 

[h -- D {F ~~ cos /9 — 2DR U sin /3] cos fi i 

— [D (F — sin j3 — 2DR U cos ;8] sin fl i = 0 (13-46) 

In order that this equation should be equal to zero, it is necessary 
for the coeflicionts of sin SI i and cos S2 i to be separately equal 
to zero. If wo put the coefficient of sin S2 t equal to zero, we 
find that 

tan p = (13-47) 


From this relation we may write 
sin 
cos j3 

Equating the coefficient of cos t to zero gives 

2 ) = ^ 

(F — 0^) cos j3 4- 27tlf2 sin jS 


2R n 

V{F - 
F ~ 

\/(F - 


Substituting the values of cos (3 and sin |3 as written above and 
simplifying yields the following value for D: 


\/{F ~ n'*)2 + 4F2fi2 

Using this value of D, wo may now write 


(13-48) 


X 


b 

■s/(F - Sl®)^ + 4F2f2= 


cos (fi i — /3) 


(13-49) 


which is a solution of Eq. (13-46). This solution, however, is a 
particular solution and not a complete solution, for it contains no 
arbitrary constants. 

The complete solution is obtained by adding to Eq. (13-49) the 
solution of Eq. (13-3), viz., Eq. (13-20), since the sum of the two 
expressions contains two arbitrary constants and satisfies the gen- 
eral differential equations. The complete solution is therefore 


. V . ^ cos (flf — 0 ) Jim 

* =. C e-“‘ cos («( -I- «) -f ;^^ 7 =:===== (13-SO) 

Tho constants may be evaluated by the use of initial conditions. 



310 


ANALYTIC AND VKCTOlt MIUCIANICS 


(lS-18 


The displaoomoni tib any inHlanl;. mny 1)^ mm to b(5 a Hum of 
two displacemontH. TIio (ii'Ht (arm f^ivoH l)u! '‘froo" dinijlacjcmont 
and tho Bocond tlio "forced ” diHpIataunont. W(^ Jjav(i H(‘<m above 


that tho amplltudo duo to tho firnt onjujiunont apju'oaohoH a zoro 
value because of tho <lanipinK fiuitur. 'I’lio ^(‘oond component 
contains no exponential fa(!tor and iluu'oforo iln funplitmie docs 
not decrease. After a Huiliciont huifftli of tho fnio vibrations 


may bcoomo small ommgli to noghad, in ctiitiimriHou with tho 


forced vibrations. 

In the present eonsidiu'atioii w(5 ore int(n’OHt(‘d only in the 
amplitude of tho forced vibration. W(s shall tluu’oforo neglect 


tho free vibration. 

Tho period of thoforeed vibration is naulily soon to boiliatof the 
impressed harmonic force, viz., 2 7r/ih d'lm vil^ration, however, 
lags behind the improssod fo)‘ce by an angle fj, 

Tho amplltudo of tho forced vilnavtiou Is the co(^flioiont of tho 
cosine factor. 

It is of interest to see liow the amplitude of tlio vibration 
varies with tho froquoiusy U of the impH'Ssod force. Tho con- 
ditions for obtaining a maximum amplitude may be found by 
dilTorontiating tlio equation for I) [Mq. {I.'i-'1H)| with resiasot to U 
and putting tho resulting oxina^ssitm equal to r.ertj. Performing 
the indicated operation gives the i>url iciilar value ef the frequency 
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This value of tho froquonoy is known aw the resomuuso frequency. 
In order for to have a real value, it Is mmessary for P to bo 
greater than 27^“, If F is less timu the value of ST is imagi- 
nary. Tho olToot of inoreaslng the resistance of the medium is to 
dooroaso tho resonance frequemsy. 

Problems.— 1. For given viilurs nf !•', It, loirl /» (l'k|. (1,T0I)) /Imi tho 
oharactor of tho curvo whitsli oxproHimH llin dt^pi'nilmico nf l> npon U, 

2. Sliow that tho ratio of thn a in pli tilths of (iits motion, in tho casts of mnall 
damping, at any tiino, to tins initiiil ninplitmhs in jimportional to tins thms, 

3, Dorivo tho dilTorontial 0 (|Uiitioii of motion of a partii’ln, wliiisit oxtsistitoM 
simplo liarmonio vibratioiiH, from tho iirlmsiplo nf llin isonaorvation of oiiorgy. 
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VECTOR FIELDS 

14-1. Nature of a Vector Field, — In Chap. X it was shown 
that in conservative fields there exists a scalar function, the 
potential, which is everywhere single valued and finite, and that 
from this scalar function the field intensity may be determined. 
At every point in the scalar field there exists a definite value 
of the potential and also a definite value of the field intensity. 
Field intensity, however, is a vector quantity. Hence from the 
scalar field a vector field may be established. A vector field 
is therefore a region to every point of which there corresponds 
some value of the vector quantity. 

The vector field may include all portions of space but it 
may bo necessary to use two or more analytical expressions to 
define the vector throughout all portions of the space. For 
example, if the field is that of gravitational-field intensity due 
to a single continuous mass, one expression will be necessary 
for all points outside the boundaries of the gravitating mass 
and unotlicr expression for those points within the boundaries 
of the mass. If the field is duo to three separate masses, then 
four expressions may bo necessary. 

14-2. Gradient of Potential and Field Intensity. — Let us con- 
sider any scalar field, such as the potential field which exists 
in the region surrounding a gravitating mass. We may select a 
reference system XYZ with P any point in the field. The value 
of the scalar function at P is dependent upon the coordinates of P, 
The function will, in general, change as we go a distance dx from 
P along a line which is parallel to the X-axis. If the change in 
the scalar function is d7, then the rate of change in the direction 
of dx will bo dV/dx, This quantity expresses the rate of 
change of the scalar function in a definite direction. We may 
write Ax for the vector which combines the direction with the 
magnitude; hence 
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[ 14-2 


in which i has its usual vector significance — that of the unit 
vector in the positive direction along the OX-axis. 

Similar expressions may bo written for the components parallel 
to the two other reference axes. 

To find the maximum rate of change in the scalar function 
(for the particular point) and the direction of this maximum rate 
of change, we may determine the magnitude and direction of the 
vector A which represents the vector sum of the x, y, and z 
components. Since 

<■*-»> 

the magnitude of A is equal to the square root of the sum of the 
squares of the coefficients of the unit vectors. The direction 
of A may be readily expressed in terms of its direction cosines 
I, Tiif and n. It is readily seen that 




Similar expressions may be written for m and n. 

The vector A is called the gradient of the scalar function V. 
The gradient of a scalar function expresses the direction and the 
magnitude of the greatest change of that function per unit 
distance. 

Because of the common use of the operation of finding the 
rate of change of scalar and also vector quantities, as indicated 
for the scalar function 7 in Eq. (14-2), it has been found con- 
venient to abbreviate the expression by introducing the symbol 
V (read del). It is expressed as follows: 


and may bo treated as a vector quantity, v is frequently called 
an operator. 

In the particular case wo may write 


A = v7 (14-4) 

and regard the right-hand member as a product of a vector and a 
scalar quantity, which, if expanded, would give the right-hand 
member of Eq. (14-2). 



14 - 2 ] 


VECTOR FIELDS 


313 


If V is to represent the potential in the region of a gravitating 
mass, the vector A as defined by Eq, (14-4) gives the negative 
of the field intensity. It follows, from Eq, (10-27) if we write G 
for the vector field intensity, that 

G ~ -vE (14-6) 

This result may be generalized. If there exists a scalar 
field in which there is a potential which is single valued, finite, 
and continuous, the negative gradient of the potential will give 
the field intensity. Applications of this process are to be found 
in gravitational, electrostatic, and magnetic fields. 

Illustration , — Find the field in- 


tensity at any point in the region y' 

near a thin rod, first by dotermin- jtPc>«ys(3 

ing the general expression for the 1 

potential and then by applying the ^ ^ 1 ^ 

operator v to the potential as indi- / 1 j / ^ 

cated in Eq. (14-6). y ^ 

Let the rod be of length L and of / 
lineardensity p and, for convenience, 
let it bo placed on the axis OX of the 

reference system with one end at 0. We are first to find the 
potential at any point P {xy z) as shown in Fig. 134, If ds is a 
differential length of the rod which is at a distance r from*P, and 
at a distance s from 0, then the general expression for the 
potential at P is 



This result holds for any point P (a; y z) in the field. To 
obtain a numerical value of the potential for any particular point, 
all that is necessary to do is to substitute the values of the 
coordinates of that point in the given expression. 

We may now find the general expression for the field intensity 
at any point P {x y z) by finding the negative of the gradient as is 
expressed by Eq. (14-5) , The process is indicated as follows : 



dy 
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The results of the indicated differentiations are more readily 
obtained if we use the following abbreviations: 


A = "V -f — 2xL + + L — a 

B — 's/x'^ "H — 2xL + 

C =» -^/x^ 4- -h ““ Xi 

X) S3 \/ A" 4*” 


The final result may be then written: 


iKp 


x{AB ~ CD) (CL + BC + .415) 


JKP 


ABCD 
y {AB 


+ 


ABCD 




ABCD 


(14-7) 


This expression gives the field intensity in terms of the vector 
sum of the three oomponcnts along the reference axes, If 
the intensity is desired at some definite point, it may be found 
by substituting the given coordinates of that point in Eq. (14-7), 
The square root of the sum of the squares of the coeflioients of the 
unit vectors gives the magnitude of the intensity. 

14-3, The Divergence of a Vector. — Wo have seen how the 
operator V is applied to a scalar quantity in the determination of 
the gradient, and that a vector quantity, which expresses the 
direction and magnitude of the rate of greatest increase of the 
scalar, is obtained. In this section the same operator is to bo 
applied to a vector quantity by forming the scalar product of V 
and the given vector. The result obtained from this operation 
is to be examined and its significance interpreted. 

If we let F represent the given vector, then the scalar product 
of V and F may bo expanded as follows: 


F 




dx 

OF; 

dx 


+ 


dy 

Ms 

dy 


^ dz 


(14-8) 


Each term of the right-hand member is a soalar quantity. The 
quantity V • F is then a scalar quantity, as it should bo, for wo 
have formed a scalar product of two vootors. 

The significance of this result is to bo determined. Before 
we do this, a digression is made to explain the term Jinx of field 
intensity. The moaning of the term flux of field intensity, 
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as used here, is similar to its meaning in electric or magnetic 
fields, If we imagine a uniform field (grawitational, electric, 
or magnetic) in which the field Intensity has a value of unity, 
i.e., 1 dyne per unit mass, positive charge or north pole, in the 
c.g.B. system, then this field intensity may be represented 
conventionally by assigning a single line of force to each unit 
area (square centimeter) of surface perpendicular to the field. 
If the field intensity is of strength n, then n lines would be 
assigned to each unit surface which is perpendicular to the field. 
This assignment is a purely conventional matter. As an exten- 
sion of this convention, ^irK lines of force are assigned to each 
unit mass and i^ir lines to each unit charge or pole. The reason 
for this assignment is easy to see if wo take the surface integral 
of the field intensity over the surface of a sphere of unit radius 
which encloses a unit spherical mass particle placed concentric 
with the spherical surface. With this arrangement the field 
intensity on the spherioal surface is everywhere perpendicular to 
the spherical surface and has a constant value of — K over the 
entire surface. The total number of lines of force passing through 
the surface is called the flux and is found as follows ; 

Flux == ds 

= ~47r7C (14-9) 

in which ds is tho differential element of surface. Because the 
result of this integration yields 
47r7C, it has been convenient to 
adopt the convention of assigning 
dirJC lines to each unit mass. 

Since field intensity has a direc- 
tion, the convention goes a little 
further and states that in electric 
and magnetic fields the lines come 
out of positive charges and north 
poles and go into negative charges 
and *3outh poles. In the gravita- 
tional case we cannot make this 
distinction, because there are only attractive forces. The 
minus sign in the preceding result is to be understood as 
meaning that the flux is entering the surface. A positive result 
in electric and magnetic fields would indicate that the flux Is 
leaving the surface. 
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Let us determine the excess of flux which comes out of a 
differential element of volume dx dy dz (as shown in Fig. 135) 
over that which enters when placed in a gravitational field. 

The flux entering the face parallel to YZ nearer the origin is 
Fx dy dz, where F* is the flux intensity or number of lines per 
square centimeter of surface perpendicular to Fa. 

The flux leaving the opposite face would be 

F* -f dx dy dz 

The excess of flux parallel to X would ther6fore be 

+ {jx) ^2/ dz - Fx dy dz = dx dy dz 

In a similar manner it may be shown that the excess of flux 
emanating from the two other pairs of surfaces would bo 




dx dy dz 


\0z ) 


dx dy dz 


Since these are all scalar quantities, the total excess of flux 
leaving the elemental volume over that entering is 



If we divide this expression by the volume of the element, m., 
dx dy dz, we obtain the excess of flux which would emanate from 
a unit volume at tho point where the differential volume ia 
situated. 

This quantity has been defined as tho divergence of F (div. F) 
and may be written as follows: 


V'F 


div. F 


dx dy dz 


(H-10) 


The divergence of the field intensity at a given point gives tho 
excess amount of flux, or number of linos of force leaving tho 
surface of a unit volume enclosing tho given point over that 
entering. 

The process of finding the amount of mass in a given region 
in which the field intensity is known involves a determination 
of the divergence at any point in the region, multiplying this 
result by tho differential volume surrounding tho point, then 
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integrating over the entire region, and dividing the result by 

In the derivation just given for obtaining the divergence of 
a vector, a reference system was selected with axes perpendicular 
and parallel to the edges of the differential parallelopiped 
(Fig. 136). The result obtained is not dependent upon the par- 
ticular reference system selected, as may be shown. The diver- 
gence of a vector is invariant to a change of the reference system. 
The proof for this statement may bo established by a trans- 
formation of axes, but the details of the process are long and 
uninteresting. 

14-4:. Applications of the Operator V. — For some of the work 
which follows, it will be convenient to evaluate some of the more 
commonly encountered expressions which contain V. The 
illustrations given will show the procedures to be followed in such 
expansions as well as to provide useful relations. We shall first 
evaluate some expressions in which v is to differentiate a scalar 
quantity and then expand expressions in which v ia applied to a 
vector. 

Wo have shown in Sec, 14-2 the use of V in determining the 
gradient of a scalar quantity, such as potential, and have seen that 
a vector quantity, which gives the direction and magnitude of the 
maximum space rate of change of the scalar as a function of the 
coordinates, ia thereby obtained. In some of the present illus- 
trations wo shall use the scalar quantity r which measures the dis- 
tance of any point from the origin of a selected reference system. 
The scalar quantity r may bo expressed in terms of the coordinates 
{x y z) of the particular point as follows: r® = The 

vector quantity r is rri where Yi is the unit vector in the direction 
of r and, in terms of the unit vector i,j, and k, may bo written 
r ==» rti = ix 4- jy -h 

The expansions in the following cases are wiltten in detail 
in order that the procedure may be clear, 

(a) Vr\ 

“ (to +4 

“ WTWTW 

~ r 

^ Yi 


(14-11) 
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( 6 ) 

+4 

~n{ix-\-jy-\-k z){x^ + 2/^4- 2^)5“^ 

= ^(i X ~\-j y k z){x^ -H 2 /* + 

=3 w ri r"~^ or nr (14-12) 

w 4= 

= — (/ a; + y 2/ -}- A »)(x^ 4* 2/* H~ 

= -i or (W-13) 

This result may also be obtained from (6) by putting n <=» —1. 

(d) V ' -5)- — Notice that A and B are vectors, but their 
product .4 • 5 is a scalar quantity. Differentiation by V in tliia 
case follows the rules of ordinary differentiation, in that V is 
to operate upon each vector separately while the other romaitm 
constant. The procedure is indicated symbolically as follows; 

V{A‘B) ^V(A>B)u^-V{A‘B)j, 

« (B • V)A 4- (A ■ V)B 

In the first expression the subscripts to the right of tho paren- 
theses indicate which vector is to remain constant. Tho vootors 
A and B may bo expressed in terms of their components /I », Ay^ At 
and Bt, Bj,, B„ respectively, as follows: 

4 « U* 4 JAy + B « fB* 4 jBy + kB, 

Introducing these values in the expression for V(>i • B) gives 

v(,A-3) = (b.^ + + JA, + kA.) 

+ (^ 4 + ^4 

A further reduction of this expression is not possible except In 
special cases. If 4*, Ay, 4* (or B«, B„, B*) arc functions only of 
X, V and » respectively, then a simplification may bo made. 
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(e) V ■ r: 

^ “ ( 4+4 4 ) ■(<*+>!/+**) 

= 4- ^ _L £! 

6a; ~ dy ' dz 

- 3 ( 1445 ) 

(/) which r is a scalar function and 4 is a vector 

function of the coordinates. In this expression V is to differ- 
entiate each factor. 


V. (rA) = (Vr) • i 4- r (V- A) 


= ri 






dAy 




6AA 

dz ) 


(o) v-n 



= (i)-r + ;V.r 

« A- ^ 

r 

^ 3 ^ 3 

^ r r 


(14-16) 


(14-17) 


(/t) Other formulas which may bo of use are written below 
without including the detailed proofs by expansion. In these 
expressions, a and h are scalar functions and A and B are vector 
functions. 

V(a + 6) - V a + V 6 (14-18) 

V' (A + B) = V- .4 + V'P (14-19) 

V(a5) - a (Vb) -}- h{Va) (14-20) 

14-B. Illustration of a Use of Divergence, — In this section 
we shall make use of the divergence of G, to determine the 
mass of a body; in particular, the mass of a sphere. For this 
purpose wo must assume that the field intensity at any point 
within the sphere is known. 

Suppose that the radius of the sphere is R and that the field 
intensity G at any point within the sphere is expressed by the 
relation 

G « -JC M T rVi 
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where K and n are constants and r is distance of the point at 
which G is given from the center of the sphere. 

The procedure to be followed in a determination of the mass 
of the sphere consists of three steps : first, finding the divergence 
of G; second, integrating the divergence over the entire volume of 
the sphere; and, third, since the result of the volume integration 
of the divergence gives the total flux, dividing the flux by — 47riC. 

The divergence of G is found by the following manner: 

Div. G = V - rhx) 

= -/CAiTT V- 

— — j!LjU7r[(Vr^) • Ti + r® V ' ri] 

- —AKfiTr (14-21) 

This result gives the flux or number of lines per unit volume 
which enter a differential mass at the point at which G is given. 
Expressed differently, the divergence of G gives the flux entering 
a unit volume enclosing the point if div. G were constant through- 
out the unit volume. But div. G is not constant over the region 
and we must multiply the result obtained above by dv, a differ- 
ential volume surrounding the point and integrate over the 
entire region. 

Since r is the only variable in the expression for div. G, wo 
may use for dv a spherical shell which is of thickness dr and of 
radius r and whose center coincides with the center of the sphere. 
Hence dv — 4 ^rHr. The total flux entering the sphere is found 
as follows : 

Flux = Iff div. G dv 

vohimo 

= “16 KjUTT^J^^^'^dr 
- (14-22) 

The mass of the sphere may now bo readily determined by 
dividing the total flux by -47r/!i:, since -ArK lines have been 
assigned to a unit mass. If M is the mass of the sphere, 


Tir flux 

= MirK' (14-23) 

This is the mass of a sphere of radius li in which the density 
is not uniform but is equal to /ur, as may be readily vei'lfle'^l. 
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Problem, — Find the masa of a sphere in ■which the field intensity has the 
value -fffprrr where K and p are constants nndr is the radius vector from 
the center of the sphere to the point at which G is given. 

14-6, The Gauss Integral, — ^There are t-wo ways of determining 
the excess of flux which may enter or leave a given closed surface 
in a vector field and therefore, in the gravitational ease, of 
determining the amount of mass which lies within the closed 
surface. One method makes use of the volume integral of the 
divergence over the entire region, as is expressed by Eq, (14-22) 
and the other depends upon a surface integral of the normal com- 
ponent of flux intensity over the entire surface. It is not 
necessary to go to the extent of introducing a rigid mathematical 
proof to establish the validity of equating these two integrals. 
For present purposes it is sufficient to say that it is certainly 
reasonable that the excess flux leaving or entering a closed surface 
completely surrounding a given region must be equal to the 
algebraic sura of the excesses of flux leaving or entering all of 
the infinitesimal elements of volume which completely fill the 
boundary surface. 

This relation is expressed by the following equation: 

//n, • f * = ///dlv. F d« (14.24) 

surfaco volumo 

where rii is a unit vector perpendicular to the surface clement ds, 
F is the Held intensity at that point, and dv is the differential 
volumo. This equation is known as the Gauss theorem. 

As a simple illustration of the equality of the two integrals 
given in Eq. (14-24), let us put the vector F equal to the vector 
r which expresses the position of any point with reference to some 
fixed point as origin, and let the region be a sphere of radius B 
with its center at the origin. We shall evaluate each integral 
separately and by comparing the results so obtained test the 
validity of the equation. 

Since r - ix + Jy + kg, we may write 

Div. r = (4 +JTy + 4^-(.i^+Jv + k^) 

dx , dy . dz 

dx dy dz 
= 3 


(14-26) 
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Substituting this result in the volume integral gives 


/// ’■ * = 3 ///* 

volume volumo 

- 4irig3 (14-26) 

If the surface integral is taken over the surface of the sphere, 
then r is everywhere perpendicular to the surface and of uniform 
magnitude all over the surface. Hence 



n\' t ds 


r J Jcls 

Burf&OQ 

4iri2® 


(14-27) 


which is equal to the result obtained for the volume integral. 


Problem. — ^Toafc the validity of the Gauas theorem by evaluating each 
integral of Eq. (14-24), in the case where the field intensity at any point in 
the interior or on the surface of a sphere of radius R is given by the relation 

G *= — l/C/i7rr*ri 

14-7. Poisson’s and Laplace’s Equations. — The operator v 
has heen applied to potential for the determination of the field 
intensity and has also been applied to field intensity to find the 
divergence. It follows therefore, since G « — VV, that 


Div. G « V • G 


= -V. (VF) 

= ■ OW 

dif 


+ 


d^F^ 


(14-28) 


In the gravitational case the divergence gives the number 
of lines or the flux per unit volumo entering a differential volumo 
at the point at which the divergence is expressed. Wo may 
connect this result with the mass in the unit volume and hence 
the density by writing — 47r/Cp for the number of lines coming to 
p g. of matter per unit volume. Hence 

Div. G ~4ir/Cp 
and 

V^F *=» H-47r/^p 
or 

VW - 4T/fp « 0 

which is Pmssov/s equation for gravitational fields. 


(14-29) 
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In particular, if p «= 0, wo have 


vw = 0 


(14-30) 


which is Laplace's equation. 

It is to be noticed that in the gravitational case the lines 
of flux enter the mass, an assumed characteristic of mass; con- 
sequently the sign of the result obtained by applying the diver- 
gence operation to gravitational fields will be negative. In the 
electrical or magnetic cases, however, the sign may be either 
positive or negative according to the sign of the charge or polo 
within the region to which the operation is applied. Hence in 
electric and magnetic fields Poisson's equation is written 

+ 47rp = 0 (14-31) 

In hydrodynamics or thermodynamics the flux may be a flow 
of fluid or heat out of the region or into it, 

If it is found that flux is leaving a given region, the region is 
said to contain a “source." If the flux enters a given region, 
then a “sink" is present in that region. 

Problems. — 1. In free space outside a homogoneoua sphere of mass AST, 
the potential at any point is — {KM /r) whore r is the distaneofroin the center 
of the sphere to the point. Show that V*F - 0. 

2. Inside a particular sphere the potential may bo expressed by the 
relation V >= liCfwrr® where K and n are constants and r is the distance from 
the eon ter of the sphere to the point at which the potential is given. Find 
the expression for the density of the sphere by the use of Poisson’s equation. 


14-8, The Curl of a Vector. — ^Thc curl of a vector is a function 
of the vector obtained also by applying the operator v to that 
vector. Unlike divergence, which is obtained by taking the 
scalar product of v and the given vector, curl is found from a 
vector product of the two vectors, one of which is v and the 
other is the vector to which the operator is applied. This 
operation gives a vector quantity, as is oharaotoristio of the 
vector product of two vectors. The following equation may bo 
used as a definition of the curl of a vector: 

Curl F « vX ^ 

Writing in terms of the components of the vectors gives 



ANALYTIC AND VECTOR MECHANICS 


[14-8 


324 



dx dy dz 


Fy F, 


dy / 
(14-32) 


This equation expresses the oui’l F in terms of the three 
components of a vector, the components being pai’allol to the 
axes of a selected reference system, The magnitudes of the com- 
ponents are given by the coefficients of the unit vectors in tho 
foregoing equation. While the magnitudes of the comp one n la 
are individually affected by the particular reference system 
selected, the resultant vector is independent of this selection. 

An illustration is introduced to show something about tho 
meaning of the curl of a vector. For this purpose lot us deter- 
mine the curl of the velocity vector of any point of a rigid body 
which is moving with any general uni planar motion, i,e., a 
combination of translational with rotational motion. To bo 
explicit, let the body be a right circular cylinder and let it bo 
rolling down an inclined plane. Now to every point of tho body 
there is a definite assignable velocity, Wo may therefore regard 
the velocities of all points of the body collectively as building 
up a vector field. If the curl is applied to tho velocity of any 
point in this field, i.e., to a point of the body, tho result will bo 
some function of V, 

Let the reference system be selected so that the origin coin- 
cides, instantaneously, with the center of mass of the oylinclor. 
The velocity V of any point P, of the body may bo expressed 
in terms of the vector sum of its velocity -relative to the center 
of mass and the velocity of the center of mass of tho cylinder 
in the fixed reference system [see Eq. 1-19)]. If tho point P is at 
a distance r from the center of tho cylinder and if o> is the instan- 
taneous value of the angular velocity of tho cylinder, then 

7 « P + o> X r (14-33) 

If the curl is taken of this equation, we may express tho 
operation in terms of V as follows: 

Curl 7 = V X P + V X (o) X r) 


(14-34) 
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Bach term of the right-hand member is to be evaluated separately. 
The first term v X is equal to zero. In order to sec that 
this is tru6j we may expand this vector product in terms of the 
components of the two vectors as indicated in Eq. (14-32) and 
tliereby obtain 



Since each velocity component of U is not a function of cither 
coordinate which is measured perpendicular to it, then each 
term of the foregoing expression must be equal to zero. For 
example, is not a function of either y or hence dUx/^y and 
must be zero. 

The conclusion that v X 17 is zero may be reached from a 
different viewpoint. Wo must remember that the application of 
the operator V to a vector involves an operation which deter- 
mines, in a peculiar way, just how that vector varies with 
respect to the coordinates of a particular point of the body at 
which the curl is to be found. In the case under consideration 
the vector V is one component of the velocity of each point of 
the body and is common to all points of the body. Therefore, 
since U does not change from point to point in the body, 'V X U 
is zero. 

The second term of the right-hand member of Bq. (14-34) 
involves a triple vector product. Since V is one of the factors, 
the triple product may bo expanded according to the general rule 
for such a product, provided we arrange for V to operate upon 
both of the vectors in each term of the expanded expression. 
Hence 

vx (w X r) - w(V*r) ~ r(V-<o) 

= 6>(W • r) + (r • V,)o 

~r(V„'<o) - (w V,)r (14-36) 


In the last expression, subscripts are written to indicate upon 
which vector V is to operate. In such expressions as appear 
in this equation in which V is to operate upon only one of the 
vectors, the other vector is not to be differentiated by V but 
is not necessarily constant, For example, in the expression 
• t), V differentiates r only but the vector w need not be a 
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constant vector. The validity of this expression may bo 
established by expressing each vector in terms of its components 
and carrying out the details of the multiplication and subsequent 
simplification in the usual manner. 

In order to evaluate the expression, we shall examine each 
term and expand the indicated products where necessary. The 
first term may be written as follows: 




,.r) = + 

' ' \dx ^ Htt) 


= 3w 


The second and third terms are both equal to zero because 
Vy is to operate only upon o>, and o is not a function of the coordi- 
nates. The remaining term may be expanded in the following 
manner ; 


( 5 5 \ 

. ri _ ►» .. 


. dx , . 




I t. 




Hence the final expression for the curl V may bo written as 
follows: 

Curl 7 = 2 0 ) (14-37) 

This result indicates that the curl 7 is simply a function of 7, 
which, in this particular case, has the value 2<o. 

Let us determine the curl of the velocity of any point of tho 
cylinder rolling down an inclined plane by expressing tho motion 
in a different way. It has been shown that the velocity of every 
point of the cylinder, which is rolling down an inclined plane, 
may be expressed in terms of an angular velocity and the distance 
of the point from the instantaneous axis of rotation. Tho 
instantaneous axis, in this particular case, is the line of contact 
of the cylinder with the inclined plane. Lot tho origin of tho 
reference system be on tho instantaneous axis. If w bo tho 
angular velocity of the cylinder and r be tho radius vector drawn 
from the origin to the particular point of the cylinder, then 
the instantaneous linear velocity 7 of tho point is X i". 

The curl V may be found by proceeding ns indicated in Eq. 
(14-36). The result is 2 w as before, for the curl must obviously 
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be mdependent of the manner in which the motion is described. 
Aside from the absence of U in the second method of describing 
the velocity of a point of the cylinder, the two cases differ only 
in the selection of the origin from which the vector r is to be 
measured. That this difference is immaterial in the particular 
illustration is indicated by the equivalence of the results. 

The vector field just described is typical of those vector fields 
which have a curl the value of which is not zero. 

In order to present a more complete view of the application 
of the operator vX to a vector, it will bo helpful to discuss two 
aspects of the illustrations elected. Wc shall first make some 
comments regarding the selection of the reference system to 
be used in any given problem and then, by a special selection of 
the reference system, show analytically what the ouii of a vector 
really expresses, 

The selection of a reference system is frequently as important 
in dealing with vectors which involve the operator v X as it is in 
writing analytical expressions. Although the curl of a vector 
is independent of the particular roforenco system soloctod, 
convenience may be gained by a judioioua selection, often clearly 
indicated by the peculiarities of the problem. In the case of the 
cylinder rolling down tho inclined piano it was not necessary 
to select a reference system with the origin on the axis of tho 
cylinder, but it was more convenient to do so. Tho reason for 
this selection is that tho expression for the velocity -of any point 
of tho body includes a term (« X r) in which tho factor r is to 
be measured from some point in the axis of the cylinder, If 
r is to be expressed as ix + jy + fez, as is necessary when applying 
VX to it, then tho XYZ system in which these coordinates arc 
to be measured must have its origin at tho same point which is 
origin for r, We could not, in general, express r « fa? 4- jy + ha 
in one reference system and then select another reference system 
in which tho differentiations expressed by v m’o to be made. If 
two such reference systems are fixed relatively to each other, the 
results obtained by applying v X to r would bo the same but the 
procedure is fundamentally incorrect. 

As an illustration of the changes in procedure made necessary 
when using another reference system in a determination of ourl K, 
we shall determine the curl of tho velocity of any point of the 
cylinder by using a reference system so selected that the position 
of the point is defined by the vector ^ + r where q gives 
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the position of a point fixed in tlio axis of the cylincloi* ai\tl t 
is the position of the point with respect to a moving system whoso 
axes are always parallel to the fixed system from -which s is 
measured and whose origin is the terminal point of q* IDquaUoii 
(14-34) may be used provided that wo substitute for r its value 
:s — q. Since v X is zero as before, we have only to consider 
Eq. (14-36) in which the new value is written for r. Wherever 
vis to operate upon r, it must now opei'ate separately upon s- and 
q; hence the first term of the right member of 35q. (14-39) may 
be written 

wfv • (s — q)] = (o[v, - (s - O') -h Vfl • (s -- ff)l 

- 3o (14-38) 

The last term of Eq. (14-36) may be handed in a similar man nor 
with the final result for the curl V equal to 2a> as before. 

An analytical discussion of the meaning of curl V may bo 
given by using a special selection of the reference system. Siij>- 
pose the reference system be placed so that its origin is in the 
axis of rotation of the cylinder and with the .l^-axis parallel to 
the axis of rotation. Let us select a point P in the X Y piano and 
examine curl V for this point. 

We may write curl V as follows: 


V X V 


V % dz dx \ d:t. Qy 


dv 


) 

(14-30) 

Since V X F is known to be 2o, then it follows that the / and / 
components are both zero and we need examine only tho k 
component, 

The velocity K has only the two components V, and botli 
of whioh may be expressed in terms of the angular velooity ni and 

the coordinates of the point Pas follows: y a« 




X 


Vx = — Cd y 


then we may ^ 


!Z> 

9a; 




dx 
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This equation defines the partial differential quotient dVJdx as 
the space rate of change in the y component of the velocity of P 
at P, taken along the Z-axis. The other differential quotient 
may be described in an analogous manner. 

Since Vy = b>x and V# = — w ^ and w is not a function of 
either jr or y, then 


dVy 

dx 


dy 


2<o 


Hence the curl F may be written 


V X K = 2ftco = 2w (U-40) 

If the axis of rotation had not been selected parallel to the 
ii-nxis, then the velocity components in the ZT plane would 
Imve to bo written 


Vy = 7 * = —bity 

and tlien the k component of the curl V would have boon 2kb)t. 
In this case the two other components of curl V would not bo zero 
but would bo 2i(aa and 2j())y. Hence 

V X 7 ~ 2ioyx 2ftw* 

= 2w 


14-9. Illustration — Curl of Moment of Momentum of a Rigid 
Body. — ^As a further illustration of applying the curl operation to 
dynamical quantities wo shall find the curl of the moment of 
momentum of a homogeneous rigid body which is in a state of 
general uniplanar motion. Let the body be in rotation with 
angular velocity w about some axis which is fixed in the body. 
Let r be a vector which expresses the position of any differential 
mass dm in a reference system which has its origin on the selected 
axis of rotation and 7 bo the velocity of dm. The moment of 
momentum R is given by the following equation : 

R - fjm (r X 7) (14-41) 


in which the integration is to be extended over the entire mass. 

It is to be observed that wo have used the term moment of 
momentum to desoribo the quantity expressed by the preceding 
expression. Ordinarily this term is used to describe the moment 
of momentum with reference to a lino — the axis of rotation. In 
this case the quantity is written with referenoo to a point, which 
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is selected as origin. If the moment were referred to a. lino, tho 
integral would be equal to Iw, Tho quantity soleoted, howovor, 
is more suitable for tho present situation. 

We shall determine curl R first by expanding the voctora and 
then by the shorter method of direct vector analysis. 

a. By Expansion of the Vectors , — ’If wo write T and K in toriiiiH 
of their components, 

r - ix jy + 

7-jT«-l-yn -[-kV, 

and then expand the vector product, tho magnitudes of tho cotn- 
ponents of rotational momentum, taken along tho roferenco uxoh, 
may be expressed as follows; 

72* = (dm {yVt - ^Vf) 

72, - r dm («F* - xVf) 

Jm 

72. = Jjm {xVy “ yVf) (14-42) 

Each component of tho linear velocity of dm may bo cxprcasod 
in terms of the components of tho angular velocity w and of r. 
In general, 

K = « X r = (fw* + jo>y + h<af) X (/a: -|- jy -k hz) 
hence the magnitudes of the component velo cities are 

V * ^ e)yZ “■ o^i/y 
Vy = MgX — W*Z 
7, « w*2/ - 0}yx 

If we substitute these expressions in Eqs. (14-42), tho com- 
ponents of the moment of momentum may bo obtained. Tho x 
component only is written here because tho two others are ousily 
written by a cyclic interchange of tho variables. 

72* = I dm [y (w*y — wyx) — z (o)tX — w*z)] 

We may now determino the curl of tho moment of momontum, 
This is expressed in general terms as follows : 

Curl 72 = V X 72 
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The X component of the ouvl may i)o \vriM<'n If in 

necessary to determine the value of only one eompoiicul , for llm 
two others may then bo written by (iy(!lie pernmlaliun. If wo 
carryout the indicated partial differentiationH by diiTonuil bu 
expressions for /^*and under ilie inb^^ral Mini riunombor 
that the components of the angular vcdoeily coual uiil niiil t bai. 
rfwi is not a function of the coordinatc^H, aineo ( he body in bmiao- 
geneous, wo may write 

CurUfi = i(f - 

= it dm[(2(o,y -- ■ (2w^^ w*//)! 

(M-M) 

One of the limitations imposed in this proldmu waa an HM>iuiuir- 
tton of rigidity of the body. It Hlunihl 1)0 olmerved lluit Mm olTeet 
of this limitation is to make the eoinponents nf m imb'pfu»<iejit 
of the coordinates. The result just obtaimsl is nol, (run for a 
nonrigid body. 

Similarly, the values for the two other eompunents iif I ho eurl 
are 

Curly/? jjj\ dm ( 

Curl,/? A r 3 din ( - ■ K,) 

Those three components may now bo ptit together (n give (be 
final result, which is 

Cutl R = i£s dm (-F,) + jfjdm(-V,) 4. /, fj,/,,, ( .. i-j 
-sf/mV or ~ilmV 

whors ,n Is the muss of Clio body luid (/ Ih Clio volnoily „f n„ ..r 
of mass. 

This result indicates that the ourl of the r.)tal.ioiial iiininiuKum 
the expressed in teriUH of the linear immmhim i>f 

order to deinrmluu Um eurl 
of the momont of momentum by diroot vootor inelhodu, it will Ikj 
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iioccsBary to introduce two tidditionnl fonnuliiH wliioh Involve the 
operator v* If bo ft flcnlar funotion of tho eoordinutoa aiul C 
and Dl)o any two veotorH wlticli uro alwo functiouH of Ujo coordi- 
nates, then it may bo shown tlial 

V X (rtC) (Vrt) X C f- uv XC (14-40) 

V(C • D) ^ Vc(C ■ D) ■ vn(C • D) (14-47) 

Tho curl of R, the moment of momentum of the l)ody, may bo 
written symboiieaily as foilows: 

Curl R I dm v X (r X (w X r)J 

Jm 

Normally tho operator vX should Im plaeejl «mtHl(le tho 
integration sign but in this partioular eawi H(4(*elC(l for IlluHtration 
tho body was assumed to bo ImmogeneouH ami hence dm is 
not a funotion of tho coord in ates. In this ease tin* Ititroduolion 
of V within tho integration sign la valul. 

Tho triple vector product within the braela^s may bo expanded 
by tho ordinary formula; honco 

Curl R f dm v X (w r” '• r (w ■ r)] 

By tho tiso of Wq. (14-40) tho llrst term may I jo evaluated aa 
follows: 

V X (« r®) «« (vr") X w 4- r^(V X 

[V(.r» “b 1/^ -f 2*'')] X w I- 0 
2 r X w or ■ 2 w X r 


In applying v X to tho second term, wo regard w • r as a scalar 
and honco, using hlfis. (14-40) and (14-47), wo obtain 


V X lr(io • r)] w [v(w • r)) X r 4- m ■ r(v X r) 

VuiM • r) X r 4- Vf(w • r) X r 4“ 0 




ruj^ 4- ytOy 4* Z0t)\Xr 


)] 


M X r 


Honco 


Curl R ^ f 3d?n w X r ««*-"• f lidf/iV 

t/m Jin 


(14-48) 


Tho integral In tho right-hand member of this equation repre- 
sents tho total linear momontuin of tho body. Aa a general 
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conclusion we may, therefore, say that the curl of the moment of 
momentum of a rigid homogeneous body in a state of uniplanar 
motion is equal to the negative of three times the linear momentum 
of the body. 

Problem. — If tlio body described above were rotating about a fixed axis, 
containing tlio center of mass, ourl R would bo zero, Which expression in 
the analytical or vector evaluation of curl R would indicate this fact? 

14-10» Stokes’s Theorem. — This theorem which involves the 
curl of a vector is analogous to the Gauss theorem which involves 
tho divergence of a vector. Stokes’s theorem may be stated in the 
following manner! the line integral of a vector, say V, taken 
around any closed path is equal to the surface integral of the 
normal component of the curl of that vector over the surface 
which is bounded by that closed path. Symbolically it is 
expressed by tho equation 

• ds - ^ (14-49) 

In the expression for tho line integral, the scalar product of the 
vector and tho element of length ds of the path is to be integrated 
over tho entire closed path. In the surface integral the normal 
component of the curl of V is indicated by writing the scalar 
product of til, the unit vector drawn to the element of surface da, 
and curl 7. In evaluating the surface integral the normal eom- 
ponont of the curl of V is to be found. Then, by writing dx dy or 
an equivalent expression for da, the integral may be determined. 

One use of the theorem is to prove whether or not the curl of 
the vector is zero. Those fields in which the curl is zero are 
spoken of as curl-free fields. The value of the curl of a vector 
at a given point may also be determined by the use of the line 
integral. This is done by enclosing the point at which the ourl 
is to be found by a very small path which includes a differential 
surface over which the curl may be regarded as being constant. 
If then tho line integral of the vector is determined and its value 
is divided by the area of tho differential surface, the component 
of tho ourl perpendicular to that surface is obtained. By using 
three such differential surface elements mutually perpendicular 
to each other, three rectangular components of the curl are found 
from which the resultant curl is easily obtained, In many oases 
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it is easy to determino by inspection in. which dii’cotion tho 
resultant curl lies and hence a single lino integral inaysunico. 

We shall illustrate tho use of Stokes's theorem as a moans for 
finding the value of tho curl of some vootoi* at a given jjoint. 
Let us select a disk which is rotating about an axis through its 
center but not necessarily perpendicular to the i)lnii(i of tho disk 
and determine the curl of tho velocity of any point of the disk. 

We shall determine tho curl of the velocity at the point P 
(Fig, 136). In order to make tho deteriidnation of tlie lintj 
integral easy, we shall let tho dilTorontiHl surfacti J'JBCD ho 
bounded by two circular arcs ED and BC drawn with tluur centers 
coincident with the center of tho disk and also bounded by por- 
tions of two radii, viz,, EU and DC. 
Lot tho moan longtli of tlio two arcs 
bo 8 and tho length of tho longer are 
be s + 5i, and that of tho shorter aro 
bo s — 5s. Lot tho length of tlio 
radius to the moan are bo r. Also 
let tho radii to tho two other area 
BC and DE bo r « and r — e, 
respGOtlvoly. 

Let the origin of a reforenco sya- 
tom be placed at tlio oontor of tho 
disk and lot w bo the angular 
velocity of tho disk. If Q is 
any point in arc BC and (r -f e)ri is tho radius vector drawn 
to Q, then w X (r + e)ri is tho velocity of Q, Similarly tho 
velocity of any point in tho arc ED is « X (?• e)rj. 

Tho area of tho dilTorontial surface, which wo may call A, la 

A =* I (s + 8i)(r + ^ (s „ _ g) (14-50) 

The integral of tho velocity taken around tho solootod olosflcl 
path may be divided into four parts, from D to B, from B to O, 
from C to D, and from D to E, In the line integral tho compo- 
nent of the vector parallel to the element of tho path is multijdied 
by tho element of the path ds; hence tho lino integrals of Iho 
velocity along the lines EB and CD are equal to zero because tho 
velocity of every point in these segments is porpondiouhir to 
corresponding elements of tho path. Thoro remain, then, but 
two integrals to bo evaluated. If we let ds be the vector olomoiit 
of the path and tii bo the unit vector drawn normal to tlio disk, 




335 


14 - 10 ] VECTOR FIELDS 

the normal component of tlie curl of V may be expressed as 
follows: 

1 1 

rii • curl ^ = ;4 1^ X H" ^)^i] ' j X {r ~ e)ri] * ds 
= ^ ^ 

(14-51) 

The triple vector product within each integral may be written 
» • (ri X ds) [see IJq. (2-18)]. 

In the line integral taken from B to C, ds is positive and 
hence ri X ds ~ riids; but in the integral taken from D to B, ds 
is negative and therefore according to the convention of signs 
for a vector product TiX ds = —nids. The vectors w and ni 
are common to all elements of the paths in the two integrals and 
hence o • ni may be placed outside the integration signs. The 
expression for ni ■ curl V may then be evaluated as follows; 

r -f e r - i 

nr curl V — — i — a> * ni f ds ’ to • nt I ds 

A Jii A Jn 

= ^ [(r + 6)(s +«.)- 0- -«)(«- «,)] 

= 2 m • n, , (14-62) 

This expression gives the component of the curl F which is 
perpendicular to the selected differential area. Ordinarily it is 
necessary to determine the two other components of curl V, In 
the particular case the second and third components of curl V are 
both zero and hence we obtain curl V = 2q, 

Problems.' — 1. Show that Laplace’s equation holds in tho case of the 
gravitational potential at any point in tho field of a sphere when tho point 
at which the operation is applied lies outside tho boundaries of tho mass. 

2. At any point in a gravitatioiral field at which the potential is given by 
the expression V = —KM/r, find tho x, y, and z components of the field 
intensity and show that their vector sum is equal to ~KMri/r\ where as 
usual ri is the unit vector in the lino of r. 

3. Provo that tho curl of tho field intensity at any point in space outside 
tho boundaries of any gravitating mass is zero. 

4. Provo that tho curl of the gravitational field intensity at any point 
outside a homogeneous sphere is zero. 

6, Find the divorgenoo of the rotational momentum of a rigid homo- 
geneous body at any point in the body. Formula! 

V • (flC) = Vfl • c + OV c 

6. What is the gradient of F >= /(r) where /(r) is any function of r? 
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PROBLEMS ILLUSTRATING THE FUNDAMENTAL 
PRINCIPLES 

16 - 1 . Introduction.- In Huh ohivplcr wo hav(^ Kivcn a number 
of typical problomB and their HolulioiiH Tlio pumary jairpuHo of 
presenting the material liolow ih to im)Vulo tlu' Him ha it with 
concrete subject matter which may be lined in veiifying I ho 
results of his own olTortR. It is liighly iinpm tanl. for I lie Htudent 
who desires to bo analytical in liiH work (o learn to Hcrulmw.o 
his procedure. IIo must carefully oxaimne I lie IooIh which 
are available and ho must diHeriniinate in Iiih neleelion of the 
tools which are to bo used. Too fieipienlly the Hi mien (, when 
confronted by a problem, abandons all tliouglii of a logical or 
inothodical prococluro and atlempifl to hnd (hoieipiired “aiiHwer" 
by using tho first suggestion which pops Inin his head, lie may 
Bucceod and tho avorago student will fitapienlly sueeeed by lliis 
procedure as long as tho piolilem eoiitnins no element w'lueh Is 
essentially now to him. But such a sludenl will, in all probabil- 
ity, bo hopelessly lost in a mathemalienlly unebailed i(‘gion. 

The writer has expressed hiniself upon tins subject several 
times before in piocoding cliaplers II Is only becaiise ho feols 
that it Is of utmost imporUinen for Ihti student lo legaid tho 
material hero prosontod as lining given primarily for tlie puriiose 
of guiding him in tho formation of hnbils of mind which am 
mtelloctually progressive. Dial ho has insiMted upon kecjiing this 
viewpoint in tho foiogioiind, 

After reading tho statemont of a iiarllcular prolilem tho 
student should give tho text no furl her allenihm unlll he either 
has oompletod his solution or has found thal, after a reaRonablo 
olTort, ho can make no headway In the former case he sliould 
chock lus results with those given in the text. In tho latter case 
ho should road as muoh of tho dovelojnnent given as may seem 
desirable before trying again. To faellilato a ehoek of final 
results it is suggested that important physical or nmiberaatloal 
quantities bo identified by tlioso Bymboi« used In tlio text, 

aao 
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16-2. The Rolling Cylinder. — A uniform right circular cylinder 
is permitted to roll from rest, without slipping, down an inclined 
piano. The friction may bo taken ns constant and sufficient to 
proveiit slipping. Find an expression for the linear velocity in 
terms of the linear displacement of. the cylinder from its initial 
rest position. 

Lot m and r be the mass and radius, respectively, of the 
cylinder and I the moment of inertia about the geometrical axis. 
Lot a bo the angle of inclination of tho plane as shown in Fig. 137. 

The first step in obtaining a solution is to identify the known 
and unknown quantities. This stop is facilitated by making a 
diagram of tho arrangement and including all of the forces which 
act upon tho cylinder. In this particular problem there are 
throe forces, the weight of the cylinder (mg) acting vertically 
downward, tho reaction (H) of the plane upon tho cylinder, a 



force which is perpendicular to tho inclined plane, and the friction 
(F) which is parallel to the plane. It is apparent that the 
cyiintlor must move so that its center of mass will remain in a 
lino which is parallel to tho inclined plane. Since this is the 
caac, wo need concern ourselves only with those vector quantities 
which arc parallel to the inclined plane. There arc only two 
forces which may be regarded as being responsible for the motion, 
the component of weight (wj; sin a) and friction (F). Since 
tho resultant of those forces is parallel to the inclined plane, the 
acceleration of the center of mass is parallel to the inclined 
piano. 

There are two unknown quantities, tho acceleration of the 
center of mass of the cylinder and the force F. We must, there- 
fore, write at least two fundamental equations. It is immaterial 
whether the quantity F is eliminated before or after integration 
of tho fundamental equations. 

We may use the following tools: the force equation, the work 
equation, and the force-moment equation. For purposes of 
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illustration thvco Rolutions of tlm probloin arn givon. .blach solu- 
tion is idontifiod by fclio equation wliieh in iiiohI iiroininont. 

a. Force Equation. Siiuio th(‘ rriol jon \h nnHumod to bo con- 

stant and just suflioiont to i>r(^vont Hlipi)ing, tho foroo cciuation 
may then bo written as follows: 

m(i sin a " ‘ F ni (15-1) 

in which dV/(U is tho ao(!olorati<»n of tho con tor of inaHS. 

This equation may bo inleKrattal diroolly. Wo. may asHUino 
for initial conditions that, when I * > 0, botli V ami a aro zero, 
where V is tho volooity and a is tlio lim‘ar disphuannonl of tho 
center of masH of tla^ (iylimha*. Positive <j nan lilies l>oing 
measured down the incline, th(^ first two (Mpjutions of motion aro 
found to bo 

V (il Hill -< -- 0 (IM) 

and 

a » (IB-S) 
Eliminating the time facitor giv<‘H I he third tiquation; t.a,, 

With the tlireo equations of motion eoulaining ilio luikiKiwn 
quantity F, it is impossible to find numerical values of V corre- 
sponding to flolGoted values of s. It will 1)0 necessary, therefore, 
to evaluate/'’ In terms of the other constants whieJi are nssinnocl 
to bo known or measurable. The ofTeel of F ui)on the motion of 
tho cylinder is to bo examined. If H were equal to zero, the 
oylindor would slide down tho inclined pla.no withoul. rolling. If 
F is sufTioicnt to provont slippiiig, then F Is rosponsiblo for tins 
angular acceleration of tlio oylimlor. 'Plie other ftirco, mg sin « 
acts through the center of mass and lionco cannot ooiUrlbuto to 
the angular aoooloration. Using tho force-moment equation, wo 
may write, for tho offoot of F, tlio following expression! 
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in which 7 is the angle through which the cylinder rotates and w 
is the angular velocity. Integration gives 


rFy ~ ^ I 0 )^ 

Since r 7 = s and V ~ o) r, the value of F is found to be 




2sr® 


(16-5) 


Substituting this value of 7^’ in Eq. (15-4) gives 

7“ = sin « - g^) (16-6) 

which is the desired expression for the velocity of the center of 
mass of the cylinder after moving a distance from s. 

If the cylinder is of uniform density, then its moment of 
inertia is Introducing this value for I in Eq. (16-6) gives 


72 = ^gs sin a (15-7) 

h. Work Fquaiion . — To And an expression for 7 in terms 
of 8 and the known constants by means of the work equation, wo 
must remember that, since the cylinder does not slide, the force 
F does no work. All of the work is done by the component of the 
weight of the cylinder which acts parallel to the displacement of 
the center of mass. Since the cylinder gains both translational 
and rotational kinetic energy, wo may write 


mgs sin a =» |m7® + (16-8) 

assuming that the initial conditions are those given above. 

If we again put 1 - and replace by its equivalent 
expression 7V^S this equation readily reduces to that written 
above [Eq. (16-7)]. Erora Eq, (16-8) one may readily find 
expressions for the velocity and the displacement in terms of the 
time, if these equations be desired. 

0 . Pure Jioiation.~W\\Q motion of the cylinder may be regarded 
ns one of pure rotation and from this standpoint the three 
equations of motion may bo found. In order to write an equation 
expressing the motion as one of pure rotation, wo must regard the 
cylinder as rotating about the instantaneous axis and then equate 
the moment of the force or forces about that axis to the product 
of the moment of inertia and the angular acceleration, both of the 
latter quantities being expressed about the instantaneous axis. 
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[ 16-3 

Tho inHUmlaiiuoviH axia of rolatioii in tli(i lino of oontaot 
botwcon tho cylindor and th(5 inoliiuMl piano. It) (ho pro, sent 
problem tho foreo of frits (ion aota (liroiiKli Iho lints tif (stsntucfc 
and hoiico coiitributOH nts tiling (o Iho lot til ftnaas mtnntsut. Tho 
force moment la duo It) the wfi^ht of Iho oy lint lor, ia otpial to 
mg r mn «, and rtsinainH tstniHlatii tlurinft; tho intdion, Tho 
moment t>f inertia tjf the tsylintltu’ alumt tlio itiattmtanoouH axia of 
rotation in I d- If w dw/t/y ia thts ana;u!nr notst'ltsnilh)!), then 
tljo force-moment etjualitm may ho writltsn tm folltm'a; 

mg r nin a (/ -h (16-9) 

IntoKnititm tjf thin otiuallon mivea 

mg r 7 aln « (/ -p (16-10) 

tiikiiiK tho initial etmditiou aa kIvou abtivts. Thia etjmiiitm may 
bo Iranalaletl inl t) tlm ft inn f);ivc'n hi h]t|. (16-7 ) liy aubatitutiiiK 
s and V for their etpii valent rtilidional expi'tsaaiona. 

Pfoblom,' If a tiyliiulor iiinl a HpluTt?, Iioth linnuiKciicooH, art^ rt'lauHod 

Hi»mltam!t)\iHly fmm rout u|ioii an iiirliiiiitl [ilavio, wliidi will arrivo at llui 
liottom ]irnt if tliaro in nti Hlijipiaa'/ 

Ih it iiotiCHHiiry to aBHian rolativo vuIuch (u tho luiitiHt'M or ratlii or tlm two 
bodioH? 


15-3. The Falling Rod.™ One entl of a thin uniform rod Ih 
attached by 11 hinge Iti a Itxetl point,. It ia initially at reat in a ver- 
iioal poHithin with the free eml almve Mm fixed entl. It la allowed 



It I fall ihroiigh a vert ietil idane. Find 
an expreanion for the angular vthicity 
in any ptiHitinii anti alan tlie reactum 
exerted by the atipport uptm tho 
hingetl entl. 

L(si the plane of motion bo thattif 
tlie diagram of Fig. IMS. We aluilt 


Htsletst the roftjreiuie Hyatom ATI 1' with 
OX taken vertically and wltii the origin 0 at the hingtsd end of 
tho rod. I^ot the length tif tho rtiil Im 2r, the oenter of nuiHH of 
tho rod ntC, and lety moaauro the angular tliaplaeemenl.froin OX, 
Tho ftirccB acting upon Lht> rtid are to he identinod. Tlio 
weight vig aata vertically downwanl through C, Wo may con- 
eklor tho roaotion of tho Bupporl ujKin tho rod to bo imido up of 
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two components *(? and Q) which are perpendicular and parallel, 
respectively, to the rod and with directions as shown in the 
diagram. 

The acceleration of the point C may be advantageously 
described in terms of the radial and normal components. The 
motion of C may then be expressed by two equations, one of 
which expresses the acceleration of C parallel to the rod and the 
other contains those factors which are concerned with the compo- 
nont acceleration of C which is perpendicular to the rod, 

^ We shall consider first the normal component of acceleration. 
Since v is of constant length, one term — 2<a{dv/dt ) — of the general 
expression for the normal component of acceleration is zero and 
hence the force equation for the part of the motion under immedi- 
ate consideration is 


mg smy - F = (15-11) 

Another equation containing P is needed before this equation 
may be solved because P is evidently a function of y. Such an 
equation is obtained by writing a force-moment equation. 
Selecting an axis passing through C and perpendicular to the plane 
of motion and remembering that the moment of inertia of the rod 
in this case is \ the desired equation becomes 

Pt « (15-12) 

Dividing through by r and then substituting the resulting 
value of P in Eq. (16-11) gives 

4 

mg sin y = ^mr-^ (16-13) 

If wo now replace the angular acceleration by its alternative 
expression w dfajdy and then integrate the altered equation 
between definite limits, t.e., from 0 to 7 and from 0 to to, the 
following result is obtained : 

mg{l — cos 7) === f (15-14) 

This result expresses the desired relation between the angular 
velocity and the position of the rod. 

It is interesting to observe that the work equation might have 
been used in place of the force equation as a means of evaluating 
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the angular velocity. The force equation was selected because 
by its use attention is directed to the necessity for including the 
force? in the force equation [Eq. (15-11)] even .though that part 
of the rod, upon which P is applied, does not move. An applica- 
tion of the work equation would not include ? because P does no 
work even though it contributes to the acceleration. It is 
suggested that the student derive Eq. (15-14) by using tho 
work equation. In the derivation it is immaterial whether tlio 
motion be regarded as a combination of translational and 
rotational motion or as pure rotational. Both treatment.? arc 
suggested as being instructive. 

An evaluation of ?, one component of tho reaction exerted by 
the support, is next to be obtained. Tho most direct procedure 
for this purpose is by an elimination of tho angular acceleration 
from Eqs. (16-11) and (15-12). Tho result is 

P == \vig sin y (15- IB) 

The other component (Q) of tho reaction exerted by the sup- 
port upon the hinged end of tho rod may bo found by writing tho 
force equation for those forces which are parallel to tho rod. 
This equation is 

~mg cos 7 -h <3 ■= -'? 7 nV (16-16) 

If we eliminate w® from this equation by the use of Eq. (16-14) 
the desired evaluation of Q is obtained : 

Q ^ hngifi cos 7 — 3) (16-17) 

The resultant reaction, which wo may call T, may now bo 
found by combining vectorially P and Q. Tho absoluto magni- 
tude of T is 

shi2 7 -l-(5 cos 7 - 3)*]i (16-18) 

The direction of T makes an angle (a) with tho rod, the value 
of which is given by the equation 

tan a = ^ sin 7(6 cos 7 ~ 3 )“*i (15-19) 

in which « is measured in a clockwise dirootion from tho rod. 

Problem.~Fmtl oxpvesaion for tho angular velocity and for the angular 
displacomcnt of tho rod in torms of tl»o tiino. 

It is of interest to solve the problem of tho falling rod by vector 
methods. Using the terminology adopted above for the varioue 
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quantities and including T, the resultant reaction, in place of tho 
two components P and Q, we may write tho following two 
equations for the motions 

-ingi A- T - (15-20) 

r X r == 

in which i is the unit vector parallel to the X-axia and It is tim 
unit vector perpendicular to tho plane of motion. Tho first 
of these equations is the force equation and tho second equation 
expresses the effect of the force moment about an axis through 
the center of mass and perpendicular to the piano of tho diagram. 

As in the analytic method, so hero wc must oliminato T from 
the two equations. This may be done by a direct substitution of 
the value of T, found by solving Eq, (16-20) for T, in I^q. (15-21), 
or one may multiply Eq. (15-20) by r X and then add tho rcmiltlng 
equation to Eq. (15-21). In either case the following expression 
is obtained: 

-mg rxi = nirx~ + (ir)-22) 

To simplify this equation, use may be made of the following 
relations, which the student should verify : 


r X I = ~-(r sin 7 )fe 



/^(rM 


Introducing the right-hand members of those two relations 
for their equivalent expressions in Eq*. (16-22) and remembering 
tho particular value of the moment of inertia loada to an equation 
which IS identical with Eq. (16-13). J'roin this point on, tho 
solution is obtained by a single integration as shown above. 

We shall next evaluate the reaction T by voctor methods. 
For this purpose Eqs. (16-20) and (16-21) will servo as iv starting 
point. It will be convenient to eliminate the linear and angular 
acceleration factors in order to obtain an oquatiem containing 
T without differential factors of the second ordoxt Tlie necosewy 
relation between d'^r/dl'^ and cPy/dP for this Imnsformation may 
be obtained by writing d'^r/dP' in terms of tho aoooloration 
components which are parallel and perpendicular to r. Using 
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and Yi to represent the unit vectors which are parallel and 
perpendicular, respectively, to r, it follows that 

Substituting this expression for the acceleration in Eq, (15-20) 
gives 

— Yi ~ mroy^i (16-24) 


Before solving Eq. (16-21) for d^y/di^, it is desirable to change 
the direction of the vectors in that equation from k to yi. This 
change may be effected by multiplying both sides of Eq. (16-21) 
by Ti X which gives (after interchanging the two members) 

/^T. » r. X (r X f) 

= r (ri . r) - Tr (16-26) 

Replacing {d'^y/dV)yi in Eq. (16-24) by its value as found from 
Eq. (16-25) and at the same time eliminating as expressed by 
Eq. (16-14), and introducing the value of /, gives the following 
equation : 

IT == mgi -j- 3ri(ri * T) — [|»t(7(l — oos y)]ri 

Multiplying by ri • to convert this expression into a scalar 
equation gives 

ri • r = I wff(6 cos 7-3) (16-25) 

Hence 

T cos « = I m{7(6 cos 7 — 3) 

where a is the angle between r and T, By using the relation 
between a and 7 [Eq. (16-19)] the final expression for T, as given 
in Eq, (16-18), may be readily found. 


Problem.— A uniform rod of length I and mass m stands vertically iijjrjffht 
on a horizontal frictionless piano. If tho rod, initially at rest, falls from ita 
vertical position, hnd an expression for its angular volocity in terms of tho 
ang 0 through which it has rotated, Find also an expression for tho ronotion 
verted by the floor upon the rod in terms of tho angular displueomont. 
Ubtam solutions by analytical and vector methods 


16^. The Cylinder and the Falling WeIght.~Tho apparatus 
la to be arranged as shown In Fig, 130. A weight of mass « is 
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suspended by a light massless cord which passes over a fixed 
frictionless pulley and is wrapped around a cylinder. The 
cylinder is supported by a horizontal plane and is placed with its 
axis perpendicular to the plane of the diagram. The cord is 
wrapped around the cylinder in such a manner that, as the 
weight. falls, the cylinder is pulled toward the pulley. There is 
assumed to be sufficient friction between the cylinder and the 
horizontal piano to prevent slipping. It is required to find 
the equations of motion of the three bodies and the tensions in 
the cord. 

Let the mass of the cylinder bo M, its moment of inertia 7, and 
its radius 6. Also let the moment of inertia of the pulley bo P 
and its radius r. We shall 
designate the tension of the cord 
between the hanging weight and 
the pulley by T and between the 
cylinder and the pulley by t, as 
shown in the diagram. 

Assume that the system is 
initially at rest. Let the positive 
direction of all vector quantities 
be taken parallel to the direction of the motion. 

By the indicated arrangement it is obvious that both the 
linear velocity and linear displacement of the cylinder will be 
instantaneously one-half of the corresponding velocity and dis- 
placement of the hanging weight. 

There are two methods of procedure which may be followed 
in obtaining the desired relations. Wo may begin by writing the 
force equations for the three bodies or we may use the work 
equation. The work equation presents the simpler mode of 
expressing the velocities in terms of the displacement but by 
writing the force equations a more complete analysis is immedi- 
ately obtained. If it were not desired to determine the 
tensions of the cord, the work equation would perhaps be the 
better to use for expressing the velocities in terms of the 
displacements. 

The forces acting on the hanging mass are mg and — T, the 
force moments applied to the pulley are rT and —rt, and the forces 
responsible for the motion of the cylinder are i and the friction 
—F, The force equations for the hanging mass and the cylinder 
are 




346 


ANALYTIC AND VECTOR MECUANJCH 


(16-6 


mg - T ^ ma i • • N (15-27) 


where a ib ftocolorftUou of (;lHi hiioKinM: woIkIiI,. The two force- 
moment equations may bo writtcm m follows: 

,.(r _ 0 “ Hi + /'■) “• /'‘Jf, (ir)-2«) 


where <x and are tlio angular dlsplaoeiuentH (»f the pulley and 
cylinder, rcspootivoly. 

Since all of tho forces and force momenlH ar(5 constant, the 
aeoolorationfl, translational and rotational, are also constant. 
Both of tho angular accelerations may Im' exi missed in terms of 
tho linear nocoloration («) of the hanging weight. These relations 
are 


(Pa 

IP 



and 


(PN n 

.. R:5SI 

(iP 25 


Tho values of tho angular aocelcsrfitions given above may bo 
substituted in hiqs. (15-28). Wo tlum have four eciuations with 
four unknowns: a, T, t, and F, From these four equations a 
single equation may be obtaimid which expresses the acc{d(U*ation 
a in terms of tho masses, the moments (»f inertia, and g, 'I'lns 
equation may bo written as follows: 

m g - «(»» + ^ -I- I (15-28) 

If the masses (m and M) and tho moment s of (ju^rtia are known, 
then tho aocoloration of the hangijig weight may bo determined. 
This result loads readily to determinations of tho linear accelera- 
tion of the cylinder and tho angular ficcelerat ions of the i)ulley 
and cylinder, When tho acoolortili<ins of the three bodies are 
known, tho equations of motion may be written directly from 
the fundamental equations for uniformly accelerated bodies 
starting from a rest position. 

Tho tensions in tho cord may be determined by substituting 
tho known value of tho aocoloration in tho force oquations 
(Eqs. (16-27)], 


Problem.— Dorivo Eq. (16-29) by suing Uio work oquutlon. 

16-6. The Sliding Mass on a Smootli Rigid Rod.”*" A rigid rod 
Is arranged to rotate ut a constant rate about a iixetl axis which 
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passes through one end of the rod. A spherical mass with a 
cylindrical hole cut through its center is guided by the rod and 
may slide along the rod without friction. It is required to find 
the equations of motion and the path described by the sliding 
mass. 

This problem has been selected because it represents a type of 
motion in which the path described by the mass is determined 
by using an equation in which the acceleration is zero. Because of 
the absence of friction there is no force parallel to the rod. Kven 
though the mass were initially at rest relatively to the rod, the 
mass moves parallel to the rod. It must be remembered that, 
in order to maintain a body in motion along a circular path, an 
inwardly directed radial force is re- 
quired. Absence of the radial force 
permits motion along the radius as will 
be seen in the following treatment of 
the problem. 

Let the reference line be OX (Fig. 

140) with 0 the origin of a system of 
polar coordinates. The position of the 
sliding mass upon the rod is indicated 
by the coordinate r and y gives the angular displacement of the 
rod. The rod rotates at the constant angular speed «. 

The components of the acceleration, perpendicular and parallel 
(/r and Jy) to the rod, are in general 

T 0 r O T/ I 

But w is constant; hence if we let iV represent the force exerted 
by the rod upon the sliding mass (of mass m), the force equation 
for motion perpendicular to the rod is 

N 2 m oiVr (16-30) 

Since there is no force acting upon m which is parallel to 
the rod, the acceleration (Jr) of the mass in this direction is 
permanently equal to zero ; hence 

^ = ra.» (IMl) 

The path described by the sliding mass may be found from this 
equation. If we replace dVM® by its alternative expression 
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VrdVr/dVf the equation may bo int(>gntL()tl. For initial oomlitiona 
wo shall put 

C= IJ^ V t=s ,S' 7 -S! 0 l 0 

With thoBO initial valuoH of (la; variabloH, int(>gration of Mq. 
(Ih-Sl) gives tlio following romilt: 

« 0)3 ()•!* -- w«) 

Hen CO 

% - [r/r« -I- (rs ««)]» 
di 


Integration of this equation gives 


7 « wi « log 


[ ± sa) H .j. 

Uf b 


(15-32) 


which is the desired equation for the pal,l» of (lu!* sliding jnass 
and may also bo used for expressing the eot)r(linalos in ((n’lns of 
tlio time, 

The equation which expresses tlio vidooity (I") of the mass in 
terms of the coordinates may bo found liy e<iinl)ining Vr and 
Vy w cor, the velocity iiorpondieular to r. 

Tho magnitude of the force N may bo found for any jiosition 
Binoo Vr may bo dotorminod for any position. It is intorosting 
to observe that the function of N is to ac(!oloralo (,ho inasH along 
a lino perpendicular to r to that extent which is necessary for 
m to keep up with tho rod. 


Probloin.— A Boiiiowhat siinilar ])i'ohl(tm in for I Ik* m( ih 1 kiiL to work 
out. Tlio inuH8 m in to slide witlioat frirlioa upon ii Mi'i orid rod which is in 
the ftanio piano as OX and r hut is lixtid rigidly ntid at right stiglcs to r ikt 
soaio cliataiuiG d from 0, Find tho path of tlm Hlidiitg nuuw and the force iV. 

15-6. Motion of the Center of Mass of Two Attracting Par- 
ticles.— Two particles in free space are in a state of mutual 
altraotion. No external forces act upon tim system. Prove that 
the con tor of mass has no acceleration. 

Lot tho two masses bo Wi ami ■7?^sl with coordinates .nyi am I 
* 2 ^/ 2 , rospootivoly, in a fixed reference system XOY, ITu» phuie 
of the roforenoo system Is to bo tiie plane c»f motion of the two 
particles. Lot cc bo tho angle which tlie lino joining the centers 
of tho two bodies makes with tho A'-axis. 
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The mutual attraction between the two particles may be 
expressed by a force F acting on wii and —F upon Wa, since the 
two forces are equal but oppositely 
directed. Both forces are parallel 
to the line joining the centers of 
nriaSB of the two particles and there- 
fore each makes an angle a with the 
X-axis. Parenthetically it may be 
stated that the nature of the mutual 
force is immaterial to the solution 
of the problem under consideration. 

For that matter the forces need not 
be attractive, The force equations for the two masses, written 
for the components of F parallel to the X- and F-axea, respec- 
tively, are 



F cos a = mr 

rt t 

■F cos a ~ niT- 


F Bin a ~ 

'F sin a = Wa4lr 


d^xi 
dt^ 
dhj 

dt^ . ^^2 

Eliminating F from each pair of equations gives 

^ -L ^ 


d^Xi , dHz rt 

dl^ dF “ ^ 


0 (16-33) 


When regarded as vectors and combined into a single equation, 
Eqs. (15-33) indicate that the sum of the products of each mass 
by its acceleration is zero. 

Let the coordinates of the center of mass of the system by ^ and 
I?. If M is the mass of the system, then 

= miOJi 4- Mi) - miyt -f- m^Vi 


If wo differentiate each of these two equations twice with 
respect to the time, we obtain 

d^xi , d^Xi 


M 


dt^ ■" dt^ ® 


Since the right-hand members of these equations are zero 
[Eq. (15-33)] it may be concluded that the acceleration of the 
center of mass of the system is zero. 

The results of this analysis may bo extended to a system con- 
sisting of any number of partieles which are under the influence 
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of mutually attractive (or repulsive) forces, each particle attract- 
ing (or repelling) each of the other particles. It is not necessary 
for the particles (if more than three) to bo in the same plane. 
The details of the proof will be left for the student, 

16-7. Effects of a Change of Mass in a Planetary System of 
Two Particles. — Given a planetary system consisting of two 
particles moving under the influence of their mutual gravita- 
tional attraction. The mass of the primary particle is supposed 
to be increasing at a constant rate due to acquisition of meteoric 
material. It is to be assumed that the orbit of the satellite is 
circular. Find the effect of the alteration of the mass of tho 
primary upon the period of the satellite and also the change in 
the orbit. 

If the masses of the primary and satellite are M and m, respec- 
tively, and r is the distance between their centers of mass, then 
the gravitational force F exerted by M upon m is 


The component of the acceleration of m in the lino of r is —m*; 
hence 

kM 

^ = ro}^ or kM = (16-34) 

The other component of the acceleration of m, i.e,, that per- 
pendicular to r, is zero. From this fact it follows [compare Eq. 
(13-4)] that 

= A (a constant) (16-36) 

If we raise the exponents of both members of this equation to 
the three-half power and multiply both sides by w*, we obtain 

w® == (16-36) 

Eliminating from this equation by the use of Eq. (16-34) 
gives 

kM = 

Taking the logarithm of both members and differentiating with 
respect to the time gives the following result; 

1 dM _ 1 d(o 
M dt ~~ 

This equation indicates the effect of the change of mass of 
the primary particle upon the angular velocity of the satellite 
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and hence upon the period of the satellite. Since w may be 
regarded as a positive quantity, it is readily seen that an increase 
in M will produce an increase in the angular velocity of the 
satellite and hence shorten its period. 

To determine the effect of an increase of iVf upon the orbit, 
it will be necessary to obtain an equation in which the only 
variables are M and r. Such an equation is obtained by elimi- 
nating 0 ) from Eqs. (16-34) and (16-36), which results in the 
following : 

h M r 

Taking the logarithm of this equation and differentiating the 
resulting expression with respect to the time gives 

J. ^ 

M di ^'dt 

This equation shows that an increase in the mass of the primary 
gives the satellite a velocity component which is inward along 
the radius vector and hence decreases the size of the orbit. 

Problem. — The angular acGolemtion of the moon is thouglit to bo 12 sec. 
per century, If this change is clue to an increnso in the mass of tho earth, 
what is the rato at wliich tho earth accumulates mass? Assume that tho 
density of the earth is fi.62 g. por cubic centimotor, its radius 0.37 X 10“ cm., 
and tho distance from the earth to tho moon 8.84 X lO^® cm. 

16-8, Motion of a Mass Subject to a Double Constraint. — A 
vertical shaft is made to rotate at a constant rate. A horizontal 
tube is fixed rigidly to the shaft and carries a mass (n) which 
may slide along the axis of the tube without friction. An 
inelastic cord is fastened to tho mass n and passes over a massless 
pulley at tho axis of rotation to a second mass (m) which is 
constrained to slide without friction vertically upon the rotating 
shaft. Subject to this arrangement the two masses are kept 
at a constant distance apart, the distance being the length of tho 
cord. It is required to find the equations of motion for the two 
bodies. 

Let the apparatus be arranged as indicated in Fig. 142, It 
is convenient in this problem to use a rotating reference system, 
with OX tho axis of rotation and OY measured along the axis of 
the rotating tube. 

The mass n is subject to a double constraint. Its velocity 
along the T-axis must be equal to tho velocity of m along the 
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Z-axis, although opposite in sign. Furthermore the mass n is 
constrained to move with the rotating tube; hence its velocity- 
perpendicular to OF must always be equal to product of the 
angular velocity (t«)) of the tube by the distance {y) of n from the 
axis of rotation. The mass m is subject to a single constraint. 

Let the positions of m and n on the 
reference axes be designated by a; and y, 
respectively. Let T be the tension of 
the cord. 

— Y The force equation for the motion of 
m is 




^3 






mg — T 


m 




dH 

dP 


(16-37) 


Fia. 142. 


Two force equations will be needed 
to express the motion of w. If F is the 
force exerted by the rotating tube upon n (and is therefore per- 
pendicular to the tube), we may write 

dty 


-T ^ n(^ - vA F = n %,V, 


(16-38) 


It is to be noticed that the accelerations of m and n are not 
equal though the cord is attached to both. The effect of the 
cord is to make 


dH d^y 
dt^ 


The velocity of m and hence the radial velocity of n may be 
found from Eq. (16-37) and the first equation of Eqs. (16-38). 
Eliminating T from these equations and substituting suitable 
alternative forms for the second derivatives of the coordinates 
gives 

mg ^ - {m-Vn) 

For initial conditions we may put x == a;oj y = 
f; - -F„ « Vo 

at the time ^ - 0. Multiplying the right-hand member of the 
foregoing equation by —dy and the left member by dx, for 
dx = — %) a-nd integrating gives 

mg{x xo) — i(m + »)(Fy’ — Fo®) — y^) (15-39) 



16-8) PROBLEMS ILLUSTRATING THE PRINCIPLES 353 

In obtaining this equation some trouble may be experienced 
in establishing the sign of. the last term as given. A realization 
of the physical relations may make this process easier. A positive 
displacement of m produces a negative displacement of n; 
hence a* — aio = yo *” 2/* The limits of integration of the term 
mgdx are taken from rro to x. Corresponding to these limits we 
must integrate the other terms with limits from tj to j/o. 

An interpretation of the work equation [Eq. (15-39)] is to be 
made. .The left member gives the work done by the force mg for 
an assumed positive displacement. The f.rst quantity of the 
right-hand member expresses the change in kinetic energy of m 
and the kinetic energy change of n for velocities along the y-axis. 
The last quantity shows that n has lost some of its kinetic 
energy, that which is due to its velocity perpendicular to the 
2 /-axis. 

Equation (16^39) is one of the desired equations of motion, 
since it expresses the velocity of m and one component of the 
velocity of n in terms of the displacements. This equation may 
be made explicit for Vj, and then, by replacing by dy/di and 
integrating, an expression for y (or a;) in terms of the time could 
be obtained. This detail will bo omitted. The third equation of 
motion, expressing the velocity of m or Vy for n, in terms of 
either coordinate or y, could then be obtained if desired. The 
other component (7^) of velocity for the mass n may readily bo 
obtained for any position or time, since Vy = uy. 

We shall now turn our attention to the force F which acts 
upon n along a lino which is always perpendicular to the F-axIs. 
This force is required to supply n with the necessary acceleration 
which is needed to change the direction of the radial velocity 
of n and to change the magnitude of Vy. The force equation 
expressing this requirement is 

F ^ n 2<M 
dt 

The energy changes produced by F may be expressed by multi- 
plying both sides of the force equation by the differential displace- 
ment in the direction of F and then integrating. This differential 
displacement is y — ywdt where dy is the differential angular 
displacement. The differential work equation is 

Fyoidt = 2n(iiy^dy 
~ 2n(>>^ydy 
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or 

y dt ~ n o}\y^ — yo®) (16-40) 

The left-hand member cannot be integrated unless F and y are 
expressed in terms of the time. 

The total work done by the forces on the system may now be 
found by adding Eqs, (16-39) and (16-40) . For present purposes, 
since it is not convenient to evaluate the integral of Bq, (16-40), 
we shall add the right-hand member of Eq. (16-40) to both sides 
of Eq. (16-39) which results in the expression 

mg{‘x — Xa) -f n(a\y^ - ?/o®) = + n)(7i,^ ~ Fo®) + 

- yo“) 

It is interesting to examine the distribution of the work done 
by F when the mass m is removed from the system. Putting 
w = 0 in the foregoing equation gives 

^ (F/ “ Fo^) = n w® {y^ — yo^) 

The left-hand member gives the energy change for velocities 
parallel to y and the right-hand member expresses the energy 
changes for velocities perpendicular to y. The fact that the two 
expressions of energy are equal indicates 
that the work done by F, in the partic- 
ular ease of m being zero, is equally 
divided by this selection of method of 
expression. 

lB-9. The Sliding Sphere.— A solid 
homogeneous sphere of radius r is given 
an initial linear velocity U along a rough 
horizontal plane. At the same instant 
the sphere has an initial angular velocity «o about a horizontal 
axis which is perpendicular to the direction of the linear velocity. 
The direction of the angular velocity is opposite to that which it 
would have if it were rolling, without slipping, in the direction of 
C/, Find the character of the motion, 

Let the reference system XOY (Fig. 143) bo fixed to the hori- 
zontal plane with OX parallel to U and F-axis perpendicular 
to the horizontal plane. For present consideration it is unneces- 
sary to assign the initial position of the sphere in the reference 
system. 
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The only force acting on the sphere is friction {F), the point 
of application of which is the point of contact between the 
sphere and the horizontal plane. The direction of F is negative. 

If m is the mass of the sphere and V is the velocity of the 
center of mass, the force equation will be 

~F - m~ (16-41) 

If the moment of inertia of the sphere about its axis of rotation 
is represented by I and the angular velocity by w, the force- 
moment equation may be written as follows; 

-tF = I~ (16-42) 

From these two equations it is readily seen that the linear 
and angular accelerations are both negative. 

It is instructive to see to what extent these equations are 
applicable to the motion. There is always the danger of sotting 
up equations which are adequate accurately to describe the 
motion of the body concerned for one phase of the motion and 
then, owing to some change which takes place at a later stage In 
the motion, to overlook the possibility that the equations may no 
longer be applicable. For example, in writing the force equation 
[Eq, (16-41)1 for f'his problem, the friction is written with a 
negative sign. Since m is positive, the aecoloratlon dVldt, is 
negative. In this particular problem, as will bo shown later, 
owing to certain relative initial values of V and w, it is possible 
for V to reverse its direction. In such a case F would also reverse 
its sign at the instant at which V reverses. The force equation 
[Eq. (15-41)1 would then no longer bo correct. If applied as 
written to the motion aft^r a reversal of T, we might be led to 
believe that the velocity would increase indefinitely in the 
negative direction. Physically such an increase would be 
impossible when friction is the only external force. The change 
in sign of 7 in this problem presents a sort of physical discontinu- 
ity at the instant or position where V is zero, beyond which a 
new relation is required, 

The force-moment equation [Eq. (16-42)] also has its limita- 
tions in this problem. The sign of d<o/di is negative, as the 
equation indicates, which is correct certainly for a first stage of 
the motion. Under certain initial conditions, which will be dis- 
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cussed later, a change will occur during the progress of the 
motion which makes a change in the force-moment equation 
necessary. One must be careful, therefore, to inspect peculiari- 
ties Which may occur during the progress of the motion with the 
view of ascertaining a need for modification in the equations 
already written, 

Returning to a development of the equations needed to 
describe the motion under consideration, we proceed to combine 
Eqs. (15-41) and (15-42) by eliminating the unknown quantity F 
and at the same time we may introduce the particular value of 7. 
We obtain thereby 


di V'dt 


(16-43) 


a kinematical equation which shows that the motion is inde- 
pendent of the mass of the sphere. 

This equation may be integrated and yields the following 
relation: 

y “ (7 = ^ r (« — Wo) 

The relation expressed by the last equation is more readily 
interpreted if we rearrange the terms ns follows: 

V ~ ^ ro> == U ~ ^ rwo (16-44) 

The right-hand member of the equation as now written is a con- 
stant; hence the variations of V and w must be such as will bo 
consistent with the expressed relation. There are “two possibili- 
ties to be considered, one in which the right-hand* member is 
positive and the othfflr in which this quantity is negative. These 
two cases will be discussed separately. 

We shall consider first the case in which the left-hand member 
of Eq. (16-44) is positive. Since 7, r, and w are initially positive 
quantities and the quantities V and ^ rw decrease at the same 
rate [Eq. (16-43)], it follows that w will become zero before V 
does. At the instant at which w is zero, the sphere slides with- 
out rotation. After this instant, w will continue to dooroaso 
positively by increasing negatively. This phase of the motion 
will continue until V ~ -•rw, at which instant the motion roaches 
a oritioal point and the sphere will roll from then on without 
slipping. 

Beyond this critical point in the motion the validity of the 
equations is to bo considered. An examination of the force 
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equation does not reveal any necessity for making a change in it. 
The angular acceleration in the force-moment equation will 
evidently serve as a clue for recasting the force-moment equation. 
Two alternatives would seem to be possible: either the angular 
acceleration becomes a positive quantity or it becomes zero. 
The quantities r and I can be only positive. The force F cannot 
be positive so long as the linear velocity 7 be positive and the 
angular velocity w be negative and loss in absolute magnitude 
than V /r. These facts show that the sign of db>/di cannot be 
positive under the assigned limitations. The other alternative 
remains as the only possibility. Wo may therefore draw the 
conclusion that dta/di is zero for the motion of the sphere, after 
the angular velocity becomes equal to — 7/r. This conclusion 
requires that the force F must become zero at the critical point 
under consideration. From this it follows that neither 7 nor w 
will change after the critical point has been reached and the 
sphere will roll on with constant linear and angular velocities 
indefinitely. 

The conclusions obtained above give us some light upon the 
behavior of the force F during the entire motion. Under the 
conditions of the problem the magnitude of F is dependent upon 
the relative values of 7 and «. So long as the sphere slides upon 
the horizontal plane, F is not zero and, when the sphere rolls 
without sliding, F is zero. 

The magnitude of 7, for any selected value of 7 or w, cannot 
be determined in this particular problem without additional 
information. 

There remains for consideration, however, the case referred 
to above in which the right-hand member of Eq. (16-44) is 
negative. The analysis of this case will be left to the student, 

Problem.' — If /S’ = ft (7 4- r), wlioro ft is a oonatant, derivo tho equations 
which express V as n function of the time and also as a function of tho dis- 
placement of tho center of mass of tho sphere, 

16-10. The Skyrocket.- — A skyrocket is*to be projected ver- 
tically upward in a vacuum by means of the force exerted by 
gas issuing from an orifice centrally located in the lower end 
of the rocket. The gas is generated by burning powder within 
the rocket. Tho rate of generation of gas is ‘assumed to be con- 
stant and the gas is to issue from tho orifice at a constant velocity 
relative to the rocket. It is required to find tho height to which 
the rocket will ascend, 
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We shall assume that the rocket is initially at rest and shall 
take the initial position of the rocket as origin for a reference 
system with positive quantities being measured vertically upward. 
Let m be the mass at any instant t and Wo the initial mass of the 
rocket. Let n be the mass of gas issuing per second and —w the 
constant velocity of the gas as it leaves the rocket relative to 
the orifice. 

There are two forces acting upon the rocket, the weight of 
the rocket, which is --(mo — nt)g, and the upward force due to 
the reaction of the gas as it leaves the rocket. Both forces aro 
parallel to the vertical line of motion. The force caused by the 
escaping gas is equal to the rate of change of momentum of the 
gas. Since the velocity of the gas relative to the rocket is — u; 
and n is the rate of generation of gas, this force is Since 

mo — ni is the mass of the rocket at the time t, the force equation 
may be written os follows: 

dV 

nv) — (mo — nl)g ~ (mo — (16-46) 

in which V is the velocity of the rocket. 

Since this equation contains only the two variables V and t, 
we may separate the variables and integrate. If V is zero at the 
time < - 0, the result of integration may be written 

y=_^, + „log-^ (15-46) 

This equation expresses the velocity of the rocket as a function 
of the time for any value of the time from zero up to the instant 
at which the powder is exhausted. 

If we let s be tho coordinate which measures the upward dis- 
placement of tho rocket from tho initial position, then, since 
V - ds/dtf we may replace V by ds/di, separate the variables, 
and integrate the resulting expression to obtain an equation for 
the displacement. If « » 0 at tho time i = 0, the expression for 
the displacement is 

« “ — + wt log mo + — (log C.— 1) H- 

4U n 


— (1 - log mo) (16-47) 
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where C is written for mo — ni, This equation gives the height 
to which the i:;''ket will ascend in any time t, provided that t is 
not greater than the time required for the powder to burn up. 
The particular time h at which the powder will bo exhausted will 
be equal to the mass of the powder divided by n, the rate at which 
the powder is being used. If the total mass of the powder is 
known, the value of s which corresponds to fi may be found. 

At the time ti the upward force, due to the reaction of the 
gas, becomes zero but the rocket will go still higher because of 
the kinetic energy’ which it possesses at that instant. The 
additional height, which we may call h, may be found by applying 
the work equation. If mi is the residual mass of the rooket and 
V\ is the velocity at the time ii, then 

~m\gh = — ^ miFi® 

The total height to which the rocket will ascend may now be 
readily found. 

16-11. The Water Stream and Bucket — Apparatus is arranged 
whereby a horizontal stream of water,* flowing at a constant rate, 
is caught in a bucket. The bucket, initially at rest and empty, 
may move along a smooth horizontal plane. Find the equations 
of motion and the total change of kinetic energy of the system for 
a given mass of water. 

We shall use the following assignment of symbols : 

w = rate of flow of the water in terras of mass per second. 

u ~ velocity of the water. 

P — mass of the empty bucket, 

V — velocity of the bucket and of the water which it may 
contain. 

M = mass of water in the bucket at any time U 

This problem is somewhat similar to the preceding problem 
(Sec. 16-10) in that the force which accelerates the bucket and 
its contents has its origin in the reaction between the moving 
stream and the bucket. The procedure is to express the force 
and the mass of the bucket with its contents in terms of the given 
quantities and then, by using the force equation, to find the 
acceleration of the bucket and the water in it, 

If the stream of water wore directed against some stationary 
object, the force exerted by the stream upon the stationary object 
would be constant. In the present problem the bucket is not 
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stationary but moves with an increasing velocity in the direction 
of the moving stream; hence the force accelerating the bucket will 
decrease. The velocity of the bucket will approach the velocity 
of the stream as a limit. The mass of the bucket together with 
the water in it increases, although the rate of increase of mass 
will not be constant. From the fact that the accelerating foroo 
is decreasing and the total mass of the bucket is increasing, one 
may say definitely that the acceleration of the bucket will 
decrease. This preliminary analysis of the problem serves as a 
qualitative check upon the equations which may be written to 
describe the motion quantitatively. 

The mass of water per second flowing by any stationary point 
in pipe carrying the water is to = p A w, if p is the density of 
the water and A the area of cross section of the stream. The 
mass of water w' entering the bucket per second is p A (w — F) . 
Hence we may write 

_ p A {u ~ V) 

V) p A It 

or 

, w (u ~ V) 
u 


The force F exerted by the stream upon the bucket is equal 
to the rate of change of the momentum of the stream. Since 
It — y is the velocity of the stream relative to the moving bucket, 
we may express the force F as follows: 


E » ^ ^ 

"" u 


(16-48) 


The quantity of water in the bucket at any time I may bo 
expressed as follows: 

Jo u 

if the bucket is initially empty. Wo cannot at present evaluate 
this integral because we do not know the way in which Y varies 
with the time. It is possible, however, to express the quantity 
of water in the bucket in terms of the mass of the bucket and the 
velocities u and V by using the principle of conservation of 
momentum. The momentum (Mu) of any given quantity ot 
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water (M) before it enters the bucket must be equal to the 
momentum of the bucket and the water at the instant this 
quantity of water is all in the bucket; hence 

ikfw = (M -b P)V 
or 

M = (16-49) 

u V ' ' 

We may now write the force equation, which is 

F=^(.M + P)V] 


With the values given by Eqs. (15-48) and (15-49) this becomes 

(t^ - 7)^ „ p dV 

^ u {u ~vy dt 


Rewriting this equation so that it is explicit for the accelera- 
tion gives 


^ = w (u - vy 

dt P 


(15-60) 


Since this equation contains only two 'variables, it may be 
readily integrated. It will be romombored that the initial con- 
ditions give V = 0 at i = 0; hence separating the variables and 
integrating yields one of the equations of motion, which is 

The second equation of motion, t.e., that which expresses 
the displacement in terms of the time, may now bo found. If the 
displacement of the bucket is measured from its initial position 
by the coordinate s, then, since V ~ ds/di, we have 

.// P ■ 
dt + P 

Integration of this equation gives 

s = ui - + PY - (15-52) 

The third equation of motion may be found by eliminating t 
from Eqs. (15r51) and (15-52), or, in the usual way, by sub- 
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stituting VdV/ds for dV /dt in Eq. (16-60). In either case the 
result is 

u 1 I 1 _ '^5 

3 (w - yy 2 (w - 7)3 6w3 “ Pv? 

There remains to be obtained an expression which will give 
the total change of kinetic energy of the system for a given mass 
of water. If we let M represent the given mass of water under 
consideration, the kinetic energy of this mass before entering 
the bucket will be The velocity of the bucket together 

with the water in it is 7; hence the change in the kinetic energy 
of the system (A KB) is 

AKE = h Mu^ - + P)V^ 

Using the relation given in Eq. (16-49), we may express the 
change in the energy in terms of the velocities and the mass of the 
pail. Making the indicated substitution gives 

A KB ~ i PuV 

Problems. — 1. Using any of tho equations written above, show that V 
cannot bo greater than «. 

2. 7ind tho mass of tho water wliich enters tho bucket in terms of tho 
time. 

8. Show tliat tho aoooloration of tho bucket appronohoa zero ns a limit. 

15-12, The Two Rolling Cylinders.— -A homogeneous right 
circular cylinder is arranged to roll upon a horizontal plane, A 
second similar cylinder is placed on top of the first cylinder with 
its axis parallel to and almost vertically above the axis of tho 
lower cylinder. The surfaces of the two cylinders and of tho 
plane are sufficiently rough to‘ prevent any slipping. It is 
required to write the equations from which tho equations of 
motion may be derived. 

We shall use capital loiters to identify the quantities which 
are to be associated with the lower cylinder and small letters 
for the corresponding quantities of tho upper cylinder. Hence wo 
may use the symbols M and m for the masses, R and r for tho 
radii, and and w for the angular velocities. 

Lot tho reference system be XOY (Fig. 144) with its piano 
parallel to plane of motion of tho two cylinders and with OX 
horizontal, Lot the line of contact of the lower cylinder with 
the horizontal plane be as shown at D, Tho centers of the XY 
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sections of the cylinders are A and C for the lower and upper 
cylinders, respectively, and B is their point of contact. We shall 
let 7 be the angle which the line of centers AC makes with the 
y-axis. 

The forces which act upon the system and their points of 
application are to be identified. The weights of the cylinders 
are —Mg and —mg and act through A and C, respectively. 
The reaction (Q) of the hori?5ontal plane upon the lower cylinder 
is at D and is directed vertically upward. Friction ( — i?) 
between the plane and the lower cylinder is horizontal and is 
directed along the negative direction of the X-axis if we assume 
that the lower cylinder rolls so that the linear velocity of its 
center (F) is positive along the X-axis. The friction which 
prevents slipping of the upper 
cylinder upon the lower gives rise 
to a pair of equal and oppositely 
directed forces (F) which lie in the 
common tangent plane and are 
therefore perpendicular to the line 
AC. There is also another pair 
of equal and oppositely directed 
forces (P) between the two cylin- 
ders which are parallel to AC. 

There are therefore four unknown 
forces which must be eitlier evaluated or eliminated in order to 
find expressions for the accelerations, 

The simplest procedure analytically is to write force equations 
for two mutually perpendicular directions for each of the two 
cylinders, making four force equations, and also write two force- 
moment equations, one for each cylinder. Each force-moment 
equation is to be written for the geometric axis of the particular 
cylinder. For the lower cylinder we shall write force equations 
for horizontal and vertical motion, and for the upper cylinder It 
is more convenient to use directions which are parallel and per- 
pendicular to the line AG, 
a. Force Equation for the Lower Cylinder. 

Horizontal motion; 

dV 

—E — P sin 7 + F cos y = M-rr (16-63) 



Vertical motion; 
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Q — Mg — P cos 7 “ sin 7 = 0 

6, Force Equation for the Upper Cylinder. 
Perpendicular to AC: 

[ d^y dV 
(R + r) d- cos 7 

Parallel to 


( 16 - 54 ) 


( 16 - 65 ) 


mg cos 7 


P - m 


{R + r) 


HI 


dV . 


( 16 - 56 ) 


The sign of each term in the equations written above should 
be carefully examined. The student should remember that it is 
immaterial to the accuracy of the equation which direction along 
the selected line is to be considered as positive but it is necessary 
to be consistent. 

An explanation for the validity of the terms written in the 
right-hand members of the last two equations may bo helpful. 
The quantities within the brackets in both equations represent 
the linear acceleration of m with respect to the fixed reference 
system along the direction indicated. These are written with 
the help of the theorem for the change of origin at A and witii 
axes always parallel to the fixed X- and F-axes, 

The force-moment equation for the two cylinders (for axes 
through A and C) arc 
c, For the Lower Cylinder . 


-rP rF = 

2 dt 


d. For the Upper Cylinder. 



dw 

It 


( 16 - 67 ) 


( 16 - 68 ) 


in which the particular values of the moments of inertia have been 
introduced. 

It is also of importance to verify the signs of the quantities 
written in these equations, Perhaps the best procedure for this 
purpose is to determine the sign of each force moment by the 
use of the convention of signs for rotational quantities and always 
write the sign of the angular acceleration positive. Whether the 
sign of the angular acceleration is positive or negative will bo 
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determined by the resultant force moment. A common mistake 
made by students is to include a negative sign in the acceleration 
term when the force moment is negative and is expressed as a 
negative quantity. 

In the six equations written above there are eight unknown 
quantities; E, F, P, Q, dQ/dt, dof/dt, dV/dt, and d^y/dt^; hence 
two more equations are needed in order to obtain the equations 
of motion of either cylinder. These may be found from a con- 
sideration of the kinematical relations which must exist between 
the linear and angular velocities. 

One of these relations may be found by expressing the linear 
velocity of a point on the axis of the lower cylinder in terms of U. 
If we consider the linear velocity 7 of A to bo due to rotation 
about the instantaneous velocity center, i.e,, the point D, then 
it follows that 7 = —TSfi and hence 


_ __ pdS? 

di dt 


(16-69) 


The other kinematical relation may be found by expressing the x 
component of the linear velocity 7*(5) of a point (B) in the 
line of contact between the two cylinders in terms of the linear 
velocity of that cylinder. These relations arc 
e, For the Lower Cylinder, 

7*(J5) = 7 4- RU cos y 
y. For the Upper Cylinder, 

7 »(B) = 7 4 (12 + 7 — cos y 


Since these two expressions must be equal, wo have 

RQ = (i2 4* (16-60) 

It is to be noted that in this section dy/dt is not equal to w. 

With the eight equations we have written it is possible to 
evaluate any one of the accelerations and hence obtain the 
equations of motion of either cylinder. 

^ Problem,— With tho arrangement as given above, but with friotibn con- 
sidered to be zero, write tho relations from which tho equations of motion 
may bo obtained. 
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16-13. The Swinging Bar, — A uniform bar is hung from a rigid 
support by a massless cord which is attached to one end of the 
bar. Initially the bar is at rest in a horizontal position with the 
cord vertical. 

Find the acceleration of the center of mass of the rod (a) by 
using the coordinate relations, and (b) by the use of the standard 
forms of components of acceleration Jr and Jy, (c) By means 
of the work equation write an equation which expresses the 
angular velocity of the rod in terms of the angular displacement. 
(d) Using the force and force-moment equations, express the 
angular acceleration of the rod in terms of the .r and y compo- 
nents of acceleration, of the center of mass and the angular 

Y displacements. 

Let the reference system 
(Fig. 146) be placed so that the 
XY plane is the vertical plane 
of motion, with the X-axis 
vertical, the F-axis horizontal, 
and the origin 0 at that point 
of the rigid support to which 
the cord is attached. Also lot 
r bo the length of the cord, 21 
the length of the bar, and y 
and a the angles which the X-axis makes with the cord and bar, 
respectively. 

It will be convenient to employ a moving coordinate system 
X'O' Y* fixed to the bar, with axes parallel to the reference axes 
and with origin O' at one end of the bar. 

There are two forces acting upon the bar. The weight of 
the bar mg (where m is the mass of the bar) acts vertically down- 
ward through (7, the center of mass of the bar. The cord exerts 
a force, which we may call T, upon one end (O') of the bar. The 
direction of T will always bo toward 0, the point of support. 

a. The Coordinate Melations . — If the coordinates of the center 
of mass of the rod are x and y in the reference system, wo may 
write the following relations for any position of the bar: 

a; = r cos 7 -f- Z cos a y — r Bin y -1- I sin a 

Differentiating these equations with respect to the time and 
writing w for dy/di and ft for da/di gives 
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dx dv 

^ — ~7’w sin 7 — ZJ 2 sin a ^ ~ 7 4 * cos a ( 15 - 61 ) 

Differentiating again with respect to the time gives expressions 
for the components Jx and Jy of the acceleration of C\ 

T 2 dco , ^ * 

J* s= — cos 7 — 7'-^ sin 7 — Zn* cos ® « 

sin 7 + cos 7 — sin a cos a ( 16 - 62 ) 


b. The r and 7 C'o7npo?ie?iZs, — The acceleration of C may be 
expressed by applying the theorem of the change of origin for 
accelerations. We must express the acceleration of C with 
reference to the moving coordinate system X'O'Y' and the 
acceleration of the moving system in the fixed reference system. 
The vector sum of these two accelerations gives the resultant 
acceleration of C. In place of writing the accelerations as vectors 
it is desired hero to write them in terms of their components 
parallel to the two reference axes. The components of the accel- 
eration of C in the moving coordinate system, parallel to the 
X^- and y'-axes, respectively, are 


cos a — Z37 sin a, 
di 


— Zn® sm a + l-jT 00s cc 
dt 


Similarly the components of the acceleration of O' in the fixed 
reference system are 


, d(j) . 

•ro)^ cos 7 — 7’-^ sin 7, 


a • I dw 

■ra>* sm 7 H- r~^ cos 7 


The components J# and Jy of the acceleration of C in the 
reference system may now be written by combining the foregoing 
expressions. The results of the combinations have already been 
written in Eqs. ( 16 - 62 ). 

c. The Work Equation,— The work done by the external forces 
in producing a displacement of the rod may bo expressed in terms 
of the loss of potential energy of the rod. The change in the 
potential energy (A P.E.) is equal to the wdght of the rod 
multiplied by the vertical displacement. With the Initial posi- 
tion of the rod at 7 « 0 and a = 90 °, the loss of potential energy 
or the work done upon the rod is 

A P.E. =! mg {I cos « 4 - r cos 7 — ?*) 
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Assuming the presence of conservative forces only, we may 
equate the loss of potential energy to the gain in kinetic energy, 
translational and rotational. Putting the moment of inertia of 
the rod about an axis through the center of mass equal to | 
and using the expressions given in Eqs. (15-61) for the com- 
ponents of the linear velocity of the center of mass, we may write 
the complete work equation as follows: 

trigi} cos a ^ cos — 7-) = sin -y — sin (x)^ 

-f (rco cos y + lU 008 a)^] + | (16-63) 

d. The Force Equations . — The force equations for the motion 
of the rod may be written for forces parallel to the reference 
axes. These equations are 

mg T cQ^ y — m Jt 

— T sin 7 - m (16-64) 

The force-moment equation for rotational motion about an 
axis through the center of mass is 

-TlBmicc-y)=-iml‘^ (1MB) 

Solving this equation for T and substituting in the force equations 
gives the desired expressions 

, ml cos y dQ 
^ 3 sin (a - y) dt 
ml sin y 

3 sin (a ~ 7) di 


m Ja, 

« m /v (16-06) 


Problems. — 1. Difforontiato Ec^. (16-03) with respoot to the time and 
show that tho resulting expression may bo obtained from Eq, (16-00), 

2. An hourglass, with all of tlio sand in tho lower glass, is acouratoly 
counterpoised on a balance, Detormino whothor or not a state of balauco 
will be maintainod when tho glass is invortod and the sand is running, 
'Write the necessary equation to prove your answer, 

8. One end of n massless thread, whioh is wrapped around a spool, is 
fastened to a rigid support. Initially, tlio spool is at rest with its eon tor of 
mass in a vortical lino which passes througli tho point of support and a 
length L of tho thread, which is unwound, is stretched tight. If, after 
releasing tho spool, tho axis remains horistontnl, find the acooloration of tho 
spool and tho tension of tho thread in any position. 

4. A dumb-bell with its axis horizontal is placed on an Inolinod piano 
whioh makes an angle a with a horizontal lino, A thread is wrapped around 
the handle of the clumb-boll and passes up and parallol to tho piano over a 
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pulley at the upper end of the plane. A weight hangs from the free end of 
the thread, If the system is initially at rest and the moment of inertia of 
the pulley is to be considered, find the acceleration of the dumb-bell and the 
hanging weight and also find the tensions in the thread. 

6. A circular groove is cut in the middlo section of a cylinder so that the 
plane of the groove is perpendicular to the axis of the cylinder. The depth 
of the groove is one-fourth of the diameter of the cylinder. A thread is 
wound around the bottom of the groove. The oylimlcr is placed upon a 
horizontal plane and a constant force is applied to the free end of the thread. 
If the coefiioient of friction between tho cylinder and the piano is 0.1 and the 
angle (0) which the thread makes with tho ijlane is kept constant, in which 
direction will tho cylinder roll? What effect will difforont values of 0 have 
upon direction of motion? Consider values of 0 which vary from 0 to tt. 

0. A body of mass M has a cylindrical hole cut through it so that it may 
slide without friction upon n horizontal rod. One end of a massless thread 
of length L is attached to tho lower side of body and the other end is fastened 
to a particle of mass N, With botli masses initially at rest and with tho 
thread stretched tight and making an angle a 
with the rod, find tho distance the tjody will 
slide along the rod while the thread is moving 
into a vertical position, upon releasing tho two 
masses. (Use the principles of conservation of 
momentum and energy.) Also find exprossioiis 
for tho angular velocity of the thread and for 
tho tension of tho thread. 

7. A system of pulleys, two fixed and one 

movable, are arranged as sliown in Fig. 146, ITiq, 145, 

A massless thread is placed as indicated, with 

tho masses mi and ma attached to tho free ends, Tho four portions of the 
thread, which are between tho pulleys or masses and pulleys, are vortical. 
Tho moments of inertia and radii of tho three pulleys are equal. Tho mass 
of tho movable pulley is ma. If the system is initially at rest and is then 
Bob free to move, find expressions for tho accelerations of tho three masses 
and tho tensions in tho four vortical portions of the thread, 

8. An empty bucket of mass M and a weight of equal mass are hung by a 
long string over a fixed pulley whose moment of inertia is /, An arrange- 
ment is provided whereby a stream of water falling vertically may bo caught 
by tho bucket as it falls, Assume that the water leaves tho supply tank 
at a speed of q cm. per second and at tho rate of n g. per Boeond. The 
bucket is of a cylindrical shape and has ah internal diameter of D cm. If 
the bucket and its counterpoise are initially at rest and tho bottom of the 
bucket is at a distance Ij cm, below tho orifice in tho supply tank, find an 
expression for tho acceleration of tho buekot. 

0. Two masses, m and ilf, are suspended by a string over a pulley wlioeo 
moment of inorta is T and whoso radius is r. Tho system is roloasod from 
rest, the masses move a distance A, and then tlio larger mass (M) strikes on 
inelastic object. Assuming that ‘the string docs not slip on tho pulley, find 
tho velocity with which M is jerked from tho inelastic object. How far will 
the mn8se.s then move before coming to rest? 
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GENERAL MOTION OF A RIGID BODY 


16-1, Introduction. — In this chapter we shall present some 
of the fundamental equations which describe the motions of a 
system of particles and of a rigid body, using a different viewpoint 
from that used in the preceding chapters. The difference is 
largely in a more complete use of the vector form of expression. 
The student should have, at this stage of his mastery of the sub- 
ject, a suflioiontly secure command of the fundamental vector 
processes to appreciate the value of their application to such 
descriptions as are given, and at the same time to learn those 
methods which arc commonly employed in an advanced treatise. 
We shall also derive Euler’s equations and show how they may 
be used to describe the motion of a rigid body with one fixed 
point. 

16-2. Motion of a System of Particles. — We start with a 
system of particles whoso masses are Wi, W 2 , . . . , , 

etc., and whoso position vectors, reforrod to the origin of a fixed 
reference system, are, respectively, r\, , r,', • . . ^ etc. 

In general, there may bo two systems of forces acting upon the 
particles, one system consists of the external forces Fi, . , 

Fi, . , . , etc., and the other includes the internal forces, due to 
mutual intoriS(otions of the particles, Ri, F-., . . . , , etc. 

The force equation for tho iih particle is 

d'^r • 

Fi d- Ri =« (10-1) 

and for the entire system is* 


H- ^Ri « 


dhi 


( 16 - 2 ) 


Since tho R forces are duo to mutual interactions, they will 
occur in pairs of equal and oppositely directed forces, ami hence 
the sum of such pairs over tho entire system will bo zero. This 
term, therefore, vanishes, 


870 
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18-31 


We are particularly interested in the motion of the system as a 
whole and therefore find it necessary to introduce the center of 
mass of the system if a simplification of Eq. (16-2) Is to be 
obtained. The center of mass has been defined by Eq. (6-4). 
Here, however, we shall use a vector expression in place of that 
used above. If f gives the position of the center of mass and m 
is the mass of the system, it is readily seen that 

n 

If we multiply both members by m and differentiate twice with 
respect to the time, we obtain 




Wi 


dHi 

iW 


A substitution of this equivalence in Eq. (16-2) gives 



n 


(16-4) 


This equation expresses the fact that the sum of the external 
forces, which is the resultant force upon the system, is equal to 
the mass of the system multiplied by the acceleration of the 
center of mass. Here, again, we see the significance of the center 
of mass in translational motion. A word of explanation should 
bo included hero regarding the present use of the S sign. As 
here employed, it indicates the vector sum of the quantities 
expressed. 

Problem. — ^Fiud tho center of mnsa of tho four particles whose masses 
are 2, 3, 4, and 5 g., and whoso positions are given respectively by the 
veotora i + -f ft, 2i -h / — ft, i — ly — ft, and f — ^ -f- 2ft. 

16-3, Translational Momentum of a System of Particles.'-' 
We may obtain the impulse equation for tho system of particles 
by first multiplying each term of Eq. (10-2) by di, which gives 

dl 

n rt n 

and then integrating from 0 to ^ yields the following result j 

V dt « 

n n n 


(16-6) 
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in which Vi and Ui are the final and initial velocities of the ith 
particle. 

The first term of the right-hand member is the translational 
momentum of the system at the time t and the last term expresses 
the value of the same quantity at the time i = 0. The right- 
hand member represents the change in the translational 
momentum which occurs in the time interval i. This quantity 
may be represented by a single vector quantity. If we put 

G = Go = and F = i (16-6) 

■ n n n 

Eq. (16-6) may be written as follows: 

JV di = G - (?o (lG-7) 

The left-hand member is the impulse of the resultant force acting 
on the system. This equation is the impulse equation for a 
system of particles. 

The quantity G (or Go), as defined by Eq. (16-6), is the vector 
quantity obtained by adding the momenta of the particles. 
G may also be expressed in terms of the velocity of the center of 
mass of the system. Again we return to the center of mass 
equation [Eq. (16-3)], which we may differentiate once with 
respect to the time with the result that 

= G (16-8) 

n 

Hence we may conclude [Eq. (16-7)] that the impulse of the result- 
ant force acting upon a system of particles for a given time 
interval is equal to the change of momentum of the system 
during that time interval, and that the momentum may bo con- 
sidered as equivalent to the product of the entire mass of the 
system by the velocity of the center of mass. 

16-4. Rotational Momentum of a System of Particles. — -In 
order to obtain the force-moment equation for tho system of 
particles, we may conveniently use tho force equation [Eq, 
(16-1)] as a starting point. The forces, which are acting upon 
the ith particle, may be converted to force moments by multi- 
plying them by r,' X. I^et us, therefore, multiply each term of 
Eq. (16-1) by r,- X, which gives 
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Yi X Fi 'i- Yi X Ri => mi Ti X 


dhi 

dt^ 


(16-9) 


The two force moments are written with respect to the origin (to 
which r< is referred) . The right-hand member is to be converted 
into an expression for moment of momentum, which means that 
we must introduce a first time derivative of ri and at the same 
time remove its second derivative. This is readily done by using 
the following relation: 



( 10 - 10 ) 


The last term in the first expression drops out because the vector 
product of a vector by itself is zero. Introducing this equiva- 
lence in Eq, (16“9) gives 

r< X F, + r,XRi = ro,|(r, X (16-11) 

This equation is the force-moment equation for a single particle, 
The corresponding equation for the system of particles may be 
obtained by taking tho sum for the n particles. It may readily 
be seen that tho sum of tho quantities represented by the second 
term is zero, provided that the R'b occur in pairs of equal and 
oppositely directed forces. There remains the following 
expression ; 

X f X §) (16-12) 

which is the force-moment equation for the system. 

The equation, which gives tho impulse of the force moment for 
the system, is readily written by multiplying both members of 
Eq. (16-12) by dl and integrating from 0 to t. Carrying out this 
procedure and introducing tho symbol Li for r< X Fi gives 


dl = (r, X V,), - (r, X K,)o (16-13) 

n ti « 

It is to be noticed that the subscripts 0 and t, as used in the 
right member, are to identify the moments of momentum of the 
fth particle at tho beginning and end of the time interval over 
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which the integration is extended. During this interval, in 
general, both rj and Vi change, It would be incorrect to write 

(r{ X Vi) for the last term. 

n 

The moment of momentum or rotational momentum for the 
system may be designated by the symbol H, using the subscripts 
t and 0 (i.e., Hi and H^) to designate the final and initial values. 
The left member of Eq. (16-13) expresses the sum of the impulses 
of the force moments. We may call this sum the resultant 
rotational impulse and identify it by the symbol J. With these 
abbreviations the rotational impulse equation becomes 

J ^ Ht- (16-14) 

This equation is valid for any system of particles and thoreforo 
applies to a rigid body, since the latter may bo regarded a.s a 
system of particles rigidly connected together. The rotational 
momentum (H) is not equal to /w (moment of inertia times 
angular velocity) because the r’s, which are used in the definition 
of H, are measured from a point, while in moment of inertia tho 

scalar v'b are measured from a lino, 
the axis to which tho moment of 
inertia is referred. A similar ob- 
servation may bo made for L to dis- 
tinguish it from tho moment of force 
(M) as u.sGd in some of the pro ceding 
chapters. 

16-6. Force -moment Equation for 
a Rigid Body, — 'In addition to devel- 
oping, in this section, tho force- 
moment equation for a rigid body, wo 
shall prove a very important theorem which extends the range of 
application of the fundamental equations. Tho theorem shows 
that the same general equation is valid whether the rotational 
quantities force moment and rate of change of rotational mo- 
mentum be referred to the center of mass of tho rigid body or to 
any point in the reference system, The development also shows 
that wo may include those cases of motion of a rigid body which 
have one point fixed, provided the fixed point be solcctocl us origin 
for the vector quantities. Furthermore, tho fixed point, in tho 
latter case, need not be tho center of mass. 
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We shall select a reference system XYZ with origin at 0. 
Let the center of mass of the rigid body be at Oi, the origin of a 
moving system fixed in the body. The position of Oi in the fixed 
system is given by the vector p (Fig. 147), and the position of 
mi, any particle of the body, in the moving system is given by 
r,-. If we let 7,- bo the velocity of the particle vn, referred to the 
fixed origin, then 

7< = ^ + n (16-15) 

in which p is the velocity of the center of mass, and f,- is the 
velocity of w,- with respect to the center of mass. 

The rotational momentum of the system (referred to the fixed 
system) may bo identified by the symbol H' and may bo evaluated 
in terms of p and Xi in the following manner: 

•ff' = X ®‘' 

n 

= %mt(p + r.) X (^ + ^) 

n 

= 2) '^^iP XP’‘\~%'»hpX ^ + 1) Wi r,- X ^ -h 2) Wi r; X u 

7t » n n 

(10-16) 

Since p and p are common to all particles, the first term of the 
right member may bo simplified by writing m for 2) 

71 

the third term p may be put outside the summation sign. This 
change loaves ^ miXi which is zero, since Xi is measured from the 

n 

center of mass. The second term is also zero as the student may 
readily sec. The fourth term is the rotational momentum of the 
body with respect to the center of mass. Wo may use H to 
represent this quantity. By using these values Eq. (16-10) 
becomes 

-^mpxp + H (16-17) 

If wo lot V be the resultant force moment (referred to the 
fixed system) and F,, as above, bo the force acting on the fth 
particle, then 


L' {p Xi)^ X F < 


(16-18) 
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n n 

^ X 2) ^ (16-19) 

n 

We have introduced the symbol L in the last term to express the 
sum of the force moments with respect to the center of mass. It 
may be readily shown by using Eq. (16-12) that 

r = ^ (16-20) 

We may now eliminate H' and L' from Eqs. (16-17) and (16-19) 
by using Eq. (16-20) which gives 


pxY^F, + L = impxp + ^ (16-21) 

n 


The first terms of the two sides of the equation are equal. This is 
not obvious but can be shown by the following considerations. 
First we may put 





by referring to Eq. (16-4) and remembering that f of Eq, (10-4) 
is equivalent to p of the present equation. Hence 


The first term of the right member of Eq. (16-21) may bo altered 
by carrying out the indicated differentiation, or 


d • 

ginpXp^mpX^-\-mpXp 


= mp X 


d^p 

dt^ 


sihce the last term is zero. Hence we see that the two terms aro 
equal and may therefore be canceled from Eq. (16-21). Tho 
final result is 



(16-22) 


This simplified equation, obtained from equations in which tho 
iotational quantities were referred to a fixed point as origin, show 
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that, as far as tho rotational effects are concerned, wo may express 
the vectors in a reference system which has the origin at the center 
of mass. Tho body must be rigid. The motion of tho body may 
bo of any character. No point of the body need bo fixed. In 
case one point of a body is fixed, the equation is applicable, 
provided wo select tho fixed point as origin for tho roforonco 
system. If no point of the body is fixed, the center of mass must 
be the origin to which the quantities arc referred. 

16 "6. The Inertial Constants and the General Equation. — For 
purposes of expression the single vector H servos admirably; but 
when one has a concrete problem to solve, an expansion of H 
in terms of the inertial constants and components of angular 
velocity is necessary. In order to evaluate H wo shall uso either 
a fixed point of the body or the center of mass as origin of the 
reference system, which is attached to the body, Tho expression 
for H may bo manipulated as follows; 

H ti X Vi (16-23) 

>i 

2) X (w X Ti) 

» 

Wo have put Ki =* X in which co.is the angular volooity of 
the rotating body measured by a nonrotating sot of axes whose 
origin may bo solectcd as instantaneously coinoidont with 
tho origin of the sot of axes fixed in the body. Tho vector Vi 
expresses tho velocity of tho fth particle relative to this non- 
rotating system. If we expand tho triple vector product, tho 
result is 

if « 2) - (n ■ c.>)rd (10-24) 

n 

If we lot the coordinates of bo x, y, and z in tho coordinate 
system fixed in tho body, tho rotational inomontum may bo 
expanded further by using the vector relations 

Yi «= ix -h Jy “h hz and w *=* 4- 4- frw. 

Wo may substitute these values and carry out tho details of tho 
indicated scalar products. It is perhaps more convenient at this 
point to replace the summation by an integration and, of course, 
to write dm for m<. The details of the process of expansion aro 
somewhat lengthy but offer no difficulty and may thoroforo bo 
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left for the student to cany out. We may abbreviate the final 
result by introducing the six constants of inertia A, B, Cj D, JH, 
and F which are defined by Eqs, (8-39). The final result is 

H = {{Awx — Fu>v — Eo)t) -)- j{Bo}y — Do}g — Ew(c) -|- 

h(Co)g - Dwy - Foi,) (16-26) 

Our next step is to substitute this value for H in tho force- 
moment equation [Eq. (16-22)]. If we differentiate H with 
respect to the time, we must remember that, since the unit 
vectors are parallel to moving axes, i,J, and k are not constant. 
The time derivatives of the unit vectors are the rates of change of 
direction of the moving axes and consequently may be expressed 
in terms of the components of < 0 . Tho following equations express 
the desired relations 

di : u dj , , , dk . 

^ w,; ~ a>yk, ^ and ^ — w*y 

(10-26) 


The details of working out these relations may bo left for the 
student. He should remember that di/dt must be perpendicular 
to i and therefore may be expressed in the form aj hk whore a 
and b are to be evaluated. 

If we put 

, H = HJ + II J 4- Hgk 

then 


dt 


I dllx t jMT : dHy I jj dj I . dllt 

' ’■ +^'S+-'ir + ^-^''Si + *-3r 


di 




dt 


(16-27) 


The components of H are given by the coefficients of tho unit 
vectors of Eq, (16-26). The inertial constants are not functions 
of the time but the components of w are; hence, to seloot one 
component as an illustration, we have 

dH 

= dw* ~ FCiy - F6>g (16-28) 

Corresponding equations may bo written for the two other 
components. We may now* write the general equation for tho 
force-moment equation by using Eqs. (16-22), (16-27), and 
(16-28). It is more convenient to abbreviate tho expression by 
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writing //*, Ih, and //« in place of their detailed values. The 
result is 

I = ~ 0>JIy + + j0y + W J/* ~ i^JU) -f 

k{lh + W J/v - w//,) (16-20) 

This is an important general equation. In applying it to any 
particular problem one must remember the limitations used in its 
derivation. When applied to a given situation, simplirioations 
may bo introduced by a judicious selection of the position of the 
moving axes in the body. If the body possesses symmetry, the 
axes may bo placed so that one or more of tho products of Inortia 
will bo zero, In case there is a fixed axis, by placing tho axes so 
that one of them will coincide with tho fixed axis, two of tho 
components of tho angular velocity will bo Sforo. One should 
look for possible simplifications in any application of the general 
equation. 

Problems. — i. Write tho simplified expressions for H and t wlieii tho 
rigid ))ody is rotating nliout n fixed axis, Put tlio JiT-nxis coiueidont witli tho 
rotation axis. 

2. Write tho equations for JT and L wlion there is a fixed axis and when tho 
body is syinmotrical with respect to tho rotation axis, 

16-7. Euler’s Equation. — If the rigid body has only one fixed 
point, wo shall take that point as tho origin for our moving axes, 
Tho axes may usually bo so oriented in tho body that the products 
of inertia will bo zero. This possibility depends upon tho 
existence of sufliolent symmetry. There are many cases to bo 
studied in whicli these simplifioations may bo introduced. For 
such cases, tho general equation reduces to tho form given bolow. 

If tho products of inortia (Z), Z?, and F) are zero, then H 
becomes 

H « Ao>J -h -h 0(a,k (15-30) 

To ovaluato t, wo may dilTorontlato this equation with rospoot to 
tho time, but wo must romombor that the directions of tho unit 
vectors are changing; hence tho derivatives of.f, j, and k are not 
zero. By using tho values of the derivatives of tho unit veotors 
as given by Eqs. (16-20) the expression for I is readily obtained, 

L w i[Ad>a, -h (C — B)oiyO)g\ j[B0y -1- {A -- C')w»w,) H- 

/{[Ccl), + (5 ~ /l)«,w,J (16-31) 


This is Euler’s equation, 
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The components of L may be equated to the corresponding 
components of the right member. One such equation is 


Z/j, ~ A6>x {0 — 


( 16 - 32 ) 


It is to be noticed that the first term of the right member is an 
expression for a time rate of change of a magnitude The 

second and third terms express the rates of change of the direc- 
tions of angular momenta. In these two types we recognize 
rotational quantities which correspond to magnitudinal and 
directional time rates of linear momentum. A more detailed 
study of the directional changes of angular momentum will bo 
made in a following section. 

The chief advantage of Euler's equation is to be found in the 
fact that, because the moving axes are fixed in the body, 
the moments and products of inertia are constant. Hence in 
the equation L ~ dH/dt the derivatives of these quantities 
are zero. The derivative of the unit vectors, however, are 
not constant. 

It is well to point out the fact that the components of the 
angular velocity and angular acceleration along the moving axos 
are instantaneously equal to the corresponding components taken 
along axes fixed in space, provided that the two sets of axes are 
coincident for that particular instant (see Houth, "Dynamics"). 

16-8. Types of Motion. — The complete analogy which exists 
between translational and rotational quantities provides a tool 


Quantity 

Translation, olmngca in j 

Rotation, changes in 



j Magnitude j 

Direction 

1 

Velocity 

dV/(U V, 

V dVi/dt 

doi/dl Wi 

w doii/dl 

Momentum 

d(mV)/dl Vi 

inV dV\(dl 

d(Iu)/dt Wi 

(/«) d(jii/dt 

1 


F 


~>L 


V 

iy 

— > a> 



which makes it easier to understand the less familiar quantities. 
We have studied the magnitudinal and directional changes of 
linear velocity and momentum, Wo have seen that pure trans- 
lational motion occurs when there is no change of the direction 
of the velocity, and that pure rotational motion takes place when 
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the velocity has only directional change. Corresponding to 
those types of motion in translation there are two types in rota" 
tional motion; uniform rotational motion and precessional motion. 
The table on page 380 is arranged to show those similarities. 

16-9. Precessional Motion. — In the study of linear aocolera- 
tion wo observed that the two types of changes of velocity could 
be obtained by differentiating the velocity V with respect to the 
time. 

(It dt dt ^ ' dt 

The magnitude of the quantity given by the last term of this 
equation has been expressed, in terms of the speed V and an 
angular velocity w, in the form Fw. The direction of this change 
is perpendicular to F, The form Fco is typical of the linear 
acceleration which expresses the directional time rate of change 
of the velocity. 

In a similar manner wo may difforentiato the angular velocity 
0 ) and obtain the resulting expression 

dw _ d{o)i^i) du> , d<oi 

W IT 

in which wi is a unit vector in tho lino of <*>. The first term 
of tho right member expresses the magnitude change of tho 
angular velocity. The last term may bo changed by putting 
w = wfi vi where S? is an angular velocity and vi is a unit 

vector perpendicular to wi. Tho quantity wf) is typical of an 
angular acceleration which expresses tho directional rate of 
change of an angular velocity. The angular velocity 0 is 
tho time rate at which tho direction of tho angular velocity is 
changing, 

Motions in which thoro is a directional change of tho angular 
velocity arc called precessional motions, and is the rate of 
precession. 

Tho relative directions of tho angular velocity w, the angular 
acocloration which wo may designate by tho symbol «, and tho 
precessional angular velocity ft may be slioVn advantageously 
by the use of a diagram (Fig. 148). If co and ct are both positive 
and are roprosontocl along the X- and F-axos, then ft will bo in 
the positive direction along the iJ-axia. Tho vector equation 


a =» ft X 
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expresses the relation correctly, for this special case, as to both 
magnitude and direction. 

With this analysis of the kinematical relations in mind it is 
instructive to examine the dynamical relation. For this purpose 
we may use Euler's equation. To avoid unnecessary complica- 
tion, we may select the special case in which the force moment L 
is perpendicular to the angular velocity w. Let the moving 
system be placed so that w is parallel to the X-axis and L parallel 




to Y (Fig. 149). With this limitation Euler’s equation becomes 
L = [Aw* -f- ((7 ~ 

For the particular position selected, the i and k components of L 
are zero. Since L is perpendicular to w (or w*), there can be no 
change in the magnitude of <.> and consequently the term Aw* is 
zerof The angular velocity w* becomes the precessional rate and 
may be written fiS. Hence the equation becomes 

L = [(C - B) (16-34) 

The quantities Cflw and J3S2w are the rates of change of the 
directions of the rotational momenta about the Z- and K-axes, 
respectively. There is, of course, no change in the magnitude of 
the rotational momentum about the 7-axis, because » has no 
component along that line. 

The equations written above express an instantaneous relation. 
If L and w remain perpendicular and L is constant in magni- 
tude, then the motion is called steady processional motion. The 
magnitudes of o and Q, will bo constant under this limitation. 

16-10, Euler^s Angles. — The quantities contained in Euler's 
equations are referred to a set of axes fixed in the body and there- 
fore moving with the body. In order to observe the progress of 
the motion, it is desirable to express the position of the moving 
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coordinate system by means of three angular coordinates meas- 
ured with respect to a fixed reference system. These angular 
coordinates are usually selected according to the plan used by 
Euler and therefore are called Euler's angles. 

Let XoYoZq bo the fixed system and XYZ the moving system 
both with origin at 0. To afford a means of expressing angular 
displacements, let us imagine a sphere of unit radius to be con- 
structed about 0 as center. In the diagram (Fig. 160) the use of 
the arcs of the great circles in which the reference planes intersect 
the spherical surface greatly 


assists us in visualizing the 
relations. Euler's angles are 
usually designated by 0, 
and (p. Imagine the two sys- 
tems initially coincident. 
The moving system is first 
rotated about OZo through an 
angle ^ which brings OX up 
to ON. (This line is called 
the nodal line.) From this 
position it is turned about ON 
through 6, bringing OZ into 
its final position. The third 
angular displacement tp is 



about the 02-axis. As shown in the diagram, all displacements 
are taken in the positive sense. 


We shall next proceed to write equations which express the 
relations between the two sots of angular velocity components. 
The components of the resultant angular velocity <«) may be 
written and ^ and are taken parallel to the axes about which 


the angular displacements are taken, viz.^ OZq, ON, and OZ. 
We may now write w*, Wy, and w, in terms of i/', and tp by 
projecting the latter set into the linos of the moving axes. Hence 


Wa = ^ cos tp ^ Bin 0 sin (p 

Wy = — sin ^ -H ^ sin cos v® 

w* ~ ^ d" ^ cos 9 (16-36) 


These equations are useful in connection with Euler's equation to 
determine the motion of the moving system, In any given case 
we may substitute th© values given here for w*, w„, and in 
Euler's equation. The resulting vector equation may then be 
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written as three scalar equations by equating the coeiTioients of 
similar unit vectors. This procedure gives three differential 
equations of the second order in 0, (p, and t/'. The solution of 
these equations supplies the desired information. 

Problem. — Solve Eqs, (16-36) for and ip. 

16-11. Precessional Motion of a Heavy Top,' — ^Let us con- 
sider the motion of a symmetrical top in the fixed reference 
system ZoFo^o (Fig. 161) in which the O^^o-axls is vertical 
and the two others are in the horizontal plane. The moving 
axis OZ\^ taken along the axis of symmetry and makes the angle 0 
with OZq. The positions of the two other moving axes are to bo 

indicated by values of the Euler 
angles (p and-^. The fixed point 
of the top is at the origin. Tha 
only two forces to be considered are 
the weight of the top and the reac- 
tion of the support upon the apex 
of the top. These two forces form 
a couple whose magnitude is mgr 
sin 0, where m is the mass of the 
top and r is the distance from the 
origin to the center of mass. Wo 
shall assume that the top is spin- 
ning at a constant rate w; hence we may put = w. Since the 

moments of inertia {A and B) are equal, we may now write tho 

three following scalar equations from Euler's vector equation. 

mgr sin 0 cos ^ A- (0 — A) 

— mgr sin 0 sin = Awy + (X — C) ww* 

0 « Ow (16-36) 

An expression for the kinetic energy may be obtained by 
multiplying the first equation by o)„, tho second by and tho 
third by w, adding the three altered equations and then integrat- 
ing, The final result is 

-mgr cos 0 = |A(w*2 + 4. d (iG-37) 

where I) is the constant of integration. If 0 = 00 at tho timo 
when the kinetic energy of tho system is To, then 

W0r(cos 00 - cos 0) = U(w*' + w„2) -1- - To (10-38) 
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The equation expresses the equivalence between the work done 
by the couple and the 'change in kinetic energy. 

Since the only couple acting on the top is always perpendicular 
to the Zo-axis, the angular momentum about this axis is a 
constant which we may call h. Wc may write an expression for h 
by projecting the angular momentum about the X-, Y-, and 
2-axes in the line 02 o, and equating the sum of these projections 
to h. This gives 

h ~ Acox sin 0 sin ^ + Awj, sin 0 cos 4* Ca cos 6 (16-39) 

By using the energy and momentum equations [Eqs. (16-38) 
and (16-39)], expressions containing only d and ^ maybe obtained. 
A substitution of the values of and o}„, as given by Eq. (16-36), 
in Eq. (16-38) gives 

vigr {gqs Oq — cos 0) 4 — To = ^A(^2 -f- sin^ 0) (16-40) 

Similarly, by putting tho values of i»x and in Eq. (16-39), wo 
obtain 

7i — C CO cos 0 = A i/' sin* 0 (16-41) 

This equation may be used to express ^ in terms of constants and 
0, Wo may, therefore, eliminate ^ from Eqs. (16-40) and 
(16-41) and obtain thereby an equation containing only 6 and 0, 
from which 0 could bo found. Tho details of evaluating 0 are 
diflicult and may bo left for special cases in which the constants 
are known. If, in any particular problem, 0 has been found, 
then ^ may bo determined from Eq. (10-41), This value with 
the known values of « and 0 could bo substituted in tho third 
of Eqs, (16-36) for a determination of (p. This information 
suffices to describe the movement of the XYZ system and 
therefore that of the top. 

16-12, Axes Moving But Not Fixed in the Body. — ^The prob- 
lem of tho top, which was taken up in tho preceding section, may 
be solved by the use of a sot of axes which are moving, but 
are not fixed in tho body. Tho primary advantage of using 
axes which are fixed in the body, as was done in Sec. 16-11, lies 
in tho fact that tho inertial constants about those axes cannot be 
functions of the time. There are cases, such as that of the 
symmetrical top which wo are now considering, in which the 
axes may not be fixed in the body and still there may be no 
change of the moment of inertia about these axes. 
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To use a different procedure in this illustration, we shall 
assume that the motion is steady precession and determine the 
necessary force moment for its maintenance. 

Let the XqYqZo system be fixed as in Sec. 16-11, with the 
apex of the top at 0. We may let the moving axis OZ always be 
coincident with the axis of the spinning top, 07 is to move in the 
XqYo plane, and X is perpendicular to the 07 and OZ. The top 
is to spin about OZ with a constant angular velocity n. The 
moving axes will rotate about OZq with the precessional angular 

velocity fl which is not equal to 
n. With this arrangement the 
moments of inertia about OX 
and 07 remain constant, since 
the top is symmetrical about02. 

Now if (Oxf o)p, and CO, are the 
angular velocities of the top 
about the W-, 7-, and 2?-axes, 
respectively, and if coi, cog and coa 
are the angular velocities of the 
X~f 7-, and Z-axcs about their 
instantaneous position, we may 
write 

wi = — fi sin 9 

Ci>2 == 0 

W 3 = Si cos 0 (16-42) 

It will be observed that these components are written by pro- 
jecting ft, which is along 02 o, and n (along OZ) into the three 
moving axes. The significance of each component, however, 
must be kept in mind. 

If Hx, fh, and //* be the components of the angular moments 
about the Z-, 7-, and 2-axcs, the general values and also the 
particular values for the present problem are 

Hx ~ Aco* — Fo)y — Edit ~ — Afl sin 0 
Hy = Btjiy — Fo>x -Oco, = 0 
7/* = 0«, — Odiy ~ Edix “ Cn 

The general and particular values for the components of the 
force moment, since 9 is constant if the motion is steady, are 
hx =“ 77 * —• Hydiz 4 " HgOii — 0 

Ly » - 77*wi -f Hxm = Onii sin 9 — Afi’* sin 9 coa 0 

L, « - /7,co 2 + 7/^coj = 0 (16-43) 



w, ~ — sin 0 

coy — 0 
W, =3 n 


18 - 13 ) 


GENERAL MOTION OF A RIGID BODY 


387 


If we assume that Ly is caused by the weight moment of the top 
and is equal to mgr sin 0, then the force-moment equation for 
the assigned motion is 

mgr sin 0 *= CnQ sin 0 — sin 6 cos 0 (16-44) 

It is instructive to examine the precessional velocity ft. If 
we solve the equation for 0 , the result is 

0 “ 2XcQ8 ~0^^^ ^ ^ ~~ (16-46) 

There are, evidently, two values of 0 which may be obtained 
from the action of a given force moment. These values will 
both be real if the quantity under the radical is positive. There 
will be only one real value if 

( 7272,2 4^722fifr cos 0 (16-46) 

If the quantity under the radical is negative, Q will be imaginary. 
In other words, there will be no precessional motion if n is less 
than that value which satisfies Eq. (16-46) for a given set of 
constants. 

One other important conclusion may be drawn from the results 
here obtained. If the force moment in Eq. (16-44) is put equal 
to zero, wo may still have precessional motion. With this 
assignment the right member may bo written 

Cn.n ~ A cos 9 

» 0 

or 

a- g» 

“ {A cos 0) 

Experimentally this condition may be realized by providing a 
suitable weight on the side of the axis of the top opposite the 
fixed point. If the top spins with a given value n and the frame 
holding it'is given an angular velocity fl, the processional motion 
will continue even though no force moment is applied. This 
fact has been demonstrated experimentally, 

16-13. Precession of the Earth.—’The subject of precessional 
motion is only the Introduction to a rather difiicult study. The 
student should consult the literature to learn more about this 
interesting part of mechanics. We can hardly bring this short 
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introduction to a close without mentioning one rather important 
application of the development given above. 

The earth may be regarded as a huge top spinning about its 
axis. Owing to the fact that it is not uniformly spherical in 
shape, we find, in its motion about the sun, the presence of 
precession. In fact, the term ‘‘precession" was first applied 
to the progressively changing position of the equinoxes or ‘‘pre- 
cession of the equinoxes." Because of the rapid spin about its 
axis, the balance between gravitational and centrifugal forces 
upon the more or less fluid-like matter of the earth has resulted 
in the production of a shape which may bo called an oblate 
spheroid. For mathematical purposes, we could regard the 
shape of the earth to be that of an approximately spherical mass 
with an equatorial belt or girdle. 

The gravitational attraction of *the sun upon the spherical 
portion (so considered) of the earth is to be regarded as acting 
through its center of mass and can therefore have no effect upon 
the rotational part of the motion. It could change only the 
velocity of the earth, regarded as a particle. The sun’s attraction 
upon the equatorial girdle produces a force moment because of 
the dififerenoes in the distances from the sun to the various por- 
tions of the girdle. When the earth is at perihelion or aphelion, 
because the attraction on the nearer half of the girdle is greater 
than that on the farther half, there is a resultant force moment 
which would tend to rotate the plane of the earth’s equator into 
coincidence with the plane of the ecliptic, provided there was 
no spin about the axis. The presence of this force moment 
produces a precessional motion of the earth in much the same 
way as the weight moment causes a procession of the top in the 
illustration given above, The combination of the spin about 
the axis and the force moment caused by the differential gravita- 
tional attractions does not tend to make the earth’s axis become 
perpendicular to the plane of the orbit but does cause it slowly to 
describe a cone about the line passing through the center and 
perpendicular to the plane of the orbit, 

The magnitude of the precessional motion of the earth has been 
calculated from a knowledge of the constants. The result 
obtained indicates that the length of time required for the axis 
completely to describe the cone is about twenty-six thousand 
years. Along with the conical motion the lino of equinoxes 
rotates in the plane of the orbit with the same period. 
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In the preceding discussion of the preoessional motion of the 
earth we have tried to simplify the presentation by omitting the 
part the moon plays in this phenomenon. As a matter of fact, 
the moon’s contribution is 2.4 greater than that of the sun, 
The reason for this difference is because the moon, though very 
much smaller, is considerably nearer to the earth. A considera- 
tion of the entire phenomenon is rather complicated. In the 
first place, the plane of the moon’s orbit is not parallel to the 
ecliptic nor does it make a constant angle with the ecliptic. 
One must also take account of the fact that the force moments 
due to the sun and the moon are not constant but both have 
periodic variations with different periods. One result which 
accrues from the variation of the force moment is to produce 
variation in the precession which is called nutation (or nodding), 
that is to say, the angle of the processional cone is not constant 
but increases and decreases from a mean value. Another effect 
of the irregularity of the combined force moments is to produce a 
movement of the axis of rotation in the earth itself. The whole 
subject is fascinating and should appeal to the student of 
mechanics for further study, 

Problems, — 1, Considor a rigid body which is rotating about a fixed 
point 0. How would you locate the instantaneous axis of rotation in tbo 
moving system as well as in the fixed? Derive the equations which describe 
its position. 

2. Considor a case of steady preoessional motion. Find the locus of the 
instantaneous axis in the fixed and moving systems, 

8. Find an expression for the Idnotio energy of a body for axes fixed in 
the body by using Euler’s equations. 

4. Express the time rate of change of the Icinetio energy of a body referred 
to axes fixed in the body in terms of the components of the resultant force 
moment about the moving axes and the components of angular velocity, 

6. Express tlio resultant angular momentum in terms of the constants 
referred to a set of axes fixed in the body. 

6. If the resultant external force moment is iioro, the resultant angular 
momentum remains constant in magnitude and direction, Is the direction 
of the resultant angular velocity constant? Docs the magnitude of the 
resultant angular velocity change? 

7. Find an expression for the cosine of the angle between the instantaneous 
axis and the axis of the resultant angular momentum, when the external 
force moment is zero, 

,8. If a body is rotating with one point fixed, show that the angular 
acceleration about an axis, the direction cosines of whloh are I, and n with 
respect to the moving axes, is Idx + + n<u, (Gray). 
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OTHER GENERAL PRINCIPLES 

17-1. D’Alembert’s Principle. — Before the publication of 
D’Alembert’s famous’ principle in his Traitd de dynamique (1743), 
mathematicians of the time had solved numerous dynamical 
problems. The nature of the problems varied but generally 
they involved the interactions of several bodies which were 
connected together by various mechanical contraptions, levers, 
pulleys, etc. As a rule, the method of solution used was peculiar 
to the individual problem. Some of the solutions wore ingenious 
but were usually very elaborate or, from our point of view today, 
were anything but direct. The reason for this procedure was 
simply because there were so few general principles which were 
known at that time. It is interesting to observe how the dis- 
covery of the general principles, many of which are in common 
use today, came about as a natural result of this interest in 
mechanical and other problems. Contributions to the advance- 
ment of mathematical physics were made, in this way, by a 
large number of men such as Bernoulli, Euler, and Huyghens. 
D’Alembert’s principle was one of the most useful at that time. 
Lagrange thought it sufficiently important to use it as a basis for 
his development of the entire subject of dynamics. 

D’Alembert’s principle is readily derived from the fundamental 
force and force-moment equations. Its uniqueness lies not so 
much in a novelty of form or in the introduction of now quantities 
as in a point of view. We shall first explain the principle as it is 
usually used and illustrate its use by a particular problem. 
In Sec. 17-6 (below) we shall discuss its application to problems 
involving constraints and show how the unknown reactions of 
the constraints may be eliminated. It is in this feature that 
D’Alembert’s principle is of special interest. 

Let us consider a system of n particles, upon any one of which 
there may be two kinds of external forces, those which have 
their origin in things that are external to the system and those 
which are caused by mutual interactions between the particles 
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of the system. We may designate, as before, the external 
force on the iih. particle by Fi and the internal force on the same 
particle by Ri, If im is the mass of the particle and r< is the 
position vector of the particle referred to some arbitrarily selected 
reference system, then the force equation for this particle may 
be written as follows: 

(17-1) 

Now the point of view which D'Alembert expressed was with 
regard to the right-hand member of this equation. Instead of 
the usual dynamical conception of as a measure or 

result of the applied forces Fi and Ri, he chose to consider the 
right member ns a force — a reaction to the agency supplying 
the resultant external force {Fi -f- Ri), 

The quantity ?nf {dhi/dt^) is, of course, dimensionally equiva- 
lent to a force, In fact, from this point of view, the quantity 
expressed by the product of the mass by tho acceleration, or the 
time rate of change of the momentum, may be treated as a force. 
This quantity has been called the force of inertia or the effective 
force. Wo shall use the former term. 

D'Alembert observed that, if the force of, moi’tia be reversed 
in direction and then combined with 
the ordinary applied forces, the vector 
sum of the entire system was zero. 

This conception is expressed by the 
following equation : 

f) -H Kt - = 0 (17-2) 

and graphically by the diagram of Fig. 

153. Mathematically all that has been done was to transpose tho 
right-hand member of Eq, (17-1) to the left side and change its 
sign. 

Tho next step made by D'Alembert was a more important one, 
Tho form in which the equation appeared probably suggested 
to him the possibility of using tho principles of statics to solve 
dynamical equations similar to the one written. Whether or 
not tho conception was developed in this manner wo cannot say, 
but the important thing is that ho found that tho idea was 
feasible and that problems expressed by such equations could 
be solved by tho procedure used in statics. 
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A necessary and sufficient condition for equilibrium to exist 
between the forces acting upon the particle and the force of inertia 
is that the virtual work of these forces for any arbitrary virtual 
displacement, compatible with the liaisons, must bo zero. If 
5r{ is the virtual displacement for the fth particle, the virtual 
work for that particle is 

+ ft - • Sr, = 0 (17-3) 

If we sum up such equations, from 0 to n, for the entire system 
of particles, since the sum of the /?,• forces is zero, the result is 

. «r, = 0 (17-4) 

It is instructive to write a similar equation for a single free 
particle of mass m upon which the compononts of the external 
resultant force are Fa, Fy, and If the virtual displacements 
parallel to the reference axes are bx, 5y, and 53, the equation is 

+ ify - +(ft - = 0 (17-6) 

Since the virtual displacements must be independent of each 
other, the coefficients of these quantities must be separately 
equal to zero which gives the necessary three equations for 
determining the motion of the free particle. 

17-2, D’Alembert’s Principle for Rigid Bodies. — Wo shall 
consider the system of rigid bodies to be made up of a system of 
particles. We may then write the equations for any particle 
and express the terms by a sum over the entire system. The 
introduction of rigid bodies into the consideration necessitates 
a use of the effects of the force moments in producing rotational 
motions. 

Let the mass of the ^th particle be mi and let its coordinates be 
Xf y, and z in the selected reference system. If Fy^ and 7?’, 
be the components of the impressed accelerating forces upon 
then, by D’Alembert’s principle, these forces together with 
the forces of inertia upon this particle will be in equilibrium; 
hence, by the first condition for equilibrium in statics, 

Fx “ = 0, Tf’v “ = 0, and F, — « 0 
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For rigid bodies, the second condition for equilibrium requires 
that the sum of the moments of the forces about each of the three 
axes must be zero. To apply this condition we must consider 
the moments of the inertia forces as well as the moments of the 
impressed forces; hence for the moments about the X-axis we 
may write 

yF.- zF. - m(y§ - *§) - 0 (17-6) 

Similar equations may be written for the moments about the 
two other axes. 

The equations for the system may be written by taking the sum 
over the entire system. For the force equations it is perhaps 
preferable to write the time rate of the momentum in place of the 
mass acceleration; e.g,, 



Similarly for the moment of mass acceleration we may write the 
time rate of angular momentum; e.g,, 



Introducing those changes the six equations, which are necessary 
completely to describe the motion of the system, are 




d dx 

0 



Sp. 

u 

d dy 

0 



n 

d dz 

“■ Ji "" 

0 

(17-7) 

X(yF. - 

zF„) ■ 

d f dz 

-S)-» 


n 

.rF,) ■ 

d V' / djr 
dt^^Xdi 

-4)- 


XixF, - 

n 

■ yF.) 

d V / 


(17-8) 


It will be left to the student to write these equations in thq 
vector form of expression, 
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In the following section we shall give illustrations of the use of 
the principle in solving problems. 

17-3. Illustrations of the Use of D ^Alembert’s Principle. — -In 
this section we shall solve three simple problems by using 
D’Alem berths principle. The problems involve translational 
motion, rotational motion, and a combination of the two types 
of motion. 



a. Translational Type . — A body slides down an inclined plane. 
Friction is assumed to be constant. Find the equation of motion . 

Let mg be the weight of the body, U the force of resistance, 
and P the normal reaction to the plane. If the reference system 
is selected as shown in the diagram (Fig, 164), then the equations, 

written by the use of D’Alembert's 
principle, which express equilibrium 
between the forces along the X*- and 
F-axes, are 

WfiT sin a ““ itJ -* = 0 

mg cos « P = 0 (17-9) 

These two equations, together with 
initial conditions, completely 
determine the motion. 

6. Rotational Type , — A massless 
rod is hung from a rigid support by 
means of a frictionless hinge so 
placed that the rod may move only 
in a vertical plane. Attached to the 
rod are two small bodies M and N 
whose masses are to bo designated 
by m and n. The distances from M and N to the center of oscilla- 
tion 0 (Fig. 155) we shall call r and s, respectively. It is required 
to find the differential equation of motion by using D’Alembert’s 
principle, 
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Since the motion is limited to pure rotation by the nature of 
the constraints, we may use Eqs, (17-8) for describing the 
motion. The second condition for equilibrium requires that the 
sum of the force moments about any axis be zero, A selection of 
0 for the axis of moments eliminates from consideration the 
reaction of the support at 0 as well as forces upon M and N which 
are parallel to the rod. 

In place of using rectangular coordinates, it is more convenient 
to use polar coordinates. The forces of inertia may, in this 
case, be expressed in terms of the component accelerations, which 
are parallel and perpendicular to the rod. However, only the 
inertia forces which are perpendicular to .the rod contribute to 
the moment about 0. The moments of the inertia forces may 
readily be written by the use of the expression for the component 
of acceleration Jy [Eq. (4-15)] if it is remembered that r and s are 
constant. The moment equation by D’Alembert’s principle is 
therefore 

mgr sin y -\- 'ngs sin y — mr® ^ — ns® ^ ~ 0 (17-10) 
or 

mgr sin y -j- ngs sin 7 ~ ^ (wr®« + nB®w) — 0 

This equation is the desired differential equation from which, 
together with the initial conditions, the motion may bo deter- 
mined. The student should verify the signs used in this equa- 
tion. It is interesting to show that the equation may be converted 
into one the form of which is similar to that which describes the 
motion of a single particle. 

Problem, — Suppose that tho rod carrying tho two mnascs M and W, of 
tlio procoding illustration, is mado to rotato about tho vortical axis through 
0 and makes a constant nnglo with 
tho vortical axis. Find an expres- 
sion for tho angular velocity of tho 
rod. 

c. Translational and Rota- 
tional Motion . — For this case wo 
shall consider the motion of a 
cylinder rolling down an In- 
clined plane. 

Let tho mass of the cylinder bo m, its radius r, and the angle 
of inclination of the plane a. The forces upon the cylinder are 
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mQi the resistance i2, and the reaction of the plane P, The 
reference system may be selected as shown in Fig. 166, Equilib- 
rium among the forces parallel and perpendicular to the piano 
{OX) is given by the equations 

dH 

mg a — U — = 0 

W (7 cos a — P ~ 0 (17-11) 

By taking moments about the axis of the cylinder, the balance 
between the force moments is given by the equation 

nr - = 0 (17-12) 

Eliminating U from the first of Eqs. (17-11) and (17-12) gives 

1 d(ii d^x f. 

a- - Wjjl - 0 

or 

mg sin a — - 0 (17-13) 

A solution of this equation may be readily obtained. 

Problem, — Find the difforcntial equation of motion of a ladder which falla 
with its ends in contact with a rough liorizontal door and a smooth vortical 
wall, assuming that tho friction is not sufficient to prevent slipping. 

17-4. D* Alembert’s Principle and Conservation of Energy, — 
We shall consider a system of n free particles and show how 
D’Alembert’s principle may be used to derive the principle of 
the conservation of energy. The system is to be regarded as 
free if there are no conditions imposed upon the way in which tho 
coordinates of the particles may vary, e,g,, such as the require- 
ment that the x coordinate of all or any of tho particles must 
remain constant, which would restrict the motion to a single 
plane. We shall designate the external, forces upon the fth 
particle by P*, Fy, and F* and the internal forces by P*, and 
it,. 

The virtual work of the forces, by D ’Alembert’s principle, for 
any arbitrary displacement 3s of tho ith particle is zero and may 
be written as follows: 

%( f . + /e. - -I- /e„ - 
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where 8x, Sy, and are the components of 8s in the selected 
reference system. Since the sums of the internal forces, for the 
entire system, must be zero, the preceding equation may bo 
written in the form 

(17-15) 

n ' ' n 

Wo may replace the virtual displacements in this equation, 
since they are arbitrary and the particles arc free, by the actual 
displacements d.r, dy, and With this change the equation 
may be integrated. If wo write Vo and v for the initial and final 
velocities of w< for the particular interval over which the integra- 
tion is to be extended, and let so and s bo coordinates which 
designate the corresponding terminal positions of m,-, then the 
equation reduces to 

- «o2) V ^ ^ (17-15) 

n V''*» 

The right-hand member may bo expressed in terms of the 
potential energy V if the system is a conservative system. In 
such a case, there exists a force function U from which the forces 
may bo found [see Eq. (10-23)1. Since V — —U, 

(F,dx^F„dy'}-F,dz)--'~~dV 

Hence the integration of the right-hand member of Eq. (17-15) 
may be carried out. If Fo and V represent the values of the 
potential energy in the initial and final configurations, and iTo and 
T stand for the kinetic energy in the corresponding positions, 
Eq. (17-16) may bo written in the following abbreviated form 

T + F = To + ro (17-17) 

This equation expresses the important fact that in consorva- 
tlve systems there is no change in the energy of the system. 
This principle is called the principle of ike conaervalion of energy, 

17-6. System with Constraints.-— Constraints are mechanisms 
or arrangements which influence or restrict the motions of 
particles or bodies in some definite manner. Eor example, a 
particle which is attached by an inelastic string of finite length 
to some fixed point is constrained to move within the sphere 
whose radius Is equal to the length of the string, A door, 
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which is fastened by hinges to some rigid support, can have only 
rotational motion about a definite axis. Its motion is therefore 
subject to a certain constraint. The forces of constraint are 
those forces which are produced by the constraining mechanism 
and, in acting upon the body under consideration, modify the 
motion accordingly. 

In the case of a body or particle upon which there are con- 
straining forces, it is possible to regard the body or particle as 
free, provided we can include the forces of constraint along with 
the other existing forces. In the case of the simple pendulum 
the constraining force is the tension of the cord. If this tension 
could be expressed in suitable terms, we could write the dif- 
ferential equation of motion of the simple pendulum by introduc- 
ing, in the general equations for a free particle, the resultant force 
formed by adding the tension of the cord to the weight of the bob. 
Such a procedure depends upon being able to express the con- 
straining forces. 

If the constraining forces were unknown, the equations of 
motion might still be obtained by using D'Alembert’s principle. 
It is primarily in problems of this nature, whore the forces of 
constraint are unknown, that D'Alembert’s principle is par- 
ticularly advantageous. The key to the procedure lies in being 
able to select the virtual displacements in equations such as 
Eq. (17-6) so that the virtual work of tho unknown forces is 
zero, and hence such terms as may contain tho constraining forces 
may be omitted, For example, suppose the tension in tho cord 
of a simple pendulum were unknown. We could use spherical 
coordinates in place of the ordinary rectangular coordinates 
and, with the origin at the fixed point, tho virtual displacement 
parallel to the cord would be zero. By a proper orientation of tho 
reference lines a second virtual displacement may bo made equal 
to zero, if the motion is still further restricted to a vertical piano. 
After zero is put for these two virtual displacements, tho remain- 
ing terms in the general equation would suffice completely to 
describe the motion, after tho selection of initial conditions. 
It is a useful exercise for the student to follow the procedure 
indicated in the case of the simple pendulum and derive the 
differential equation of the motion. 

17 - 6 , Constraints and the Work Equation. — We shall discuss, 
in this section, a general method by which the constraining 
forces may be eliminated from the general equations of motion 
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for a system of n particles. Our treatment of the problem will 
be limited, however, to a system of particles in which the con- 
straints are expressible by means of equations containing the 
coordinates of the particles and the time, but not containing 
any time derivatives of the coordinates. Such a system is called 
a holono7nic system. 

In the system each particle may be subject to one or more 
constraints. Such a constraint may be expressed by an equation 
of the form 

<p{x, y, 0 -= 0 (17-18) 

which in reality represents a surface, the nature of which is to 
be expressed by a particular equation. If, for example, the 
particle were constrained to move on the surface of a fixed sphere 
of radius r, then the equation 

(p{Xf y, i) ~ + 2/® -+■ ~ == 0 

could be used. The constraint might bo such as would require 
a moving spherical surface. In such a case, terms containing 
the time would have to be included. 

If a single particle were subject to two constraints, then two 
equations, similar to that written in Eq. (17-18), would be needed. 
The intersection of the two fixed surfaces is, in general, a curved 
lino upon which the particle would move. In our general case, 
however, the constraints ineludo the time; hence for two con- 
straints the motion of the particle is restricted to a curve, the 
shape and position of which are changing. With the imposition 
of a third constraint, the position of the particle is determined 
by the instantaneous intersection of three surfaces. 

Suppose in the system of n particles that there are k con- 
straints for each particle, then there will be, in general, nkt 
constraints altogether. Since three equations are required 
completely to desoribo the motion of a free particlo, there will 
be 3n — h independent equations of motion for the system with k 
constraints for each particle. 

Procedure for a Single Particle . — Before applying D'Alembert's 
principle to the system of particles, it is better to simplify tho 
procedure by considering how tho forces of constraint are elim- 
inated when we arc dealing with a singlo particle and only one 
constraint. Suppose the singlo particle is given a virtual dis- 
placement 5s along the surface of the constraint <p(x, y, e, t) - 0, 
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By such a selection the work of the constraining force, which is 
normal to the surface and therefore to Ss, is zero. Now if we 
can introduce, in the general equation, a limitation upon 5s 
so that it must remain in the surface of constraint at the time 
the forces of constraint will be eliminated. If the components 
of 8s along the reference axes are Sx, 8y, and Sz, and if 6.r, 8y^ and 
52 ! satisfy the equation 

sf = 0 (1W0) 

then 5s will be in the surface at the particular time i. It will 
be noticed that the partial derivatives are written with the 
assumption that t remains constant, 

Equations (17-19) and (17-6) together give the equations of 
motion for the particle on the constraining siu’face ip. One of 
the component virtual displacements may be eliminated from 
the two equations. The single equation resulting thereby would 
contain the two other virtual displacements. Since these 
components are purely arbitrary, the coefficients of those two 
components may be equated to zero, which [with Eq. (17-18)1 
give the three necessary equations of motion. 

Lagrange devised a rather clever way of eliminating one 
component of the virtual displacement and at the same time 
provided a form for writing the general equation which is instruc- 
tive, The device has been called the method of indeterminate 
mnltipUers, For the simple case of the single particle with one 
constraint, all we have to do is to multiply l^q. (17-19) by an 
arbitrary multiplier, which may bo called X, and then adding the 
result to Eq. (17-6) wo obtain 


(p, + + (n 

{f. 


, -.dtp d^y 


+ ( F, + X 


dtp 

dz 


O' 


]Sz « 0 (17-20) 


Now X is arbitrary; hence we may assign a value to X such 
that the coefficient of 8x, say, would bo equal to zero, or 


X = 


d^x 


F, 


(Up 

dx 


(17-21) 
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The coefficients of 8y and Sz would also be zero; hence we obtain 
two equations from Eq, (17-20) which with tho equation of tho 
constraint is sufficient to determino the motion. 

Before returning to the general case of a system of n particles 
with several constraints, it is worth while to examine the terms 
in Eq. (17-20) which contain X. Each of these terms is a com- 
ponent of the force exerted by the constraint upon the particle. 
If we lot R represent this force, or reaction as it is generally 
called, then 


dx dy^ dz 


and 


E = X 


+ + (17-22) 

LVa.T// \dvj Vaz/ J ^ ' 


If the surface is fixed, the work done by R is zero, as may be 
readily seen by letting the virtual displacement at the time t be 
equal to the actual differential displacement. If the actual 
displacement is ds = dx i + dyj-^ dz k, then the work is found 
to bo zero fseo Eq. (17-19)]. 


R-,ls = I (grf,r -I- I# + I*) (17-23) 

If, however, tho surface is not fixed, then in place of Eq. (17-19) 
wo should have 


+ > + + = » (17-24) 

and the right-hand member of Eq. (17-23) would not be zero. 
In the general case of a moving surface tho work equation formed 
from Eq. (17-20) would contain torms expressing tho work done 
by tho forces exerted by the moving surface upon tho particle. 

Case of a System of Particles , — Eor tho holonomio system of n 
particles lot the constraints for tho fth particle bo 

yi Zit) =0 yp{xi yiZii)«=iI (17-25) 

and others of similar form if they bo present, As in tho case of a 
single particle, tho displncomont of tho ^th particle will Uo in 
tho constraining surfaces at tho time i if 
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d<p 

dXi 


Bxi 


+ 


3a; i 




d(p 

dyi 

dyi 


^Vi + 


5 ?/< + 


‘i<- - » 


dZi 


8Zi = 0 


(17-26) 


If there are k constraints for each particle, then there will be k 
equations similar to those written. By means of these equations, 
k of the virtual displacements for each particle may be eliminated 
from D’Alembert's general equation for virtual work. Making 
use of Lagrange's method of indeterminate multipliers, we may 
multiply each of Eqs. (17-26) by Xi, juf, etc., and then add the 
resulting expressions to the general equation for the system. The 
results are more conveniently written, however, if we equate each 
of the coefficients of the virtual displacements to zero and, for the 
sake of simplicity, omit the subscript ^ from the coordinates, 
indeterminate multipliers, and mass. Hence 



, til/' , 






+ ’'I? + + 



(17-27) 


in which values for X, jw, . . . may bo arbitrarily selected for 
each particle so that a corresponding number of virtual displace- 
ments will vanish. The resulting equations, together with those 
for the constraints [Eq. (17-26)], are sufficient completely to 
determine the motion for the system of particles. 

Illusfraiion . — We shall select for illustration a case in which a 
particle is constrained to move in a circular path under no 
applied forces. The only forces acting are to bo those of the 
constraint which wo shall assume to bo unknown. It is to bo 
noticed that these unknown forces will bo eliminated by tho 
procedure described above. 

Let the particle of mass m move in a circle of radius r. Wo 
shall place the reference system so that the plane of tho oirolo is 
in theXF reference plane with tho center of the circle at tho origin. 
There are therefore two constraints, one which keeps the particle 
in the XY plane and the other requires that it move in a circular 
path. The equations for these two constraints are 

^ 53 ^2 ^2 -- Q i// 33 M 0 (17-28) 
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We may next find the partial derivatives of each of these functions 
with respect to the coordinates and then, by using equations of 
the type shown in Eq. (17-19), write in the requirement that the 
virtual displacement shall be in the two surfaces. These equa- 
tions are therefore 


x 5x y Sy z Sz — 0 and 5z == 0 (17--29) 


After multiplying the first of these equations by the indeterminate 
multiplier X and the second by jwj we may write the D'Alembert 
equation for virtual work [see Eq. (17-20)]. Since Ey, and 
are zero, the equation is 


Ls: - + (\y - + (>>« + = 0 (17-80) 

We may select values for X and m so that the ooeflicionts of two 
of tho components (say 5x and Sz) of tho virtual displacements 
are zero, Hence 


_ m d^x 
^ " X de 


and ju «= —"hz 


The ooelfioiont of 6y must also bo zero; hence upon substitution 
of tho value for X in this coofliciont wo find that 


7ny d'^x 
.r dt^ 


d^y 

— in~^ = 


di^ 


(17-31) 


The form of this equation may be altered, after multiplying 
through by x, so that it may be more easily integrated. Tho 
revised form is 

df dx dy\ „ 

Hen 00 

my^ - = G ( 17 - 32 ) 

whore C is a constant. Tho physical moaning of the equation is 
that the moment of tho momentum, or tlio angular momentum, 
is constant. This equation, together with those for the con- 
straints, is suffiolont for a determination of tho motion. Since 
Eq. (17-32) does not contain tho coordinate 2 , only the first 
equation of tho constraints is neocled. 
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The details of integration and of evaluating the constants of 
integration, of which there are two, may be orahted. 

Problems. — 1, What are the forces exerted by the constraint in tlio illus- 
tration given above? 

2. Find the equations of motion for the particle of the preceding illus- 
tration (Sec. 17-6) by using the cocflicientg of fiy nncl fig for evahiating \ 
and jjL. 

3, A particle of mass m slides clown a smooth wire which is bent in tho 
form of an oUipse. The major axis of tlic ellipse is vertical. The only 
applied force to consider is tho weight of tho particle, The reaction of tho 
constraint is to be regarded ns unknown. Find the equations of motion. 

17-7. Degrees of Freedom. — The phraao degrees of freedom is 
commonly used in connection with constrained motion of particles 
or rigid bodies to indicate the number of independent coordinates 
necessary completely to specify the position of the particle or 
rigid body, A free particle has three degrees of freedom because 
three independent coordinates arc needed to give its position in a 
selected reference system. If, however, tho particle is constrained 
to move on some fixed surface, it has two degrees of freedom. 
In the case where two constraints are present, the particle must 
move on the line of intersection of the two surfaces and has but 
one degree of freedom. 

A free rigid body has six degrees of freedom, for three coordi- 
nates are needed to specify the position of some point of the body, 
such as the center of mass, and three others are required to give 
its orientation with respect to a moving system, whoso origin is 
at the selected point and whose axes are always parallel, say, to 
those of the fixed reference system. A rigid body with one fixed 
point has three constraints and throe degrees of freedom. If tho 
rigid body has a fixed axis, there is but one degree of freedom. 

17-8, Generalized Coordinates. — In many of tho problems 
encountered in dynamics, particularly when constraints are 
introduced, it is often convenient to introduce certain parameters 
which may be useful in specifying the positions of a particle or of 
a rigid body in place of tho ordinary coordinates, Tho number 
of such parnmetei's is usually made equal to the number of 
degrees of freedom in order that all of tho parnmoters may bo 
independent of each other. For example, if a particle is con- 
strained to move upon a cylindrical surface, there are two degrees 
of freedom, and two parameters would bo necessary, One 
parameter would be required to specify tho position of tho 
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particle along any element of the stirface, and the other would be 
needed to give the angular position of that element with respect 
to some reference plane. 

The term generalized coordinates has been introduced to 
describe these parameters. .These are usually designated by the 
letter q with appropriate subscripts. If we wished to specify the 
position of a particle which has one constraint and two degrees 
of freedom, we should use the two generalized coordinates qi and 
q^. These two coordinates would bo sufficient to locate the 
position of the particle upon the surface of the constraint. 

In general, it would be necessary, or at least convenient, to 
define the parameters in terms of the ordinary rectangular 
coordinates by what might bo called transformation equations. 
Such equations may be written in the following general forms: 

X fiiqi Qi) y ~ U{q\ q^ ^ “ /sC^i <? 2 ) (17-33) 

Suppose that the generalized coordinates (/i, of a particle 
which has one constraint bo given, and it is desired to find the 
equations of the constraining surface. It would bo only necessary 
to eliminate the two parameters from these three equations to 
obtain the desired equation. 

Now tho principal advantage of using generalized coordinates is 
to provide a moans for removing tho necessity of including tho 
constraints. In this respect tho use of generalized coordinates 
is similar to D’Alembert’s principle, Tho difforoncos in tho two 
procedures will appear in tho consideration given below. To 
show how tho equations for tho constraints are removed by a 
suitable selection of tho generalized coordinates, lot us suppose 
wo are concerned with a particle which is constrained to move on 
tho surface of a sphoro of radius r. Tho equation of tho eon- 
strain t is 

(p cs q. 2/^ 0 

Since there are two degrees of freedom, we shall need two general- 
ized coordinates which wo shall call </i and q^. If we put 

a: « r cos q\ y ^ r sin gi cos <73 z ^ r sin qi sin ga (17-34) 

and substitute those values for tho rectangular coordinates in the 
equation for tho constraint, wo find that it is identically satisfied. 
Hence the values of qi and ga, as defined by Eq. (17-34), are 
such that a use of them removes tho necessity for including the 
constraint in the problem. 
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It will be instructive to write expressions for some of the 
familiar quantities, using generalized coordinates. We shall 
again make use of the simple case of a particle with one constraint 
and two degrees of freedom. In the general sense dq\ and d(i% 
are to be regarded as differential displacements. We can write 
directly relations between the differential displacements in the 
two systems of coordinates as follows \ 

d,x = dv = ^dq, + ^dq, 

in which the coeffioients of dqi and dq^ are to be regarded as 
cosine factors. For example, dx/dqx may be regarded as tho 
cosine of the angle between dx and dqi and projects dqi into tho 
line of dx. The relations for the component velocities in the two 
systems may be similarly written. These equations may bo 
obtained directly from Eq. (17-35) by dividing each term of tho 
equations by dt. To abbreviate the expressions, we shall ueo 
± for dx/dt, etc. The equations are 


X ~ 


dx . . dx . 


Sy . . dy , 


_ dz ,dz 


(17-36) 


The magnitude of the generalized velocity could be found from 
these three equations by taking the square root of tho sum of the 
squares of the right-hand members. We shall omit tho expres- 
sion. The components of the momentum may be written by 
multiplying each term of the three equations by m, the mass of 
the particle. 

The kinetic energy T of the particle may bo expressed in tho 
generalized coordinates and their time derivatives by squaring 
each equation of Eqs. (17-35), dividing throughout by {dl)\ 
adding the three resulting equations, and introducing on 
both sides. The final result is written below with abbreviations 
for the coefficients of the squares of tho generalized velocity 
components. 

T = -f -b Cq2^) 

in which 
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- (S)’ + &)■ + (£)■ 

R == -[ I 

dgi dq% dq\ dq^ dqx dq% 

^=feT+&T+(0 ™ 

It will be observed that the kinetic energy in generalized coordi- 
nates is expressed as a homogeneous quadratic function of the 
generalized velocity components. The coefficients A, B, and C 
are functions of the generalized coordinates alone. 

17-9. Lagrange’s Equations. — In deriving Lagrange's general- 
ized equations, it is immaterial to the form of the final result 
whether we use the equations for a single particle or for a system 
of particles. The difference in the final equations is to bo found 
only in an interpretation of the meaning of the symbols used. 
For the sake of simplicity in writing the details of the develop- 
ment wo shall consider only the case of a single particle. In fact, 
since we may select the generalized coordinates so as to eliminate 
the constraints, wo may consider the particle to be free. 

We start with the ordinary equations of motion of the free 
particle which are 

F* ~ in ;t', Fv - mi), and F» ^ m ^ (17-38) 

Each of those equations is to be projected into the line of the q's 
by multiplying it by dx/Oqi, dyidqi, dz/dqi, and dx/dq 2 , dy/dq^, 
dzfdqz, respectively, for each of the q coordinates. Again we may 
simplify the pi'ooodiire by carrying out some of the details for 
only one coorclinato, say Qi. Adding tlie three equations after 
multiplying each by tho proper factor gives 




I ... I 'I I « \ 

% + V. %'J 




(17-36) 


Tho right-hand member may bo called tho generalized force and is 
usually identified by the symbol Qi* 

The left-hand member is to bo expressed in terms of the 
generalized Idnotio energy T, To do this requires some manipu- 
lation. Tho first term may bo written in tho following manner; 
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With the same type of transformation applied to the two other 
terms, Eq. (17-39) takes the form 


m- 


d( . dx 


i(" 


di\ dqi 



^ dqj 


(17-41) 


Similar equations could be written for the other generalized 
coordinates, qz, g's, oto. 

Since the kinetic energy of the particle is 


T ~ (o!® + + «*) 


the second part of the left-hand member is evidently the partial 
derivative of the kinetic energy with respect to < 71 . We may 
leave this part of the analysis and examine the first part of the 
expression. 

The rectangular coordinates are all functions of the g’a and 
the time t; hence [Eq. (17-36)] 


dx , . dx , . dx , 


with similar equations for ^ and z. Now, in general, x will be 
some function of the < 7 ’s, (;^'s, and t; hence wo differentiate the 
equation for x with respect to < 71 , qz, and qs with the following 
results: 

dx __ dx ^ ^ dx 5^ ^ dx .-x 

dqi ^ dqz~ dqz dqs ^ ^ 

Similar equations may be written for y and z. With these rela- 
tions the first part of Eq. (17-41) may be transformed, thus: 


m 


4 . A 
di^dqi ^ ^dqx 



, ,dz\ 


(17-43) 


And again we must remember that terms (not written) containing 
derivatives with respect to qz and <73 could be similarly trans- 
formed; Combining the results of those changes with the 
generalized force equations for Qi, < 32 , and Qs, we may write 
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^ = n 
di\dqi/ dQi 

_ or _ 

di\dq2/ dqz 
d(0T\_dT 
dl\dqj ^ 


These avo Lagrange^ s equations of motion for the free particle. In 
these equations Qi, Qz, and Qs are the generalized force com- 
ponents corresponding to the coordinates qi, g^, and qs, respec- 
tively. The quantity T is the kinetic energy of the particle. 
Without going in to- the details of the derivation wo could obtain 
equations similar to those written for a system of particles in 
which, however, T refers to the kinetic energy of the system of 
particles and Qi, and Qn are the components of the resultant 
generalized force. 

17-10, Lagrange Equations for a Conservative System. — If 
tho forces are conservative forces, then there is a force function U 
from which the components of the force may bo found, and 


F 


m 

Ox 




(17-46) 


The generalized force components may then bo expressed by tho 
following equation: 


Qi 

and, similarly, 


OUd^i 
dx dq\ 

Q-i = 


dU Oy , 
dy Oz dqi 


£U 

dqi 



dU 

Oq, 


(17-46) 


If now wo write for its value in tho first of Eqs. (17-44), wo 
obtain 


d(^'\ _ d(T -h U) ^ 
Oqi 


Tho force function U in a function of position and thoreforo a 
function of tho coordinates alone. It may thoreforo bo included 
in tho first term of lOq. (17-47), gaining thereby a simpler form of 
expression. In place of - U wo may substitute V, which wo have 
used in Chap. X, to represent the potential. Hero, however, wo 
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use V to represent the potential energy of the mass whose kinetic 
energy is T. This substitution gives the quantity T — F which is 
designated by the single symbol L and has been called the kinetic 
'potential. With this change the equation becomes 



which is one of the equations of motion for a conservative system. 
The others may be readily written, 

17-11. Constraints and Lagrange’s Equation. — We have seen 
above that for a particle the number of degrees of freedom plus 
the number of constraints must be equal to three, and for a rigid 
body this sum must be six. In using Lagrange’s equations only 
for the solution of a problem we need as many generalized 
coordinates as there are degrees of freedom. The Lagrangian 
function L must be expressed in terms of the independent 
generalized coordinates and their time derivatives, if we are to 
use only Lagrange’s equations, If we are considering the motion 
of a particle with two degrees of freedom and one constraint, wo 
shall need two independent generalized coordinates, say qy and 
< 72 , and must be able to express L in terms of the qyq^ and qy^^. 

In some problems it is difficult to reduce the number of 
coordinates to that of the independent coordinates because of 
complicated geometrical relations. In such eases we may have 
L expressed in terms of more than the number of independent 
coordinates and use expressions giving the geometrical relations 
in conjunction with the Lagrangian equations. 

To show how to set up the equations, lot us consider the case 
of a particle (in a conservative system) with two constraints. 
Ordinarily we would try to express L in terms of only one inde- 
pendent coordinate. Suppose that it is not easy to do so but 
that we can express L in terms of the threti coordinates < 71 , ^ 2 , and 
<73 and their time derivatives. Suppose that the geometrical 
relations are expressed by the equations 

/i (<71 ffa < 73 ) “0 /a ({ 7 i <?2 ?s) ^ 0 (17-49) 

Now applying the principle of virtual work to Lagrange’s 
equations, we may write 
(ddl dL\^ ./ddL dL\. , 

(I I 
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dgi 


a?2 


OQa 




df2 

dqi 


Sqi + 


= 0 


(17-61) 


If the method of Lagrange’s indeterminate multipliers is used, 
these two equations are to be multiplied by X and Hf respectively. 
The resulting expressions may be combined with Eq. (17-60) by 
adding the coeflioients of the similar virtual displacements 
5</i, Sqif and Sq^ and equating these sums separately to zero. 
The results are 


dl dqi dqi ^ hqx ^ %i ““ ® 

i§k « 0 

dt dqi dqi ~ dq^ ' ^dq^ 

d dt dL , dfi , dfi _ „ 

dt dqz dqi 


(17-52) 


These throe equations together with the two geometrical equa- 
tions [Eqs. (17-49)] are sufficient to determine the three coordi- 
nates and the indeterminate multipliers. 

The method used above is a general one and may be used in 
cases involving more coordinates and one or more constraints. 

17-12. Illustrations of the Use of Lagrange’s Equations. 
a. Falling Particle Subject to Two 
Conslrainta , — A particle of mass wi 
falls under the influence of its weight. 

It is constrained to move in a vertical 
circular path of radius r. Find the 
differential equation of motion. y 

Wo shall select the reference system 
with the origin at the center of the 
constraining oirolo and with the X- 
axis vertical, as shown in Fig. 187. 

Lot 7 bo the angle which the radius, 
drawn to w, makes with the X-axis. Since there are two con- 
straints, a single generalized coordinate only Is necessary. We 
shall choose 7 to bo this coordinate, since the kinetic potential is 
readily expressed in terms of 7. 
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The kinetio energy of m is or since F == w r. 

The potential energy, referred to the F-axis as a reference line, 
is mgr cos 7. Hence the kinetic potential is 

L == T — F ~ — mgr cos 7 (17-53) 

from which 

d dL Jiia , dL 

■j, = mr^'TT and — = 7ngr sin 7 

at ow at dy 

Therefore the equation of motion becomes 

— mgr sin 7 = 0 (17-64) 

The validity of this equation may be checked by observing 
that it could be written from an application of the force-moment 
equation. An inspection of the equation shows that mr^ is the 
moment of inertia about the F-axis and mgr sin 7 is 
the moment of the weight about the same axis. The 
moment of the force exerted by the constraint is 
2!ero. 

The solution of Eq. (17-54) inv’olves an elliptical 
integral unless one restricts the motion to a small 
angle so that sin 7 may be replaced by the angle 7. 
If it is desired to obtain expressions for x ancl y.in 
terms of the time, the equations of the constraints 
(<p ~ -h ~ r^ ~ 0 and \{/ = z — 0) may 

be used, 

5. System of Pulleys . — ^Two masses {m and 2m) are suspended 
over a movable pulley of mass m by a string of length p. The 
movable pulley is connected to another mass (4m) by a string of 
length I which passes over a fixed pulley. The system is to bo 
regarded as conservative and the moments of inertia of the 
pulleys are to bo neglected (Fig. 168). Find the acceleration of 
the various parts of the system. 

This problem is of interest because the application of Lagrange’s 
equations makes it possible to avoid the introduction of the 
unknown tensions which one would have to include in a solution 
by the ordinary dynamical methods. It also illustrates the use 
of two generalized coordinates, 

We shall let s and r represent the distances of the masses 4m 
and 2m below the fixed and the movable pulleys, respectively. 




rh 


0 

Cil4r 

r 

md 

Fio. 168 . 
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Then it follows that tho movable pulley is Z — s below the fixed 
pulley and the mass m is p — r below the movable pulley. 

The kinetic energy of the system may be expressed in terms of 
^ and r as follows: 

T = 4- 1 w 82 -f (i - fy + (5 + fy (17-65) 

The potential energy V is 

V “ —^mgs — mg(J> — s) — 2mg (Z — s +‘?’) — 

mg (J. — s Ar p — t) (17-66) 

These two expressions contain the two coordinates s and r and 
we shall therefore need two equations to determine the motion. 
The two general equations may be written thus: 


di ds ' 

d dL 

dt dr dr 

(17-57) 

Substituting tho values of T and V in tho equation L 
and taking tho derivatives as indicated gives 

= r ~ F 

~ = 8?^^ “ mi' 
as 

~ = 3mr — mi 
dr 


4 ~ = 8mS “ mf 

dt di 

dt dr 


ds 

dL 

^^mg 

(17-68) 

Putting those results in the general equations of Eqs, (17-67), wo 

may write 



8mi ~ 70 >= 0 

3?wi' — mi — mg ~ 0 


f' = 

3)* “ (7 

(17-69) 

From which wo find 



S « -1- 
23 

and f = | 


If tho initial conditions were 

specified, the velocities and die- 


placements of the several masses could be expressed as functions 
of the time by integrating these equations. 

c. Derivation of Euler* s Equations ~lt is required to derive 
Euler’s equations by an application of Lagrange’s equations* 

Wo shall place tho reference axes coincident with tho prinoipal 
axes of the body. Tho kinetic energy of the rigid body is expressed 
by tho equation 


(17-60) 
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There are three degrees of freedom; consequently three equatioi 
will be needed. The selection of proper generalized coordinat< 
is first to be considered. We cannot use w*, Wj,, and w* for th 
purpose because it is impossible to express the position of ever 
point of the body in terms of these quantities without introduoin 
differential coefficients. We may, however, use the EuU 
angles d, and ^ for the generalized coordinates. 

The relations between the w's and the generalized velooit 
components were written above [Eq.» 16-35)] but are reproduce 
here for convenience. 


£ 0 * = d cos <p yj/ sin 6 <p 

ojy ~ — ^ sin 4* ^ sin 0 cos <p 
Of = <p ^ cos 6 (17-6] 

We shall derive but one of the three equations, viz,, the one i 
which (fi is the coordinate. The partial derivative of T wit 
respect to ^ is 


d<p d(p 


and 


Cw. « Cu), 


The partial derivative of w* with respect to <p is unity, as mo 
be found by differentiating the equation for w, given above. 1 
a similar manner we may find dTfd<f>, The stops are as follow! 


dT . dco* , „ do}„ 

d(p dtp d(p 

=» Xw*( — ^ sin ^ -h ^ sin $ cos <p) + 

Bo>v{ — ff cos ^ sin 0 

- Ao>x(»>u Bciycax ( 


We have left to evaluate ~dVld<p or dU fdtp. We know, hov 
ever, that this quantity must yield the force moment about tl 
2^-axis which we may call Hence, putting the parts of tl 
equation together, we have 

Cco, + (J5 ~ « M, (17-6J 

The two other equations may be found by a similar procedur 
The details will be left for the student. 

Problems,— 1. Two masses, 8m and iin, are hung by a string over 
massless pulley. If the forces are conservative and tlio moment of inert 
of the pulley is to be neglected, find the acceleration of the system by the Ui 
of Lagrange’s equations. 
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2. Using Lagrange's equations, derive the equations of motion for a 
particle without constraints, expressed in spherical coordinates. 

3. A ladder of length 2L and mass m is supported initially in a nearly 
vertical position by a smooth vertical wall and a smooth horizontal floor. 
It falls in a vortical plane. Find the difforontial equations of motion by 
using Lagrange’s method. 

17-13. Impulsive Forces. — In this section we shall show how 
the form of Lagrange’s equations is to be modified in order to 
express the effects of impulsive forces. We are to consider a 
particle, system of particles, or a rigid body which may be at 
rest or may have any motion at the instant at which the impulsive 
forces are applied. For simplicity in deriving the equations wo 
shall consider the case of a single particle but the results may 
be readily applied to a system of particles or to -a rigid body. 
The validity of this extension may be easily established. 

The impulsive forces are to act during a short time interval, 
say from t ~ iiXo i ~ U. For each of the independent coordi- 
nates we shall have an equation of the form [Eq. (17-44)] 



Qx 


This equation (and the others if they be present) is to be multi- 
plied by di and integrated from h to L. This step is expressed 
as follows: 


ra(l> - fi''' = 


The first term is readily integrated, with the result given by 
the expression 



(17-66) 


in which the subscripts h and U are used to indicate that the 
particular value of the function corresponding to the times 
ti and <2 are to be used. The difference of the two quantities 
[right member, Eq. (17-65)] measures the change which is 
produced by the impulses in the small time interval h — tu 
The second term of Eq. (17-64) is equal to zero if the time 
interval is very small, because dTfdqi is finite. The final form of 
Eq. (17-64) is 
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The right-hand member may be called the generalized impulse 
because of its similarity to the impulse of an ordinary force. 
The left-hand member represents a quantity which may be called 
the change in the generalized momentum. 

lllusiraiion , — A uniform rod is rotating in a horizontal plane 
about a fixed axis through its center C with an angular velocity w. 
The axis at C is suddenly removed and at the same instant one 
end of the rod is fixed. Find the new value of the angular 
velocity and the impulse. 

In order to apply Eq. (17-66), it will be necessary to determine 
T just before and after the impulse is applied. To find such 

expressions, we shall need to obtain 
a relation between the angular 
velocities coi and W 2 before and 
after the application of the 
impulse. Such a relation may be 
found by using the principle of the 
conservation of the rotational 
momentum about an axis through 
the point (say 0) in space at which 
X- the end of the rod becomes fixed. 
Since the only force moment intro- 
duced is applied at 0, it cannot influence the value of the 
rotational momentum about an axis through that point. 

We digress for a moment to develop an expression for the 
rotational momentum about an axis through 0. The procedure 
will be simplified if we select 0 as origin of the reference system 
and limit the motion to the XY reference plane. Let r bo the 
position vector of any point P of the body (Fig. 159), fo the 
position vector of the center of mass C, and 5 the vector from G 
to P, The velocity (F) of F may be expressed in terms of the 
velocity (Vo) of C and the velocity X ^ (if the body is rigid) 
of P relative to G by the equation 

V « Vo -h w X 5 (17-87) 

The rotational momentum (M) of the body about an axis through 
0 and perpendicular to the XY plane is 

M = f r X V dm 

- f (ro + s) X (Vo -1- 0 X s)din 

ttm 
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= r [ro X Ko + ro X (to X s) + s X Ko + 5 X (« X s)]t^TO 

Jvi 

= m ro X Fo + r dm to (17-68) 

•/m 

The steps used in obtaining the final expression will be left for 
the student to work out. The result indicates that the rotational 
momentum consists of two parts: the first gives the rotational 
momentum in terms of the velocity of the center of mass and the 
second part gives the rotational momentum relative to the center 
of mass and is equal to the moment of inertia about an axis 
through the center of mass multiplied by the angular velocity. 

Returning now to the par- 
ticular problem, wo may select 
the reference system with origin 
at Of the point in space at which 
the end of the rotating rod is to 
be fixed, and the X-axis drawn 
through the center of mass of the ° 
rod as shown in Fig. 160. The 
first thing to do is to express the rotational momentum about 0 
for the conditions immediately before and after the point 0 
becomes fixed. If 21 is the length of the rod and m its mass, the 
moment of inertia about an axis through C is ^ml\ The equation 
expressing the constancy of rotational momentum about 0 is 

mPwi H- ~ ImPciii 

from which 

C02 = (17-69) 

Wo may now express the kinetic energy for the two positions 
which may be called Tt and Ti, 

Ta “ i (I wZ‘*)«2® Ti « 



Substituting these values in Eq. (17-66) gives 

« J*‘^Q dt 

or 

-irnm = £Q (17-70) 



Fig, 100. 
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The left-hand member gives the value of the impulse required 
to effect the prescribed change in the motion. The presence of 
the minus sign indicates that the direction of the impulse of Q 
is in the negative sense. 

Problems. — 1. A thin, circular lamina is rotating in its own plane about a 
fixed point on its circumference. This point is suddenly released and 
another point on the circumference, which is at a distanoo equal to a quarter 
of tlie circumference from the first point, is fixed. Show that the angular 
velocity after the application of the impulse is one-third of that before. 

2, A square lamina is rotating about a fixed axis coinciding with one of 
the diagonals of the square when suddenly one of the moving vortices of the 
square is fixed, while at the same time the axis is released. Tind the changed 
angular velocity and the impulse. 

17-14. Hamilton’s Principle. — From a consideration of the 
use of virtual displacements in D’Alembert’s principle and their 
assistance in revealing the relations which exist between forces in 
problems of equilibrium, the idea was conceived to apply a 
similar device to a study of motions. This purely imaginative 
process in motions would suggest a comparison between the 
actual motion and one which is fictitious but infinitesimally close 
to it and which satisfies the prescribed conditions. With every 
point in the actual path is to be associated an adjacent point 
located by a very small variation of the coordinates of the given 
point. One assumption introduced is that the time shall be 
unaffected by the variation. 

This principle may be derived in several different ways. The 
details of the derivation are perhaps minimized by starting with 
either D'Alembert's principle or Lagrange’s equations. One 
advantage of using Lagrange’s equations for a starting point is 
that it may be more obvious to the student that generalized 
coordinates may be employed in using Hamilton’s principle. 

Consider a situation in which there may be several degrees of 
freedom, for each of which a Lagrangian equation may be 
written. Each of these equations [Eq. (17-44)] is to be multiplied 
by a very small displacement bq and the element of time dt and 
then integrated between the time limits i and k. All such 
equations may be combined by expressing the sum symboHoally 
as follows: 


(17-71) 
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There is a so-called dynamical path which each particle of the 
system will take under the influence of the forces and con- 
straints. Since 8q is arbitrary, the effect of introducing it into 
the equations is to take the particle from the dynamical path 
into an adjacent varied path. The dynamical path is consistent 
with the equations of motion but the varied path is not neces- 
sarily the same. We shall later impose a limitation upon varied 
paths to the effect that the terminal points of it must be the same 
as those of the dynamical path. 

The equation written above is to be manipulated into a form 
suitable for the present derivation. In order to understand the 
change that is to bo made in the first term, let us consider the 
following relation: 



dT d(8g) 


However, since 


djdq) 

dt 


- dq 


(17-72) 


we may introduce the equivalence in the last term and then, after 
multiplying each term of Eq. (17-72) by dt and rearranging, we 
have 




The left-hand member of this equation is the first term of Eq. 
(17-71). 

Before Eq. (17-71) is written with this alteration, it will be 
more convenient to show that the integral of the first term of 
Eq. (17-73) is zero. The integration of this term may be 
effected and is 



t 

u 


If the restriction bo made that the terminal points of the varied 
path, over which 8q is taken, coincide with the end points of the 
dynamical path, then 8q vanishes at the limits and the particular 
integral is zero, Hence wo may write Eq. (17-7 1) in the following 
form; 


+ <3 = 0 


(17-74) 
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Since T is some function of the and g's, then 


8T 


dq 


dT 


and the first two terras may be replaced by 8T. The third term 
SQ Sq represents the work of the Q forces and may be replaced by 
SWf in the general case, or dU, if the forces are conservative. 
The equation, in the general ease, reduces to 


8f^\T + TF) - 0 (17-75) 


in which 5 is placed outside the integration sign because the 
variation is to be independent of the time. In a conservative 
system, the equation becomes 

5 f\T ~VU)clt=‘0 or 5 Tl dt = 0 (17-76) 

Jto ‘'•j 

These equations express Hamilton’s principle in symbolic form. 
We may interpret these equations to mean that the time integral 
of the kinetic potential in a conservative system has a stationary 
value for the dynamical path of a particular system when com- 
pared with the time integral over varied paths which have the 
same termini, provided also that the varied paths are described 
in the same time as the dynamical path. Tlio term stationary, 
as used hero, means that the time integral for the dynamical path 
does not vary for closely adjacent paths. In some cases the value 
is a minimum and in others a maximum. 

Hamilton’s principle is a very broad principle. From it 
all of the principles of dynamics may bo derived. It is frequently 
used as a starting point for the derivation of Lagrange’s equations, 
the principle of least action, tho consorvatlon of energy, and 
many others, 

17-16. Principle of Least Action. — ^Tho principle of least action 
was first proposed by Maiipcrtius. Ho, however, did not make 
use of mathematics to establish this principle but advanced 
theological arguments in favor of it. Ho believed that one of 
tho fundamental laws of nature was that phenomena in nature 
take place with the least action. Perhaps tho easiest way to 
derive the principle of least action is from Hamilton’s principle. 

In Hamilton's principle tho fictitious varied path, very close 
to the dynamical path, is arbitrary except that it satisfies the 
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constraints. To obtain the principle of least action, it is neces- 
sary to prescribe the additional condition that the motion must 
take place in such a way that the total energy shall remain 
constant; i.e., 

r + F « or 8T == -dV (17-77) 

where T and V are the kinetic and potential energies and E is the 
total energy. On the varied paths, if T' and V’ are the kinetic and 
potential energies at any instant, we should have V' ~ E, 
The Lagrangian functions L and L’ in the dynamical and 
V^aried paths, respectively, may bo expressed as follows; 

L^2T -E U =2r - E 

The time integral of the Lagrangian function L, from f =« fi to 
t = U, is therefore 

= £*2 Tdt-E {t, - /,) (17-78) 

since E ia & constant. The last term is a constant. By Hamil- 
ton’s principle the time integral of L must be a maximum or a 
minimum; therefore the integral of 2T must also be a maximum 
or a minimum. It is, however, usually a minimum and it is 
from this fact that the term least action has been applied. The 
integral 

r ’2 T dt 
Jti 

is called action. Hence the principle is called the principle of 
least action. This principle means that, of all the possible 
varied paths which satisfy the given restrictions, that one which 
is the dynamical path is the one in which the value of the time 
integral of twice the kinetic energy is a maximum or a minimum, 

Problbius. — 1. A particle of mass m is executing simple harmonic motion 
in n horizontal path in which the displacement may be exprcsBcd by tho 
equation x — r cos « 1. (o) Ejepross the restoring force, tho kinetic energy, 

and tho potential energy. (6) Find the time integral of tho kinetic potential 
in Hamilton’s equation [Eq. (17-76)] from i = 0 to < = tt/w. (c) Using a 
varied path, which is expressed by tho equation » « r (cos oy t k coa 3w0 
and which has the same termini as the path used in (b), find tho value of the 
integral for tho same limits and show that, if k is very small, the variation 
of tho time integral is zero. 
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2. A simple pendulum of varying length r is hung from a fixed point and 
osoiUU'es^ a vertical plane, If y is the angle which the string makes with 
a vertical line through the point of the support, find the equations of motion 
by the use of Lagrange's equations. 

3. A, paVtide of mass m is guided by n massless rod which is rotated at a 
constant -angular velocity w about a fixed vortical axis. Considering tho 
motion to be without friction, find the equations of motion by Lagrange’s 
equations, 

4. A particle moves without friction on tho surface of a circular cyIin<lGr 
the axis of Which is vertical. Tho radius of tho cylinder is to incroaso 
uniformly with the time. Assuming that the particle has an initial angular 
velocity wo about the axis and that the vortical aocolorntion is constant, find 
the equations of motion by Lagrange’s equations, 

6. A uniform cylinder of radius r and of mass ni has an inextcnsiblo string 
wrapped around its central section. One end of tho string is fastened to tho 
cylinder and the other to a fixed point. Initially the cylinder is at rest with 
its axis horizontal and a small portion of tho string taut and in a vortical lino. 
The cylinder is then released. Find the resulting motion. 

6, A particle is ’describing an orbit under a central force. Tho velocity 
of the particle varies inversely with tho square of tho length of tho radius 
vector drawn from the center to tho particle, Using tho principle of least 
action, find the orbit and an expression for tho force, 
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A 

Accelerated motion, difTorcntial 
equation in, 80 

Acceleration, alternative forma of, 
72 

angular, 83, 160 
average, 70 
components of, 75, 70 
dilTorentiation of the radius vector 
by, 79 

directional change of velocity, 78 
instantaneous, 71 
magnitudinal change of velocity, 
78 

not constant, motion with, 86 
tangential and normal forms, 72, 
76 

a vector quantity, 70 
Airy, 233 

Amplitude, 100, 111, 207 
Analogies between translational and 
mtational quantities, 186, 380 
Angle between two vectors, 40 
Angular displacement, 68 
Angular speed, average, 69 
instantaneous, 60 

Angular velocities, composition of, 
62 

Angular velocity, 6, 7, 60 
components of, 60 
Areal velocity, 201 
Attraction, gravitational, 86, 228 
Axes, moving, 386 
Axial vector, 37 

B 

Bailey, 233 
Bernoulli, 210 

Blackburn's pendulum, 119 


Bougcr, 233 
Boys, 233 
Brahe, 260 

Bucher er, variation of mass with 
speed, 132 

Bucket and water stream, illustra- 
tion, 360 

O 

Cables, 223 
Carlini, 233 
Catenary, 226 
Cavendish, 233 
Center of gravity, 208 
Center of mass, 133 
of attracting partiolos, 348 
determination of, 134, 136 
in the force equation, 142 
and kinetic energy, 162 
Central force, 249 
conservation of energy with, 263 
general equations for, 260 
the orbit, 266 
plane motion with, 266 
Controdcs, acceleration, 97, 98 
velocity, 26, 20, 32, 34 
Centroid, 134 

Change, of mass in a planetary 
system, 360 

of origin, for rotation, 22 
for translational volooities, 16, 
19, 20, 160 

Circular harmonio motion, 109 
Coofficiout of restitution, 166 
Collision, defined, 164 
Combination of two harmonio 
motions at right angles, 116 
Components, orthogonal, 10 
of a vector, 8 
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Composition, of parallel angular 
velocities, 62 

of rotation and translation, 66 
Compound harmonic motion, 
periods alike, 110 
periods unlike, 114 
Concurrent forces, 204 
Conservation, of energy, 253, 397 
of momentum, 154 
Conservative Acids, 240 
Conservative forces, 240 
Consistent units, 168 
Constant acceleration, motion with, 
81 

Constraints, 307 
and Lagrange's equation, 410 
and the work equation, 398 
Coordinate system, moving, 16, 29 
polar, 16 
rectangular, 11 
spherical, 13 

Coordinates, relation between rec- 
tangular and spherical, 14 
Copernicus, 269 
Coplanar forces, 204 
Couple, 184 
Critical damping, 298 
Crookes, 266 

Curl, of moment of momentum, 329 
of a rotating disk, 334 
of a vector, 323 

Cylinder and falling weight, illus- 
tration, 344 

D 

D’Alombert’s principle, 398 
and conservation of energy, 390 
illustrations of use of, 394 
for a rigid body, 392 
Damped harmonic motion, 286 
critical damping, 208 
general equations in, 292 
largo damping, 300 
magnetic pendulum, 291 
period in, 294 
in rotational motion, 290 
small damping, 296 
three cases of, 287 


Damped harmonic motion, in trans- 
lational motion, 289 
Decrement, logarithmic, 302 
Deflection of an alpha particle, 265, 
260 

Degrees of freedom, 404 
Del (an operator), 312 
'applications of, 317 
Differential equations in aceolorated 
motion, 80 

Differentiation of vectors, 64, 66, 60, 
67 

with respect to a scalar, 64 
Directional change of velocity, 79 
"Discourses," Galileo's, 127 
Divergence of a vector, 314 
illustrations of, 319 
Dynamical equations, 149 

E 

Effective force, 391 
Effective mass of a spring, 287 
Elastic body, 24, 168 
Elastic strings, 195, 197 
Ellipsoid, momontal, 177 
Elliptio harmonic motion, 118 
Epoch angle, 108 
Equilibrium, 192 
of a bar, 207 
of a oube, 212, 216 
with a fixed axis, 206 
of a ladder, 209 
with parallel forces, 204 
of a particle, 103 
of a rigid body, 200 
of a stopladdor, 210 
with three forces, 204 
of a truss, 218 

Equivalent forms of aocoloration, 72 
Euler's angles, 382 
Euler’s equation, 379 
External forces, 163 

F 

Falling disk, 98 

Falling rod, illustrotion, 340 
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Field intenflity, 311 
gravitational, 234 
Flexible cable, 223 
Flux of field intensity, 814 
Force, 140 
off contor, 186 
of inertia, 391 
types, 143 
Force equation, 141 
Force function, 240 
Force moment, 164, 184 
equation, 166 
for rigid body, 374 
for system of particles, 373 
impulse of, 187 
resultant, 166 
work of, 188 
Forced vibrations, 307 
Free vibrations, 307 
Foundations, historical, of mechan- 
ics, 120 

Fourier series, 121 
Friction, coofliciont of, 200 
in fluid, 286 

Fundamental equations in transla- 
tion, 149 

illustrations of, 169 
G 

Galileo, 126, 219 
Gauss, integral, 321 
Generalized coordinates, 404 
impulse, 416 
kino tie energy, 406 
momentum, 410 
velocity, 400 

Geometrical interpretations of equa- 
tions, 107 

Gradient of potential, 311 
Gravitation, law of; 228 
Gravitational constant, 232 
Gravitational field intensity, 234 
of a. disk, 230 
ill a hollow sphere, 237 
of a ring, 236 
in a solid splicrc, 239 
of a sphere, 236, 236 


Gravitational motion of a particle 
in a vacuum, 83 
Guido plane, 26 
Gyration, radius, 170 

H 

Hamilion^a principle, 418 
Harmonic force, 308 
Harmonic motion, damped, 286 
simple, 103 
Hodograph, 88, 91 
for planetary motion, 204 
Ilolonomio system, 399 
Hooke* s law, 196 

"Horlogiura Osolllatonum,” 127 
Ihiyghens, 127 

I 

Impact, central, 164 
Impulse, 143 
equation, 143 
of force moment, 187 
Impulsive forces and Lagrango^s 
equation, 416 

Indeterminate multipliers, 400 
Inelastic strings, 106, 190 
Inertia, 127, 130 
moment pf, 166 
Inertia constants, 177, 377 
Initial conditions in differential 
equations, 80 

Instantaneous acceleration center, 
92, 96 

Instantaneous axis of rotation, 27, 28 
Instantaneous screen motion, 67 
Instantaneous velocity contor, 27, 
29, 93 

Internal force, on a particle, 103 
and work, 149 

k 

Kaufimn, change of mass with 
speed, 132 
Kepler, 269 
Kepler's laws, 260 
first law by vectors, 261 
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Kepler's laws, second law by vectors, 
260 

third law, 263 
Kinetic energy, 146 
during an impaot, 167 
rotational, 183 

rotational and translational, 162 
Kinetic potential, 410 

L 

Lagrange, 390 
Lagrange's equations, 407 
for a conservative system, 409 
and Euler’s equations, 413 
illustrations, 411 
and impulsive forces, 416 
Lagrange's indeterminate multi- 
pliers, 400 

Lami's theorem, 194 
Laplace's equation, 322 
Large damping in harmonic motion, 
300 

Least action, principle of, 420 
Lever, 206 

Lever arm of force moment, 164 
Line integral of a vector, 44 
Lissajous curves, 118 
Logarithmic decrement, 302 
Logarithmic spiral, 304 

M 

Magnetic pendulum, 291 
Ma^kelyne, 233 
Mass, 130 

Method of indoterminato multi- 
pliers, 400 
Milchell, 233 
Modulus of stiffness, 196 
Moment, of a couple, 186 
of a force, 48, 164, 184 
of inertia, 166 
of mass, 133 
of momontum, 182, 261 
Momental ellipsoid, 177 
Momentum, change of, 143 
linear, 140, 164 


Momentum, rotational, of a system 
of particles, 372 

translational, of a system of 
particles, 371 

Motion of a mass witli double con- 
straint, 351 
Moving axes, 386 
Multiplication of vector, 30 

N 

Newton, 126, 269 

Newton and law of gravitation, 228 
Newton's contributions, 128 
definitions, 129 
three laws of motion, 120 
Nodal lino, 388 
Non-conservativo field, 240 
Normal acceleration, 72 

0 

Orbit, of alpha particle, 268, 271 
in planetary motion, 266 

P 

Parallel-axis theorem for moment 
of inertia, 170 

Particle on a piano, equilibrium of, 
109 

Pendulum, simple, 108 
torsional, 189 

Period in harmonic motions, 108, 
294 

Periodic function, 121 
Phase angle, 106 
Plane, smooth and rough, 199 
of symmetry, 136 
Planetary motion, 266 
Point of application of a force, 203 
Poisson's equation, 322 
Polar vector, 37 

Polynomial in motion with resist- 
ance, 284 

Position of a force and its effect, 166 
Potential, 44, 241, 242 
on axis of a disk, 246 
of a ring, 244 
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Potential, outside of a sphere, 246 
of a thin rod, 246 
Potential energy, 242 
Precession of the earth, 387 
Precessional motion, 381 
of a heavy top, 384 
steady, 382 

Principal axis, of a body, 176, 177 
of a lamina, 179 
Principle, of least action, 420 
of virtual ‘work, 219 
Product of inertia, 170 
of a lamina, 181 
Product of three vectors, 60 
Projection of n point upon a line, 13 
Pure rotational motion, 163 

Q 

Quantity of motion, 140 
R 

Radian, 7 

Radius of gyration, 170 
Rectilinear motion with acceleration 
constant, 86 
Reference system, 2 
standard, 2 
Reich, 233 

Resistance, of fluids, 274 
to motion, experimental illustra- 
tion, 282 

proportional to speed, 276, 277 
proportional to square of speed, 
279 

use of polynomial to express, 
284 

Resonance frequency, 310 
Restitution, coefiioiont of, 165 
Resultant force moment, 106 
Right-hand rule for vectors, 69 
Rigid body, 24, 192 
with one fixed point, 374 
Rolling cylinder, equation, 337 
Rolling cylinders, two, 362 
Rotational kinetic energy, 183 
Rotational momentum, 166, 182 
under a central force, 261 


Rotational momentum, of a system 
of particles, 372 
Rotational motion, 6, 24 
with constant acceleration, 83 
equations for, 163 
Rotor couple, 68 

S 

Scalar product, of unit vectors, 43 
of vectors, 40, 43 
Scalar quantity, 36 
Simple harmonic motion, 103, 106 
fundamental equations, 104 
geometrical interpretation, 107 
period in, 108 
Simple pendulum, 108 
Sink of flux, 323 
Skyrocket, illustration, 867 
Sliding mass on a smooth rod, 346 
Sliding sphere, illustration, 364 
Small damping, 296 
Solution of problems, 18 
Source of flux, 46, 323 
Speed, average, 3 
constant, 4 
determination of, 4 
instantaneous, 3 
Spinthariscope, 206 
Statics, 192 

use in dynamloal equations, 391 
Slovinua, 219 
Stokes’ theorem, 333 
Strain, 196 
Stress, 106 
Strings, 194 

Surface integral of a vector, 46 
Swinging bar, illustration, 366 
System, with constraints, 307 
of particles, motion of, 370 

T 

Tangential acceleration, 72 
Terminal velocity in motions with 
resistance, 281 

Thomson and change of mass with 
speed, 132 
Top, motion of, 384 
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Torque, 104 

Torsional pendulum, 189 
Translational momentum of a sys- 
tem of particles, 371 
Translational motion, 6, 24 
of a particle with constant 
acceleration, 81 
Two rolling cylinders, 362 
Tycho Brahe, 269 

U 

Uniplanar motion, 25 
Unit vector, 37 

V 

Vector, 6, 36 
addition, 8, 38 
analysis, 4 
axial, 37 

components, 0, 38 
determination of acceleration, 79 
differentiation of, 54, 65 
field, 46, 311 
polar, 37 
unit, 37 

Vector multiplication, cross product, 
41, 47 

of patallel vectors, 48 
representation of cross product, 
42, 47 


Vector multiplication, scalar, 39, 40, 
42 

of three vectors, 60 
Vectors, angle between, 48 
Velocity, 6 
angular, 6, 16 
components, 11, 13, 16 
linear, in terms of angular 
velocity, 61 

as a vector product, 60 
in simple harmonic motion, 100 
in uniplanar motion, 26 
a vector, 6, 47 
Virtual displacement, 219 
Virtual velocity, 219 
Virtual work, 210, 392 

W 

Water stream and bucket, illustra- 
tion, 369 

Wilsony C. T, R., alpha-ray tracks, 
266 

Work, of the force moment, 188 
a scalar quantity, 43, 44, 148 
of the tangential force, 147 
translational and rotational, 153 
Work equation, 146 
for the radial force, 146 
for the tangential force, 147 
Work principle, 222 
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features of this work Is tho 23 tables, double and triple chockod for accuracy. Tlioso tables 


will not bo found olsowhoro. Author's profaco. Tronslator's nolo. Now blbllOBranhv and 
index, X + 252pr>. 5% x 8. 8424 Paporbouiid >t,J 5 

ALGEBRAIC EOUATIONS. E. Dohn. Caroful and complete prosontatlon of Galois' theory of alia. 
bralc equations) theorlos of Lagrange and G.'ilols developed In logical rather lhan hlstor cai 
form, wllh a moro thorough oxposltion than in most modorn books. Many concroio annlca' 
tions and fully'workod'out oxamplos. Discusses basic theory (very clear exposition of tba 
symmotrlc group}) isomorphic, (ransKfvo. ond Abollan groups) applications of Lagraneo's and 
Galois' theorlos: and much more. Newly revised by (ho author. Indox. List of Theommi 
xi 4* 208pp. 5^ X 8. S697 Paperbound ^1,45 

THEORY OF SETS, E, Kamko. Cloarost. amplest Introduction In English, well suited for Ind*. 

e ondonl study. Subdivision of main tlioory, such as theory of sots of points, aro discussed 
lit ompliasis Is on gonoral theory. Partial conlonlst rudlmonls of sot theory, aibllrary sels 
and thoir cardlnnf numbers, ordorod sots ond (hoir order typos, woll.ordoroa sots and ih« r 
cardinal nunihors. Bibliography. Key to symbols. Indox. vil + 144pp, sqti x 8. ' 

S141 Paporbound S1.39 


Number theory 

INTRODUCTION TO THE THEORY OF NUMBERS, L. E. Dickson, ThoroiiBli, compralicnslve in. 
proach wllh adequate covorogo of classical lltoraluro, on introduofory volume ^bVxlnoa?* 
can follow. Clioptora on divisibility, congruoncos. quoilrntfc residues & roclpfoclly; DiKffiJ 
equations, etc. Full Irontmpn of binary quadratic forms without usual rosiriclloh to inteiril 
cooflicloius. Covers Inllnlludo of primes, loosl ro8ldui.8, Format's thoorem Euler’s nh 
(unction, Logondrp's symbol. Gauss's lommn, nutomorplis, roducod forms, rocont tbeoremi 
of Thuo & S ogol, many moro. Much material not readily avallablo olsowhoro. 239 pfob. 
loms. Indox. 1 Tigiiro. vlll -P I83pp. 5% x 8, 5342 Paperbound JUS 

ELEMENTS OF NUMBER THEORY, I. M. Vinogradov. Dolallod isl course for porsons wllhoot 
advanced mathomatlcsi 05% of this book con bo undorslood by roadora who hevo eona na 
farther than high sciiool algebra. Partial contontsi divisibility (hoory, Zpo tani nU 
tlioorolical functions, congruoncos, primilivo roots and Indicos, ole. Solutions lo tork 
nrobloms and oxorclsos, Tablos of prjmos, indices, elc. Covers almost every essential lormh 
In elomentory number (liooryl Translntod from Russian. 233 problems, 104 oxorclsos via 4 . 
227pp. 6% X 8. S25fl Psporbound $1.80 

THEORY OF NUMDERS ami DIOPHANTINE ANALYSIS, R. D. Carmlchnol. Those two comi»u 
works in one volume form ono of (ho most lucid Inlroducllona to nitmijor (hoory, reeuliina miv 
a firm foundation In high school mnlhomollcs. "Thoory of Numbers," narllof conVns, 
Eratoslhoaos' sIovq, Euclid's fundamonlol thoororn, G.C.E. ond L.C.M. of two or mm hlsem 
llnoor congruences, elc "Dlopbnntlno Annlysis"i rallonal Irlonglos, Pythogoroen (rIaniUs 
equations ot third, lourtli, higher dogroos, method of functional oqunlions, much more. "Tbeotv 
of Numbers") 70 problome. Indox. 04pp, "Dloplionlino Analysis") 222 problems. Index, lispp, 
6% X 8. 8S20 Paporbouad 11,88 


CONTRIBUTIONS TO THE FOUNDING OF THE THEORY OF TRANSFINITE NUMBERS, Gcorg Cantor. 
The^e papers founded a new branch of mathomatics. The famous articles of 1895.7 are 
translaleo. with an 82-poge Introduction by P. E, B. Jourdain dealing with Cantor, the back- 
ground oi his discoveries, their results, future possibililios. BibTiography. Index. Notes, 
lx + 211 pp. 5% X 8. S45 Paperbound ?1,25 

See alsoi TRANSCENDENTAL AND ALGEBRAIC NUMBERS, A. D. Gcifond. 


Probability theory and information theory 

A PHILOSOPHICAL ESSAY ON PROBABILITIES, Marquis do Laplace. This famous essay explains 
without recourse to mathomatics the principle of probability, and the application of prob. 
ability to games of chance, natural philosophy, astronomy, many othor fields. Translated 
from the 6th French edition by F. W. TruscoU, F. L. Emory, with new introduction for this 
edition by E. T, Dell. 204pp. 5^ x 8, S166 Paperbound $1,35 

MATHEMATICAL FOUNDATIONS OF INFORMATION THEORY, A, I. Khinchin. For the first time 
mathomaticlans, statisticians, physicists, cyberneticists, and communications engineers are 
offered a complete and exact Introduction to this relatively new field. Entropy as a measure of 
a finite scheme, applications to coding theory, study of sources, channels and codes, 
detailed proofs of both Shannon theorems for any orgodic source and any stationary channel 
with finite memory, and much more are covered, Bibliography, vil + l20pp. 54^ x 8. 

S434 Paperbound $1.35 

SELECTED PAPERS OH NOISE AND STOCHASTIC PROCESS, edited by Prof. Nelson Wax, U. of 
Illinois. 6 basic papers for newcomers in the field, for those whoso work Involves noise 
characteristics, Chandrasekhar, Uhlenbeck & Ornstoln, Uhlenbock & Ming, Rice, Doob, In* 
eluded Is Kac's Chauvenet-Prize winning Random Walk. Extensive blbirog^rapliy lists 200 
articles, up ihrough 1953, 21 figures, 337pp. 6Vb x 9V4. S2C2 Paperbound $2.35 

THEORY OP PRODABILITY, William Burnside, Synthesis, expansion of Individual papers pre- 
sents numerous problems In classical probability, offering many original views succinctly, 
effectively. Game theory, cards, selections from groups; geometrical probability In such 
areas as suppositions as to probability of position of poini on a lino, points on surface 
of sphere, etc. Includes methods of approximation, theory of errors, direct calculation of 
probabilities, etc. Index. 136pp. 5% x 8. S567 Paperbound $1.00 


Vector and tensor analysis, matrix theory 

VECTOR AND TENSOR ANALYSIS, A. P. Wills, Covers the entire field of vector and tensor 
analysis from elementary notions to dyads and non-Euclldean manifolds (especially detailed), 
absolute differentiation, the Lamd operator, the RIomann-Chrlstoffel and Riccl-Elnstein 
lansors, and the calculation of the Gaussian curvature of a surface. Many Illustrations from 
electrical engineering, relativity theory, astro-physics, quantum, mechanics. Presupposes only 
a good working knowledge of calculus. Exorcises at end of each chapter. Intended for 
physicists and engineers os well as pure mathematicians. 44 diagrams, 114 problems. 
Bibliography. Index, xxxll + aSDpp. 5% x 8. S454 Paperbound $1,75 

APPLICATIONS DF TENSOR ANALYSIS, A. 1. McConnell. (Formerly APPLICATIONS OF THE 
ABSOLUTE DIFFERENTIAL CALCULUS.) An excellent text for understanding the appllpaUon 
of tensor methods to familiar subjects such as dynamics, electricity, olas^lcity, and hydro- 
dynamics, Explains the fundamental Ideas and notation of tensor theory, the, geometrical 
Iroalmoni of tensor algobra, the theory of dlfforentlailon of tensors, and includes a wealth 
of practical material. Bibliography. Index. 43 Illustrations. 685 problems, xll -1- 381pp, 
546 x8. S373 Paperbound $1.05 

VECTOR AND TENSOR ANALYSIS, Q. E. Hay. One of the clearest Introductions 1o this increas- 
ingly important subject. Start with simple definitions, finish the book with a sure mastery 
el oriented Cartesian vectors, Chrlstoffel symbols, solenoldal tensors, and their appllca- 
Hens. ComplolB breakdown of plane, solid, analytical, differential geometry. Separate chap- 
iors OA appilealion. All funilamontal formulae listed & demonstrated, 19S proolerns, 66 
figures. vIH + 193pp. 5% X 8, S109 Paperbound $1,75 

VECTOR ANALYSIS, FOUNDED UPON THE LECTURES OF ). WILLARD GIBBS, by E. B- Wilior; 
Still a first-rate Introduction and supplementary text for students of diathematlos, and 
physics. Based on the pioneering lectures of Yale’s greaU. Willard be followed 

by anyone who has hacl some calculus, Practical approach, stressing efficient use of co^m- 
nallons and functions of vectors. Worked exarnples from goomotry, mechanics hyd^dynam 
ics, gas theory, etc., as well as practice examples. Covers basic vector processes, differential 
and Tnlegral calculus In relation to vector functions, and theory of Inear vector tunutlonsj 
forming % Introduction to tho study of multiple algobra and matrix theory. While the nota- 
tion Is not always modern, It 1$ easily followed. xvKi + 436pp. ^ 2 ^ 



PROBLEMS AND WORKED SOLUTIONS IN VECTOR ANALYSIS, L. R. Shorter. More pages of fuMy- 
worked-out examples than any other text on vector analysis. A self-contained course for tiomo 
study or a fine classroom supplement. 138 problems and examples bogin with fundamentals, 
then cover systems of coordinates, relative velocity and acccferatlon, the commutative and 
distributive laws, axial and polar vectors, finite displacements, the calculus of vectors , curl 
and divergence, etc. Final chapter treats applications In dynamics and physicst Kinematics 
of a rigid body, equipotential surfaces, etc. ''Very helpful . . . very comprenenslve. A handy 
book like this . . . will fill a great want,” MATHEMATICAL GAZETTE. Index. List of 174 
important equations. 158 figures, xlv + 356pp. 5% x 8. S135 Paperbound $2.00 

THE THEORY OF DETERMINANTS, MATRICES, AND INVARIANTS, H. W. Turnbull. 3rd revised, cor- 
rected edition of this important study of virtually all the salient features and major theories 
of the subject. Covers Laplace Identities, linear equations, differentiation, ^inbollc and direct 
methods for the reduction of Invariants, semlnvarlants, Hilbert's Basis Theorem, Clebsch’s 
Theorem, canonical forms, etc. New appendix contains a proof of Jacobi's lemma, further 
properties of symmetric determinants, etc. More than 350 problems. Now references to recent 
developments, xviil + 374pp. 5% x 8. S699 Paperbound $2.00 


Differential equations, ordinary and partial, and integral equations 

INTRODUCTION TO THE DIFFERENTIAL EOUATIONS OF PHYSICS, L, Hopf. Especially valuable 
to the engineer with no math beyond elementary calculus. Emphasizing Intuitive rather than 
formal aspects of concepts, the author covers an extensive territory, Partial contents! Law 
of causality, energy theorem, damped oscillations, coupling by friction, cylindrical and 
spherical coordinates, heat source, etc, Index. 48 figures. IGOpp, 5^ x 8, 

8120 Paperbound $f.28 

INTRODUCTION TO THE THEORY OF LINEAR DIFFERENTIAL EOUATIONS, E. G. Poole. Authorita- 
tive discussions of Important topics, with methods of solution more detailed than usual for 
students with background of elementary course In differential equations. Studies exlstonce 
theorems, linearly Independent solutions! equations with constant coofflclontsi with uniform 
analytic coefficients! regular singularities] the hypergeomotric equation! conformal ropre- 
sentatloni etc. Exercises. Index, 210pp. 5% x 8, S629 Paperbound $f.B5 

DIFFERENTIAL EOUATIONS FOR ENGINEERS, P. Franklin. Outgrowth of a course given 10 
years at M. I, T. Makes most useful branch of pure math accosslbto for practical work. 
Theoretical basis of o.E.'Si solution of ordinary D.E.’s and partial derivatives arising from 
heat flow, steady-state temperature of a plate, wave equations! analytic functions! con- 
vergence of Fourier Series, 400 problems on electricity, vibratory systems, other topics. 
Formerly "Differential Equations for Electrical Englrieors.” Index, 41 lllus, 367pp, 6% x 8. 

8601 Paperbound $1.85 

DIFFERENTIAL EQUATIONS, F. R, Moulton, A detailed, rigorous exposition of all the non- 
elementary processes of solving ordinary differential equations. Several chapters devotoU to 
the treatment of practica problems, especially those of a physical nature, which are far 
more advanced than problems usually given as Illustrations. Includes analytic differential 
equations! variations of a parameter! integrals of differential equations! analytic Implicit 
of sine-amplltudo functions, deviation of formal bodlosi 

Cauchy-Llpschitz process! linear differenlial equations with periodic coofficlonts; difforontlal 
equations In Infinitely many variations! much more. Historical notes, 10 figured 222 prob- 
lems, Index. XV -P 395pp. 5% x 8, 8451 F^perbound $2.00 

CAUCHY'S PROBLEM, J. Hadamard. Based on lectures given at Columbia, Romo, 
this discusses work of Rlomann, Kirchhoff, Volterra, and the author’s own research on the 
hyperbo ic case In linear partial differential equations.. It extends spherkal and cjl Indr 1^^^^^ 
^ (normal) hyperbolic equations. Partial contents, Cauchy's probfom 

with odd riumbor, with even number of Independent ^ 
tables: method of descent. 32 figures. Index, Ilf + 316pp. 5% x 8. 8105 Paperbound $ 1.75 

EQUATIONS OF MATHEMATICAL PHYSICS, A. Q. Wobstor. A kovalone 
work in the library of every mature physicist, engineer, researcher. Valuable sections on 
elasticity, compression theory, potential theory, tnoory of sound, heat conduction wave 
propagafion, vihrat on theory. Contents Include, doduefion of differential equations,' vlbra. 
tlons, normal functions, Fourier s series. Cauchy's method boundarv nrobfettiQ 

ellipsoidal harmonics, appllca^lo^? eTc.‘ 9? Sfol! 

VII + qnupp, X B. S263 Pooflrbound $2.00 

ORDINARY DIFFEREN^AL EQUATIONS, E. L. Ince, A most compendious analysis In real Had 
complex domains. Existence and nature of solutions, continuous transformation erouos salt,. 


Bib- 

8349 Paperbound $2.S6 




DIFFERENTIAL AND INTEGRAL EQUATIONS OF MECHANICS AND PHYSICS (DIE DIFFERENTIAL- 
UND INTEGRALGLEICHUNGEN DER MECKANIK UND PHYSIK), cditoil by P. Frank and R. Von 
Mlsos. Most cotnprehonsIVQ and authoritativo work on the math ema lies of mathematical 
physics available today in the Unllod Stales i the standard, definitive reference for teachers, 
physicists, engineers, and mathematicians— now published (in the original German) at a rela" 
lively inexpensive price for the first time! Every chapter in this 2,000-page sot Is by an 
expert in his field! Carathcodory, Courant, Frank, Mlsos, and a dozen others. Vol. I, on 
mathematics, gives concise but complete coverages of advanced calculus, differential equa- 
tions, Integral equations, and potential, and partial differential equations. Index, xxlll + 
giopp. Vol. II (physics): classical mochanlcs, optics, continuous mechanics, heat conduction 
and diffusion, the stationary and quasl-statlonary oloctromagnetic flol^ oloctroinagnotic 
oscillations, and wave mechanics. Index, xxiv + llOGpp, Two volume set. Each volume avail- 
able separately. x 8%. S787 Vol I Clothbound $7.50 

S78S Vol II Clothbound $7.50 
Tho sot $15.00 

MATHEMATICAL ANALYSIS OF ELECTRICAL AND OPTICAL WAVE-MOTION, Harry Bateman. Written 
by one of this century's most distinguished mathematical physicists, this Is a practical 
Introduction to those dovclopmonts of Maxwell’s eicctromagnctrc theory which are directly 
connected with the solution of Iho partial difforontlal equation of wave motion. Methods of 
solving wavo-cquatlon, polar-cylindrical coordinates, diffraction, transformation of coordinatos, 
homogonoous solutions, oloctromagnetic fields with moving singularities, etc. index, 168pp. 
5% X 3. Sl4 Paperbound $1.60 

SCO alsoi THE analytical THEORY OF HEAT, J. Fourier; INTRODUCTION TO BESSEL FUNC- 
TIONS, F. Bowman. 


Statistics 


ELEMENTARY STATISTICS, WITH APPLICATIONS IN MEDICINE AND THE BIOLOGICAL SCIENCES, 
F. E. Croxton. A sound Introduction to statistics for anyone in the physical sciences, assum- 
ing no prior acquaintance and requiring only a modest knowledge of math. All basic 
formulas carefully explained and lltustratedi all necessary roforonco tables Included. From 
basic terms and concepts, tho study proceeds to frequency distribution, linear, non-linear, 
and multiple correlation, skewness, kurlosis, etc. A largo section deals with reliability 
and significance of statistical methods. Containing concrete examples from medicine and 
biology, lids book will prove unusually holpful to workors in those fields who Increasingly 
must evaluate, check, and interpret stalistics. Formerly titled "Elementary Statistics with 
Applications In Medicine." 101 charts, 57 tables. 14 appendices. Index. Iv + 376pp. 5% x 8. 

S506 Paperbound $1.85 


METHODS OF STATISTICS, L, K. C. Tippett. A classic In Its field, this unusually complete sys- 
tematic Introduction to statistical methods begins at boginnor's level and progresses to 
advanced IqvoIs for exporlmontors and poll-takers In ail fields of slallstlcal research. Sup- 
plies fundamental knowledge of virtually all olomontary methods In use today by sociologists, 
psychologists, biologists, engineers, mathematicians, etc. Explains logical and mathematical 
basis of each method described, with examples for each section. Covers frequency distribu- 
tions and measures, inference from random samples, errors In large samples, simple analysis 
of variance, multiple and partial regression and correlation, etc. 4th revised (1952) edition. 
16 charts. 5 significance tables, 152-itom bibliography. OO tables. 22 figures. 395pp. 6X6. 

S228 Clothbound $7.50 


STATISTICS MANUAL, E. L. Grow, F. A. Davis, M. W. Maxfleld. Comprahonsivo collection of 
classical, modern stalistics methods, prepared under auspices of U. S, Naval Ordnance 
Test Station, China Lake, Calif. Many oxamplos from ordnance will be valuable to workers in 
all fields. Emphasis Is on use, with Information on fiducial limits, sign tests, Chi-square 
runs, sensitivity, quality control, much more. '‘Well written . . . excellent reference work," 
Operations Research. Corrected edition of NAVORO Report 3360 NOTS 948. Introduction. 
Appendix of 32 tables, charts. Index. Bibliography. 95 Illustrations. 306pp, 5% x 8, 

8599 Paperbound $1.55 
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